Fast Hamiltonian chaos: Heat bath without thermodynamic limit

Anja Riegert,^{1, ∗} Wolfram Just,^2 Nilüfer Baba,^3 and Holger Kantz^1 1Max Planck Institute for the Physics of Complex Systems, Nöthnitzer Str. 38, D 01187 Dresden, Germany 2 School of Mathematical Sciences, Queen Mary / University of London, Mile End Road, London E1 4NS, UK 3Physik Department E 19, TU München, James–Franck–Str. 1, 85748 Garching, Germany (Dated: November 9, 2007)

Chaotic Hamiltonian systems with time scale separation display features known from nonequilibrium statistical physics even when no thermodynamic limit is involved. In particular, fast chaotic degrees of freedom can be modeled by suitable stochastic forces and a Fokker–Planck equation governing the slow parts of the motion can be derived. It turns out that the underlying Hamiltonian structure results in fluctuation–dissipation relations which link the parameters of the effective stochastic model. Such properties are crucial to ensure the correct stationary state of the stochastic description. Our results demonstrate that concepts from thermodynamics can be transferred to dynamical systems with few degrees of freedom.

PACS numbers: 05.45.Ac, 05.10.Gg, 05.20.-y Keywords: time scale separation, stochastic modelling, Hamiltonian chaos

I. INTRODUCTION

The interpretation of many irrelevant degrees freedom as a heat bath and their respective elimination is a classical concept in the context of statistical mechanics. The corresponding scenario in this paper is the coupling of relevant degrees of freedom to a small irrelevant subsystem where consequently the statistical ensemble is the microcanonical one. Instead of resorting to the thermodynamic limit we require here a time scale separation between the relevant and the irrelevant subsystem together with chaotic properties of the latter. In this context, our issue is how to describe the relevant slow subsystem as an open system by kinetic equations which best reproduce the slow dynamics when being part of the full system. Evidently, one expects a fluctuation–dissipation theorem to hold which will be one of the results of our elimination procedure.

Pronounced time scale separation between different degrees of freedom naturally appears in many complex systems. For example, in climate modeling the characteristic time scales range from days for the dynamics in the atmosphere up to scales of the order of hundreds or thousands of years for changes in the deep ocean and ice shields [1]. As an other case one may consider classical multi–scale systems in astrophysics [2]. Typically the physically relevant observables are related to the slow variables while the details of the fast motion are of no interest. On the other hand, the implementation of numerical schemes requires a step size which can cope with the smallest time scale of the model. So the aim in analyzing such systems is to eliminate the fast degrees of freedom in such a way that one obtains an effective description for the slow variables which should possess the correct long time properties.

∗Electronic address: riegert@mpipks-dresden.mpg.de

The effective influence of the fast subsystem onto the slow variables strongly depends on the underlying dynamics. If the fast dynamics is purely contracting a centre manifold reduction can be performed [3] while in the case of a periodic fast system averaging procedures reduce the number of degrees of freedom [4]. In both well known cases the effective dynamics is governed by a purely deterministic vector field. But if the fast degrees of freedom are chaotic one expects that they can be modeled by noise, due to correlation decay. A classical realization of such a concept is, for instance, the eddy diffusivity in the hydrodynamic context (cf. e.g. [5] for a recent contribution). Within a general setup an effective description in terms of a Fokker–Planck equation can be derived where the drift and diffusion coefficient are determined by properties of the fast dynamics alone [6]. If the chaotic dynamics is fully hyperbolic methods from statistical averaging can be used [7]. In fact, the rigorous derivation of a Fokker-Planck equation for a particular chaotic dynamical system with few degrees of freedom has been performed in a certain scaling limit [8]. More general, the principal problem how to prove the validity of a kinetic equation for low-dimensional dynamical systems has been addressed as well, using projection operator techniques [9]. But here we do not dwell on rigorous projection operator approaches which are still a challenge for time continuous systems when unbounded generators have to be considered.

In this article, we focus on Hamiltonian systems with two characteristic time scales where the fast dynamics is chaotic. Like in dissipative systems the influence of the fast system leads to a diffusion contribution, so in order to fulfill energy conservation a damping should appear as well. Different formulations of the dissipative contribution have been proposed in [10–12]. We present a complete derivation of the Fokker–Planck equation as a description for the effective dynamics. We make use of a projection operator approach [13, 14] that allows for a perturbation expansion. A Markov approximation is justified by sufficiently fast decaying correlations of the fast chaotic subsystem. The eliminated degrees of freedom generally cause a viscous damping and a diffusion. A fluctuation–dissipation relation guarantees that the Fokker–Planck equation has the correct stationary solution and fulfills detailed balance. In some approximation, the dependence of damping and diffusion coefficient on the slow and fast dynamics can be decomposed where the part depending on the slow coordinates can be derived analytically from the equations of motion and the numerical values of the part stemming from the fast dynamics can be determined by numerically integrating the fast subsystem alone.

In section II we describe the general setup and introduce the notation. Section III briefly reviews the essentials of the projection operator approach and, in particular, introduces the appropriate projection operator which will be used for the time scale separation. A few remarks on the perturbation expansion are contained in section IV while the details of the computation are devoted to the appendix. The main result, i.e., the effective Fokker–Planck equation for the slow degrees of freedom is described in section V and the presentation is selfcontained in the sense that a reader who is not interested in the formal derivation does not have to study the previous sections in detail. Finally, section VI comments on higher-dimensional slow subsystems as well.

II. HAMILTONIAN SYSTEM WITH TWO TIME SCALES

Our aim is to obtain a description for the effective dynamics of chaotic Hamiltonian systems with time scale separation. We consider N slow degrees of freedom with canonically conjugated variables V_i, X_i (i = 1, . . . , N) and n fast degrees of freedom p_α, q_α (α = 1, . . . , n). For a general Hamiltonian system the equations of motion for a variable z ∈ {V_i, X_i, p_α, q_α} are given by

ż = iLz = {H, z} (1)

where the Poisson bracket is defined as

{F, G} = {F, G}_s + {F, G}_f (2) = N∑ i=1 ( ∂F ∂V_i ∂G ∂X_i − ∂G ∂V_i ∂F ∂X_i )

+ n∑ α=1 ( ∂F ∂p_α ∂G ∂q_α − ∂G ∂p_α ∂F ∂q_α ) . For the system with two different time scales the fast and slow subsystem are represented by H_f (p, q) and H_s(V, X). In order to keep the notation simple we skip in what follows the labelling of different components of the slow system. The generalization to a higher–dimensional slow system is straightforward and will be given in section VI. The interaction H_c which couples both subsystems may depend on the fast variables p, q and either on X or V . We will mainly focus on the case H_c(p, q, X). Systems coupled via H_c(p, q, V ) show analogous results as discussed in section V. Due to the Hamiltonian structure there occurs a bidirectional coupling in the equations of motion (1). In order to obtain a dynamical system with time scale separation the Hamiltonian H is scaled in the following way:

H(p, q, V, X) = 1 ε H_f (p, q) + H_c(p, q, X) + H_s(V, X) (3)

Here the expansion parameter ε ≪ 1 quantifies the time scale separation due to the parameters of the system. In classical cases like Brownian motion ε is usually given by a mass ratio [17], but in other physical contexts its identification might be a nontrivial task. The total energy of the system given by the Hamiltonian (3) is chosen to be E/ε with E ∼ O(1). We assume that the fast subsystem possesses a chaotic region in phase space for all values of E. According to (2) the corresponding Liouville operator L can be split with respect to its contributions that act either on fast or on slow variables: L = 1 ε L_0 + L_1 (4a)

with

iL_0z ={H_f + εH_c, z}_f (4b) iL_1z ={H_s + H_c, z}_s (4c)

So the equations of motion (1) can be written down in the following way:

V̇ (t) =iL_1V (t), Ẋ(t) =iL_1X(t) (5a)

ṗ(t) = i ε L_0p(t), q̇(t) = i ε L_0q(t) (5b)

An effective description for the dynamics of the slow degrees of freedom where the features of the fast system are only contained in the coefficients may be obtained in many different ways (e.g. [10–12]). Here we present a derivation based on a projection operator approach that is widely used in nonequilibrium statistical physics [13, 14]. For that purpose we assume that the Hamiltonian system does not admit any other first integral apart from the total energy and that the microcanonical distribution

ρ_E = δ(εH − E) Tr[δ(εH − E)] (6) is ergodic. Here, Tr[. . .] = ∫ dp^ndq^ndV dX . . . abbreviates the phase space integration. Furthermore, we assume that correlations decay sufficiently fast, although an exponential decay might not be required. Using a formal perturbation expansion we will derive a Fokker–Planck equation.

III. PROJECTION OPERATOR APPROACH

In order to apply projection operator techniques [13, 14] we turn from the equations of motion (5) to a description in terms of the phase space density ρ_t(p, q, V, X) whose temporal evolution is given by the Liouville equation

∂_tρ_t = −iLρ_t . (7)

We are looking for the dynamics of the reduced density

ρ̄_t = ∫ dp^n dq^nρ_t =: Tr_f [ρ_t] . (8)

Such a distribution can be obtained by a formal projection of the full density ρ_t(p, q, V, X) onto a relevant density ρ^{rel}_t (V, X; p, q). If one models the fast degrees of freedom by a distribution ρ_{ad}(p, q|V, X) which is parametrised by V, X the relevant density can be obtained by applying a projection operator P:

ρ^{rel}_t (V, X; p, q) = Pρ_t = ρ_{ad}(p, q|V, X)Tr_f [ρ_t] . (9)

The normalization of the density ρ_{ad} ensures that P is idempotent. Introducing the orthogonal projection by Q = I − P a formal integration of the equation of motion for the complementary irrelevant density ρ^{irr}_t = Qρ_t yields an exact and closed equation of motion for the relevant density ρ^{rel}_t [13, 14]:

∂ρ^{rel}_t ∂t = −Pi LPρ^{rel}_t +

∫_t 0 PiLQe^{−iQLQt′} QiLPρ^{rel}_{t−t}′ dt^′

(10) provided the initial condition fulfills Qρ_0 = 0, i.e., the initial density is a relevant density. It is a long standing problem whether such a condition imposes a serious constraint on the validity of projection operator approaches, in particular, since Qρ_0 = 0 often implies the absence of correlations in the initial state. Recent formal results suggest [15] that such a condition does not impose a severe limitation as long as the fast dynamics is mixing. However, a rigorous proof would require a detailed examination of such a condition, in particular with regards to stability considerations. Above all, the usefulness of projection operator approaches and especially the quality of perturbation expansions depends crucially on the choice of ρ_{ad}.

It is in fact an essential property of the projection operator that it preserves the correct equilibrium state (6) since otherwise perturbation expansions may be corrupted. For the projection operator we thus require that

Pρ_E = ρ_E (11) holds. Such a condition determines ρ_{ad} uniquely, when using Eqs. (6) and (9), and we obtain the result already proposed by Zwanzig several decades ago [18]:

ρ_{ad}(p, q|V, X) = δ (εH − E) Tr_f [δ (εH − E)]

. (12)

Such a density can be viewed as a microcanonical distribution of the subsystem ~H_f = H_f + εH_c containing the energy ~E = E−εH_s(V, X) with the appropriate partition function

Z_E(V, X) = Tr_f [δ(E − εH)] = Tr_f [ δ( ~E − ε ~H_f ) ] (13)

for fixed values of X and V . The density (12) is an invariant density of the fast subsystem when the slow variables are considered to be constant. It can thus be viewed as an adiabatic density of the fast subsystem as well. Formally such a property is reflected by the condition

L_0ρ_{ad}(p, q|V, X) = 0 (14)

which can be easily derived from Eqs. (4b) and (12). Actually, such an algebraic condition will be the key ingredient for a perturbation expansion of Eq. (10). Alternatively, one may consider the density ρ_{ad} as a ratio of two probability densities, namely the microcanonical density ρ_E , Eq. (6), and the reduced microcanonical density ρ̄_E = Tr_f [ρ_E ] since

ρ_E ρ̄_E = δ(εH − E) Tr [δ(εH − E)] · Tr [δ(εH − E)] Tr_f [δ(εH − E)]

= ρ_{ad} . (15)

Thus, the adiabatic density has as well the meaning of a conditional distribution. These two notions coincide for the Hamiltonian setup but differ in the context of dissipative dynamical systems [19].

With our choice for the relevant density (9), the following relations for the projection operator hold:

L_0P = 0 = PL_0 (16)

The left hand condition follows directly from the definition of the adiabatic density (14) while the right hand identity takes into account that boundary contributions disappear. So, Eq. (10) leads to the exact dynamics of the reduced density:

∂ρ̄_t ∂t = −Tr_f [iL_1ρ_{ad}]ρ̄_t − ∂ ∂V ∫_t 0 Tr_f [ ∂H_c ∂X (p, q, X)Qe^{−iQLQt′} QiL_1ρ_{ad} ] ρ̄_{t−t}′ dt^′ . (17)

The first, local contribution which will be evaluated explicitly at the beginning of the next section reduces to the adiabatic average of the slow vector field. The second, nonlocal term still contains the full features of the fast system via the propagator exp(−iQLQt). So, in order to obtain a coefficient that is determined by integrating the fast dynamics alone, a lowest order approximation for the propagator has to be performed. Employing in addition a Markov approximation we will finally end up with a local contribution.

IV. PERTURBATION EXPANSION

The first contribution in (17) can easily be evaluated without any approximation:

−Tr_f [iL_1ρ_{ad}]ρ̄_t = −iL_sρ̄_t + ∂ ∂V ⟨ ∂H_c ∂X (p, q, X) ⟩ E ρ̄_t

(18) with the adiabatic average

⟨. . . ⟩_E := Tr_f [. . . ρ_{ad}] . (19)

Eq. (18) contains the slow dynamics, L_s, and a renormalization due to the interaction. If we denote the interaction force by

f_c(p, q, X) = −

∂H_c ∂X (p, q, X) (20)

then the renormalization turns out to be a microcanonical version of a Born-Oppenheimer force acting on the slow degrees of freedom. In general, the local contribution (18) cannot be rewritten as a Poisson bracket. But it generates a differential equation which is determined by the adiabatically averaged vector field. We stress that the differential operator preserves the reduced microcanonical ensemble, i.e.

−i⟨L_1⟩_Eρ̄_E = 0 (21)

where ⟨L_1⟩_E abbreviates the operator contained in Eq. (18). It is straightforward to derive Eq. (21) by integrating the invariance condition of the microcanonical ensemble, −iLρ_E = 0, with respect to the fast degrees of freedom and using condition (15).

The second, nonlocal contribution to the exact dynamics of the reduced density seems to be rather complicated. But Eq. (17) is a good starting point for a perturbative approach. The formal perturbation expansion follows the usual idea of a Born approximation. To keep the presentation self-contained the details are summarised in the

Appendix. The integral kernel is mainly determined by the autocorrelation of the chaotic fluctuations of the interaction force (20)

C_E (V, X; t) = ⟨ δf_c ( p_0(t), q_0(t), V, X ) δf_c ( p, q, V, X )⟩ E (22) where

δf_c = f_c − ⟨f_c⟩_E (23)

denotes the static fluctuation and p_0(t) = exp(iL_0t)p, q_0(t) = exp(iL_0t)q the time dependent solution of the fast equations of motion with fixed slow variable X and initial condition q(0) = q, p(0) = p. Since the autocorrelation function depends on the fast time scale t/ε a Markov approximation can be applied to obtain an equation local in time. Such an approximation requires a correlation which decays sufficiently fast, but an exponential decay is normally not necessary [20]. We just remark that any perturbation expansion, like the one described here, has to be consistent with the Markov approximation in the sense that the resulting expression for the correlation function becomes integrable.

V. FOKKER–PLANCK EQUATION

Collecting the local and nonlocal contributions calculated in the previous section and in the Appendix, the dynamics of the slow variables can be described effectively by the following Fokker–Planck equation:

∂ρ̄_t ∂t = − i⟨L_1⟩_Eρ̄_t + ε^2 ∂ ∂V ∂H_s ∂V γ_E (V, X)ρ̄_t + ε ∂^2 ∂V^2

D_E (V, X)ρ̄_t (24)

with

D_E (V, X) =

∫_∞ 0 dt C_E (V, X; t) (25a)

γ_E (V, X) = 1 Z_E(V, X) ∂ ∂E (Z_E (V, X)D_E(V, X)) .

(25b)

The first drift term of Eq. (24) contains the adiabatically averaged slow vector field already discussed in section IV. The second contribution contains the damping with coefficient γ_E given by (25b). The diffusion coefficient D_E defined in (25a) is determined by the integral over the autocorrelations of the fluctuations of the fast system with fixed slow variables. In the corresponding Langevin equation this is equivalent to a multiplicative noise. Since the dynamics is unitary in the Hamiltonian case standard arguments of nonequilibrium statistical mechanics ensure that the correlation function is an even function of t and that the diffusion coefficient D_E is non–negative [20]. Damping and diffusion both result from a lowest order perturbation expansion of the propagator (cf. (A5)) but due to the scaling of the energy the damping naturally appears in second order of ε, one order higher than the diffusion.

Eqs. (13) and (22) ensure that damping and diffusion depend on the phase space variables in a quite specific way, namely:

Z_E(V, X) = Ẑ(E − εH_s, X) (26a)

D_E(V, X) = D̂(E − εH_s, X) (26b) γ_E (V, X) = γ̂(E − εH_s, X) . (26c)

Thus the velocity dependence is entirely caused by conservation of energy while the additional coordinate dependence is due to the interaction potential and the interaction force (20). Relation (25b) together with the structure of the Fokker-Planck equation (24) ensures that the stationary solution is given by the reduced microcanonical density

ρ̄_E = Tr_f [ρ_E ] =

Z_E (V, X) Tr [δ(εH − E)]

. (27)

When inserting (27) into Eq. (24), the systematic term vanishes as already stated by Eq. (21) while the contributions containing damping and diffusion cancel each other due to the identity ∂ ∂V D_Eρ̄_t + ε

∂H_s ∂V 1 Z_E ∂ ∂E D_E Z_Eρ̄_t = D_Eρ̄_E ∂ ∂V ρ̄_t ρ̄_E . (28) Thus, Eq. (25b) guarantees the stationarity of the correct equilibrium distribution. Hence, such a relation constitutes the microcanonical version of a fluctuation– dissipation theorem. Apart from the correct stationary behavior the positivity of the diffusion coefficient ensures relaxation towards equilibrium as well as the validity of a corresponding H–theorem [21]. Thus, our Fokker–Planck equation can be viewed as the best Fokker–Planck equation for our setup [22]. Any further improvement of the approximations will necessarily yield equations of motion which do not comply any longer with a Fokker–Planck structure [23].

So far our analysis has not involved any expansion with regard to the interaction Hamiltonian. Damping and diffusion have an intricate dependence on the slow phase space variables which is mainly caused by the interaction Hamiltonian. Thus, it is tempting to apply further approximations to evaluate such quantities. One has to keep in mind that detailed balance needs to be preserved. While the structure of the fluctuation–dissipation relation mainly ensures that approximations for the diffusion coefficient D_E and the partition function Z_E can be developed independently one has to observe that approximations for the latter have consequences for the treatment of the Born–Oppenheimer force. If, for instance, the interaction energy is neglected for computing the partition function, i.e. if the approximation

Z_E(V, X) = Tr_f δ[E − H_f − εH_s] + h.o.t. (29)

is employed, then the Born–Oppenheimer force has to be neglected as well

⟨L_1⟩_E = L_s + h.o.t. (30)

since otherwise Eq. (29) does not determine the stationary solution and detailed balance would be violated. For the diffusion coefficient D_E one can still use a completely independent approximation. However, if one applies the simplest approach, i.e. if one replaces the dynamics in the correlation function (22) by the dynamics of the fast subsystem, H_f , one has to observe that the ensemble averages are evaluated with respect to the adiabatic density at lowest order

ρ_{ad} = δ (E − H_f − εH_s) Tr_f δ[E − H_f − εH_s]

+ h.o.t. (31)

since otherwise consistency of the expressions would be violated and the correlations would not be stationary any longer. Within such a setup the diffusion coefficient evaluates as

D_E (V, X) =

∫_∞ 0 dtTr_f [δf_c(p_f (t), q_f (t), V, X)

· δf_c(p, q, V, X)ρ_{ad}] + h.o.t. (32)

where the dynamics is entirely determined by the fast Hamiltonian, p_f (t) = exp(iL_f t)p, q_f (t) = exp(iL_f t)q. Finally, the damping constant is given in terms of the fluctuation–dissipation relation (25b). Thus all quantities can be numerically evaluated by integrating the fast subsystem alone [24, 25].

For the study of systems with an interaction that depends on the slow momentum V , i.e. H_c = H_c(p, q, V ), an approximate Fokker–Planck equation can be derived in a similar way. Such a result can be applied for example to the classical hydrogen atom [26] where the interaction is due to the Lorentz force: Our analysis verifies that the slow effective motion of the centre of mass is diffusive [25].

VI. HIGHER-DIMENSIONAL SLOW SUBSYSTEMS

For a slow system where the Hamiltonian consists of kinetic and potential energy, H_s = V^2/2 + U(X), the coefficient γ_E given by Eq. (25b) causes a viscous damping in the Langevin equation corresponding to (24). If more than one slow degree of freedom is considered the corresponding coefficient matrix γ_E gives rise to additional effects for systems without time-reversal symmetry [12]. It is quite straightforward to generalize the previous derivation of the Fokker–Planck equation to cases when the slow subsystem explicitly contains N degrees of freedom. Replacing V, X by V , X in the Hamiltonian (3), the higher–dimensional result reads

∂ρ̄_t ∂t = − i⟨L_1⟩_Eρ̄_t + ε^2 N∑ k,ℓ=1 ∂ ∂V_k γ_{kℓ}

∂H_s ∂V_ℓ ρ̄_t

+ ε N∑ k,ℓ=1 ∂ ∂V_k ∂ ∂V_ℓ

D_{kℓ}ρ̄_t (33)

where

f_k(p, q, X) = −

∂H_c ∂X_k

(p, q, X) (34a)

−i⟨L_1⟩_E = − iL_s − N∑ k=1 ∂ ∂V_k

⟨f_k(p, q, X)⟩_E (34b)

D_{kℓ}(V , X) =

∫_∞ 0 dt ⟨ δf_k ( p_0(t), q_0(t), V , X )

· δf_ℓ ( p, q, V , X ) ⟩ E (34c)

γ_{kℓ}(V , X) = 1 Z_E

∂Z_E D_{kℓ} ∂E . (34d)

As discussed in the previous section the velocity dependence is mainly caused by energy conservation (cf. Eq. (26)) while the interaction potential may result in an additional dependence on the coordinates.

The symmetric part of the matrix (34d) causes the damping while for systems without time–reversal symmetry an antisymmetric part appears as well

γ^{(a)}_{kℓ} = 1 2 (γ_{kℓ} − γ_{ℓk}) (35)

which leads to a renormalization of the drift in the Fokker–Planck equation [20]. If we consider the motion of a single particle in the three dimensional configuration space, N = 3, or if we neglect the indirect interaction between different particles in a multi–particle setup then the corresponding contribution to the vector field can be written as a cross product 3∑ ℓ=1 γ^{(a)}_{kℓ}

∂H_s ∂V_ℓ

= −(V × B)_k (36)

with the ’magnetic field’ given by B = 1 2Z_E ∂ ∂E ∫_∞ 0 ⟨ δf ( p_f (t), q_f (t), V , X )

× δf(p, q, V , X) ⟩ E dt . (37)

This magnetic field is the classical limit of the 2–form generating the quantum geometric phase. Thus our Fokker–Planck approximation derived with projection operator methods reproduces the result in [12].

VII. CONCLUSION

We have shown that Fokker–Planck equations modelling the effective slow dynamics of chaotic Hamiltonian systems can be derived perturbatively by projection operator methods where the expansion parameter is given by the ratio of different time scales. The approach does not require an expansion in terms of the interaction Hamiltonian. The decay of the correlations enables a Markov approximation. The effective equation contains a viscous damping and a diffusion coefficient which depends essentially on the slowly varying energy of the fast subsystem. A fluctuation–dissipation relation ensures detailed balance and the correct long term dynamics.

The analytically obtained expressions for damping and diffusion can be evaluated for Hamiltonian systems as the adiabatic density is explicitly known. If one compares the results with numerical studies [24, 25], not only the Fokker–Planck coefficients coincide, but also the dynamics of the effective description can be verified. In the short time regime, systematic deviations occur because the Markov property does not hold, while on all time scales larger O(ε) the agreement between the effective and the exact dynamics is rather perfect.

Our formal derivation of the Fokker–Planck equation was based on two essential assumptions, the ergodicity of the microcanonical distribution and a sufficiently fast decay of correlations in the fast subsystem. Whether an exponential decay of correlations is required, i.e. whether all Hamiltonian systems with mixed phase space have to be excluded from our discussion is difficult to judge a priori. At least general wisdom from Statistical Mechanics tells us that an algebraic decay of correlation functions does not prohibit the validity of kinetic equations in general, as long as the correlation functions are integrable. However, to explore the real limits of our approach one surely needs rigorous results.

APPENDIX A: EXPANSION OF THE MEMORY KERNEL

In this appendix we derive the approximate nonlocal contribution to the dynamics of the reduced density ρ̄_t given by (17) for a Hamiltonian two–scale system that is coupled via H_c = H_c(p, q, X). The expansion of the memory kernel follows the standard procedure.

Using Eq. (4c) we obtain

QiL_1(ρ_{ad}ρ̄_{t−t}′ ) = Q ( f_c(p, q, X) ∂ ∂V + iL_s ) (ρ_{ad}ρ̄_{t−t}′ )

= Qf_c

∂ρ_{ad}ρ̄_{t−t}′ ∂V + Q(iL_sρ_{ad})ρ̄_{t−t}′ (A1)

where we have used the property of the projection operator

Qρ_{ad}g = 0 (A2) which is valid for any function g(V, X) depending solely on the slow variables. For the action of the slow Liouville operator straightforward computation yields

iL_sρ_{ad} = ε Z_E

∂H_s ∂V ( − ∂H_c ∂X ∂Z_E ρ_{ad} ∂E + ρ_{ad} ∂ ∂E Tr_f [ ∂H_c ∂X δ (εH − E) ]) (A3)

where the second term of Eq. (A3) does not contribute to Eq. (A1) because of the action of the projection operator (cf. Eq. (A2)).

So far we have not invoked any approximation. To evaluate the propagator of the memory kernel we resort to the property (16) of the projection operator resulting in QiLQ = i ε L_0 + QiL_1Q . (A4)

Approximation of the operator exponential by the leading order thus yields

e^{−iQLQt} = e^{−iL0 t/ε} + h.o.t. . (A5)

Combining Eqs. (A1), (A3), and (A5) we obtain for the kernel of Eq. (17) the expression

−Tr_f [ ∂H_c ∂X Qe^{−iQLQt′} QiL_1ρ_{ad} ] ρ̄_{t−t}′ = Tr_f [ e^{iL0 t′/ε}δf_c(p, q, V, X) · f_c ( ∂ρ_{ad}ρ̄_{t−t}′ ∂V + ε Z_E

∂H_s ∂V ∂Z_E ρ_{ad} ∂E )] + h.o.t. .

(A6)

The action of the operator exponential can be readily expressed in terms of the solution p_0(t), q_0(t) of the fast equations of motion (5b) with fixed slow variables, and initial condition p(0) = p, q(0) = q

e^{iL0t′ /ε}δf_c(p, q, V, X) = δf_c(p_0(t^′/ε), q_0(t^′/ε), V, X) . (A7) The right hand side of Eq. (A6) can now be written in terms of the correlation function (22). Since the fluctuation of the force depends on the velocity just through ρ_{ad}, i.e. via the combination εH_s − E, we can rewrite derivatives with respect to the slow velocity in terms of derivatives with respect to energy as

∂δf_c ∂V = −ε

∂H_s ∂V ∂δf_c ∂E . (A8)

Then Eq. (A6) can be finally cast into the form

−Tr_f [ ∂H_c ∂X Qe^{−iQLQt′} QiL_1ρ_{ad} ] ρ̄_{t−t}′ = ∂ ∂V C_E (V, X; t^′/ε)ρ̄_{t−t}′ + ε Z_E

∂H_s ∂V ∂Z_EC_E (V, X; t^′/ε) ∂E ρ̄_{t−t}′ + h.o.t. (A9)

when using the definition (22).

Eq. (17) with the approximation (A9) is still nonlocal in time. Since the autocorrelation function depends on the fast time scale t/ε a Markov approximation can be applied to obtain a time local expression to leading order in the expansion parameter:

∫_t 0 dt^′C_E (V, X; t^′/ε)ρ̄_{t−t}′ =

∫_{t/ε} 0 dt^{′′}εC_E (V, X; t^{′′})ρ̄_{t−εt}′′ = ε

∫_∞ 0 dt^{′′}C_E (V, X, t^{′′})ρ̄_t + h.o.t. .

Such an approximation requires a correlation which de- cays sufficiently fast, but an exponential decay is normally not necessary [20]. We just remark that any perturbation expansion, like the one presented here, has to be consistent with the Markov approximation in the sense that the resulting expression for the correlation function becomes integrable. With the Markov approximation (A10) we end up with the second and third contribution of the Fokker–Planck equation (24). These contributions appear in different orders of the formal expansion parameter since the identity (A1) contains different orders of ε caused by the trivial scaling of the total energy. The expansion is systematic with regards to the operator exponential (A5) and actually corresponds to an expansion with regards to the velocities of the slow subsystem (cf. [23]).

[1] P. Imkeller et al., Stochastic Climate Models (Birkhäuser, Boston, 2001).

[2] J. Binney and S. Tremaine, Galactic Dynamics, (Princeton University Press, Princeton, 1987).

[3] J. Guckenheimer and P. Holmes, Nonlinear Oscillations, Dynamical systems, and Bifurcations of Vector Fields, (Springer–Verlag, New York, 1986).

[4] N. Bogolubov and Y. Mitropolskii, Asymptotic Methods in the Theory of Nonlinear Oscillations (Gordon & Breach, New York, 1961); J. Sanders and F. Verhulst, Averaging Methods in Nonlinear Dynamics (Springer– Verlag, Berlin, 1985).

[5] A. Mazzino, S. Musacchio, and A. Vulpiani, Multiple– scale analysis and renormalization for preasymptotic scalar transport, Phys. Rev. E 71, 011113 (2005).

[6] W. Just, K. Gelfert, N. Baba, A. Riegert, H. Kantz, Elimination of fast chaotic degrees of freedom: On the accuracy of the Born approximation, J. Stat. Phys. 112, 277 (2003).

[7] D. Givon, R. Kupferman, and A. Stuart, Extracting Macroscopic Dynamics: model problems and algorithms, Nonlinearity 17, R55 (2004).

[8] C. Beck, From the Perron–Frobenius equation to the Fokker–Plack equation, J. Stat. Phys. 79, 875 (1995).

[9] O. F. Bandtlow and P. V. Coveney, On the discrete time version of the Brussels formalism, J. Phys. A 27, 7939 (1994).

[10] C. Jarzynski, Thermalization of a Brownian Particle via Coupling to Low–Dimensional Chaos, Phys. Rev. Lett. 74, 2937 (1994).

[11] M. Wilkinson, Dissipation by identical oscillators, J.

Phys. A 23, 3603 (1990).

[12] M. V. Berry and J. M. Robbins, Chaotic classical and half–classical adiabatic reactions: geometric magnetism and deterministic friction, Proc. R. Soc. London A 442, 659 (1993).

[13] S. Nakajima, On quantum theory of transport phenomena, Prog. Theor. Phys. 6, 94 (1958).

[14] R. Zwanzig, Ensemble method in the theory of irreversibility, J. Chem. Phys. 33, 1338 (1960).

[15] S. Tasaki, K. Yuasa, P. Facchi, G. Kimura, H. Nakazato, I. Ohba, S. Pascazio, On the assumption of initial factorization in the master equation for weakly coupled systems I: General framework, Ann. Phys. 322, 631 (2007).

[16] W. Just, H. Kantz, C. Rödenbeck, M. Helm, Stochastic Modelling: replacing fast degrees of freedom by noise, J. Phys. A 34, 3199 (2001).

[17] N. G. van Kampen and I. Oppenheim, Brownian motion as a problem of eliminating fast variables, Physica A 138, 231 (1986).

[18] R. Zwanzig, Memory effects in irreversible thermodynamics Phys. Rev. 124, 983 (1961).

[19] H. Kantz, W. Just, N. Baba, K. Gelfert, A. Riegert, Fast chaos versus white noise: entropy analysis and a Fokker– Planck model for the slow dynamics, Physica D 187, 200 (2004).

[20] E. Fick and G. Sauermann, The Quantum Statistics of Dynamic Processes (Springer–Verlag, Berlin, 1990).

[21] H. Risken, The Fokker-Planck equation (Springer–Verlag, Berlin, 1989).

[22] K. Lindenberg and B. J. West, Finite correlation time effects in nonequilibrium phase transitions, Physica A 128, 25 (1984).

[23] H. Mori, H. Fujisaka and H. Shigematsu, A new expansion of the master equation, Prog. Theor. Phys. 51, 109 (1974).

[24] A. Riegert, N. Baba, K. Gelfert, W. Just, H. Kantz, Hamiltonian chaos acts like a finite energy reservoir: Accuracy of the Fokker–Planck approximation, Phys. Rev. Lett. 94, 054103 (2005).

[25] N. Baba, W. Just, H. Kantz, A. Riegert, Accuracy and efficiency of reduced stochastic models for chaotic Hamiltonian systems with time–scale separation, Phys. Rev. E 73, 066228 (2006).

[26] P. Schmelcher and L.S. Cederbaum, Regularity and chaos in the center of mass motion of the hydrogen atom in a magnetic field, Z. Phys. D 24, 311 (1992).