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Abstract.

The dynamical systems method (DSM), for solving operator equations,
especially nonlinear and ill-posed, is developed in this paper. Consider an
operator equation F'(u) = 0 in a Hilbert space H and assume that this
equation is solvable. Let us call the problem of solving this equation ill-
posed if the operator F’(u) is not boundedly invertible, and well-posed
otherwise. The DSM for solving linear and nonlinear ill-posed problems in
H consists of the construction of a dynamical system, that is, a Cauchy
problem, which has the following properties:

(1) it has a global solution,
(2) this solution tends to a limit as time tends to infinity,
(3) the limit solves the original linear or non-linear problem.

The DSM is justified for:

(a) an arbitrary linear solvable equations with bounded operator,

(b) for well-posed solvable nonlinear equations with twice Fréchet dif-
ferentiable operator F',

(c) for ill-posed solvable nonlinear equations with monotone operators,

(d) for ill-posed solvable nonlinear equations with non-monotone oper-
ators from a wide class of operators,

(e) for ill-posed solvable nonlinear equations with operators F' such that
A := F'(u) satisfies the spectral assumption of the type ||(A+sI)7]| < ¢/s,
where ¢ > 0 is a constant, and s € (0,50), so > 0 is a fixed number,
arbitrarily small, ¢ does not depend on s and u,

and
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(f) for some monotone operators which are not Fréchet differentiable
and for some unbounded, closed, densely defined F.

In Newton-type schemes the main difficulty is to invert the derivative
of the operator. A novel scheme, based on DSM, allows one to avoid this
inversion.

Global convergence theorem is obtained for the regularized continuous
analog of Newton’s method for monotone operators. Global convergence
means that convergence is established for an arbitrary initial approxima-
tion, not necessarily the one which is sufficiently close to the solution.

A general approach to constructing convergent iterative schemes for
solving well-posed nonlinear operator equations is described and conver-
gence theorems are obtained for such schemes.

Stopping rules for stable solution of ill-posed problems with noisy data
are given.

1. Introduction

The aim of this paper is to present in a self-contained way a series of the
results obtained in 1Y —22 where the DSM (dynamical systems method) in
its current scope was developed. Among related ideas is the old method of
steepest descent. One of the first papers, where the DSM, specifically, its
version corresponding to a continuous analog of the Newton’s method for
well-posed equation F(u) = 0 was developed, is °. In ? iterative processes
for solving nonlinear well-posed equations in finite-dimensional spaces are
presented, and in 4 iterative methods for solving some ill-posed problems
are discussed. In -3, 7, 26 some results which are obtained by the DSM
method are given, and in 24 and ?° the efficiency of the DSM method is
illustrated in the problem of stable numerical differentiation of noisy data.

The DSM method can be considered as a general method for solving
operator equations, especially ill-posed, nonlinear.

At first, one may think that solving the Cauchy problem (4) of the DSM
in order to solve equation (1) is replacing a simpler problem (1) by a more
complicated problem (4). However, if problem (1) is ill-posed in the sense
that (3) fails, then there are no general approaches to solving (1), and the
DSM provides such an approach for a very wide class of equations (1).

It also provides a general approach to construction of convergent iter-
ative schemes for solving (1). Finally, numerical solution of (4), after a
discretization, amounts to solving a Cauchy problem for a system of ODE.
This is an area of numerical analysis which was much studied and is well



March 7, 2005 7:35 WSPC/Trim Size: 9in x 6in for Proceedings 489

developed.

Let us now describe the idea of the DSM.

Let H be a real Hilbert space, F' : H — H be an operator. One wants
to solve an equation

F(u)=0 (1)
and one assumes that there is a y, possibly nonunique, such that F(y) = 0.
Let ug € H be an element, and B(ug, R) := {u : |[u—ug|| < R}. Assume

sup  [|[FPD )| < Mj(R), 1<j<2, (2)
u€B(ug,R)

where F) is the Fréchet derivative. We call problem (1) ill-posed, if

sup  |[F"(w)] 7 < m(R). (3)
uw€B(ug,R)
Otherwise we call (1) ill-posed. The dynamical systems method (DSM) for
solving (1) is the method consisting of the following steps:
a) finding a map ®(¢,u) such that the problem

= ®(t,u), u(0)=up; U= %, (4)
has the following properties:
Alu(t) VE>0; Fu(oo) := tlg& u(t); F(u(c0)) =0, (5)
b) solving (4), then taking ¢ — oo, and finding the solution as the limit
u(00).

Note that u(oco) = u(oo,ug) if (1) has more than one solution. How
does one find ®? There are many ways (13) to find ® such that (5) holds.

We assume that ® is locally Lipschitz with resepct to u and continuous
with respect to ¢. This implies local existence and unqueness of the solution
to (4).

Our aim is to review some of the results obtained recently '© —22. These
results demonstrate the power of the DSM, both as a theoretical tool for
proving the existence of a solution to equation (1), proving that F' is a global
homeomorphism (under suitable additional assumptions), deriving conver-
gent iterative schemes for solving (1), and developing numerical methods
for solving a very wide class of linear and nonlinear operator equations,
especially ill-posed. There is a large literature on linear ill-posed problems
(e.g. see ©), and a less extensive one on nonlinear ill-posed problems (e.g.
27 10

).

Let us describe briefly the scope of the results obtained by the DSM in

1022 assuming (2) unless otherwise stated:
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(1) Every solvable well-posed equation (1) can be solved by the DSM
method which converges exponentially fast.

(2) Every solvable ill-posed linear equation (1) with a bounded operator
A can be stably solved by the DSM. Here F(u) := Au— f =0, and
stably means that if the noisy data fs are given, ||fs — f|| < J, then
there is a t5 such that lims_,o ||u(ts) — y|| = 0.

(3) Every solvable ill-posed equation (1) with monotone operator F
ie., (F(u) — F(v),u—wv) >0, can be stably solved by the DSM.

(4) Every solvable equation (1) can be stably solved by the DSM pro-
vided that the operator T = /T*g, A = F'(y), maps the set
{u : ||u|]| < r, where r > 0 is sufficiently small, into the set
B:={u:0<ul| <1}.

(5) If F is monotone, hemicontinuous, defined on all of H, but (2) is
not assumed, then if equation (1) is solvable, possibly nonuniquely,
then its minimal-norm solution y can be stably found by the DSM.

(6) If F = L + g, where L is a closed, linear, densely defined in
H operator, which has a bounded inverse, g is a nonlinear op-
erator satisfying (2), and equation (1) is solvable, then its solu-
tion can be stably found by the DSM, provided, for example, that
WD, (g I+ L=/ ()]~ < m(R) and subpysg ity = oo

(7) A sufficient condition for the surjectivity of a map F is
SUP R0 %R) = 00.

(8) A sufficient condition for the map F to be a global homeomorphism
is ||[[F(w)] Y| < h(||ul)), where [~ h‘f‘;) = 00, h(s) > 0 is a contin-
uous function on [0, 00).

(9) A method for constructing convergent iterative schemes for solving
equation (1) is given.

(10) A method for constructing a Newton-type method without inverting
the derivative operator is developed.

2. Well-posed problems
Assume (2) and (3). Take ® = —[F’(u)] "' F in equation (4):

o= —[F'(u)] ' F(u), u(0) = up. (6)

This is a continuous analog of the Newton’s method. From (2) and (3) it
follows that @ is Lipschitz, so (6) is locally solvable. It will be globally
solvable, i.e., solvable Vt > 0, if sup,. |[|u(f)|| < co. Let us prove this
estimate. Let ||[F(u(t))|| := g(t). Then gg = —g? by (6), so g(t) = g(0)e".
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From (6) one gets |[a|| < g(0)e~*m(R). Thus ||u(t) — u(0)|| < g(0)m(R) as
long as

9(0)m(R) < R, (7)
that is, as long as the trajectory u(t) stays in the ball B(ug, R) for all ¢ > 0.
Assume (7). Then Ju(oco),

sup [u(t) —uoll < R, Ju(t) — u(c0)|| < Re™", (8)

and from (6), as t — oo, one gets F(u(oco)) = 0. We have proved that
equation (1) can be solved by the DSM (6).

Theorem 2.1. If (2), (3) and (7) hold, then equation (6) has a unique
global solution, and (5) holds. Moreover, estimates (8) hold, i.e., u(t) con-
verges to the solution u(oco) at the exponential rate and the trajectory u(t)
stays in the ball B(ug, R) for all t > 0.

Remark 2.1. Many other choices of ® are discussed in '3, . These
choices include continuous analogs of the modified Newton’s method,
Gauss-Newton method, gradient method, method of simple iterations, etc.

3. Surjectivity of F

Theorem 3.1. Assume (2) , (3) and let the following condition hold:
R
sup —— = o0. 9
r>0 M(R) ®)

Then F is surjective.

Proof. The proof of Theorem 2.1 shows that if (9) holds, then, for any
fixed ug, (7) holds for some R > 0. Thus (1) is solvable. The same argu-
ment holds for the equation F(u) — f = 0, for any f € H. Theorem 3.1 is
proved.

O

4. When is F a global homeomorphism?

Theorem 4.1. Assume (2) , (3) and let h: Ry — Ry, Ry := (0,00), be
a continuous function such that

I @)~ < A(llull), /OOO h™(s)ds = 0. (10)

Then F : H — H is a global homeomorphism.
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Proof. From (3) it follows that F is a local homeomorphism. To prove that
F is a global homeomorphism one has to prove that: a) F' is surjective, and
b) if F(u) = F(v) then u = v.
Let us prove a).
As in Section 2, one gets
Mol < i < m(pugoe™. g0 = 910, ()

where the inequality ||u|” < ||@|| was used. Thus

lu@®Il g
— < go(l—e?) < gp.
/u 7s) <go(l—e"") < go

0

This and (10) imply sup,~ [|u(t)|| < 0o, so sup,s h(||u(t)]]) < oo, and (11)
vields [|i]] < ce™®. Thus ||u(t) — uo|| < ¢, u(oo) exists, and, as in Section
2, F(u(o0)) = 0. Since this argument remains valid if F'(u) is replaced by
F(u) — f with an arbitrary f € H, the surjectivity of F follows. Thus, a)
is proved.

Below we consider the equation F'(u) — f = 0.

Let us prove b).

If [Jup — vo|| is sufficiently small, and
sup ut, ) — e, v0) | < el — vl (12)
>

where ¢ > 0 stands for various constants, then b) follows.

Indeed, let u := u(00,up) = lim;—,o0 u(t,ug), F(u) = f = F(v), where
v = limy_, o v(t,vg). Define w(s) := ug+s(vg—ug). If s is sufficiently small,
then ||w(s) — up|| is as small as one wishes, and ||u(t, w(s)) — u(t,up)||
is as small as one wishes uniformly for all ¢ > 0. Thus |Ju(oo,w(s)) —
u(o0o, up)|| is small, F(u(oo,ug)) = f = F(u(oo,w(s))). Since F is a local
homeomorphism, it follows that u(oo,w(s)) = wu(oo,ug) = w. Finitely
many small steps are needed to get to w(1) = vy and conclude that v =
u(oo, w(1l)) = u(oco, ug) = u.

To complete the proof, let us check (12).

Let @ = —[F'(u)] " F(u), u(0) = ug, v = —[F'(v)]71F(v), v(0) = vy,
¥ :=u(t) — v(t). Then

d=—([F' (W] = [F'@)] ) (F @)~ f) = [F' )] (Fw) - Fv)). (13)

Let g(t) := |[¢(¢)||. Multiply (13) by ¢, use the formula F(u) — F(v) =
F'(v)(u = v) + K, [|K|| < %2 [[%]|*, and get

99 < —g* + cg® + cg’e ™, (14)
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where the estimate | F(u(t)) — f|| < ce™" was used. Since g(t) > 0, one can
consider instead of (14) the following one:

g<—g+cg®+eget,  g(0) = |luo — ol (15)
Let g = e’th S0 that go = g( ) = h(0). Then h < ¢(h® + h)e~'. This
implies In h+1 <In 905 . h_}ﬁl < ggil e Where go = ||u(0) —v(0)]|.

Therefore, if gg is sufﬁmently bmall so that go < -, then h(t) < ch(0) =
¢cg(0). Therefore g(t) < ce™t||u(0) — v(0)]], so (12) follows. Theorem 4.1 is
proved. D

5. Linear ill-posed equations
Assume

F(u)=Au—f=0, (16)
where A is a bounded linear operator, Ay = f, y is the minimal-norm
solution, B := A*A, h := A*f, ||f5 fll < 6 e(t) > 0 is a monotonically

decreasing function, lim;_. () = 0, fo s)ds = 0o. A solvable equation
Au = f is equivalent to

Bu = h, B=A"A>0. (17)
Consider the equation
= —u+[B+e(t) th, u(0) =ug, h=A"f. (18)

Theorem 5.1. Any solvable linear equation (16) with ||A| < oo can be
stably solved by the DSM.

Proof. A solvable linear equation (16) is equivalent to (17): every solution
o (16) solves (17) and vice versa. Consider a DSM (18). Since this is a
1inear equation, clearly u(t) exists for all ¢ > 0 and is unique. The solution

to (18) is: u(t) = uoe_t—l—fot e~ (=9 [B+¢(s)]~'hds, and, since h = Bu, it is
easy to check that lim;_, . u(t) = y. Indeed, lim._o[B+¢]~!Bu = y, where
u=wu(t) and € = &(t), and lim; fo —(t= G)g( )ds = g(oo) provided there
exists g(00) := limy_,» g(t). Thus (5) holds and the DSM (18) is justified.
If f5 is given in place of f, then hs will replace h in (18). Without loss of
generality one may assume that |hs — h|| < d. Let us(t) solve (18) with h
replaced by hs. Let us prove:

Claim: There exists ts, lims_.gts = 0o, such that

li —yll=o0.
gg)llw(ta) y[[ =0
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To prove the claim, note that ||us(t5)—yl|| < ||us(ts)—u(ts)||+|lu(ts)—yl|-
Since lims_. |lu(ts) — y|| = 0, it is sufficient to prove lims_¢ |Jus(ts) —
u(t(g)H =0. Let u,;(t) — u(t) = U(t), hs —h :=p. Then

0=—v+(B+e(t)'p, v(0)=0.
Thus
t (t—s) 1 )
ol =1 [ e+ o) pis] <
0 e(t)

Therefore any ts such that lims_.ots = oo and limg_.¢ ﬁ = 0 is suitable
for the claim to hold. Theorem 5.1 is proved. O

6. Nonlinear equations with monotone operators

Assume that I’ is monotone in the sense
(F(u)— F(v),u—v) >0 VYu,v€ H,
(2) holds, and

Fly) - f =0, (19)

where y is the minimal-norm solution to (19). Note that if F' is monotone
and (2) holds, then N(F) := {u: F(u) — f = 0} is a closed and convex set.
Such sets in Hilbert spaces have a unique minimal-norm element, as is well
known.

Consider the problem

= —AZFw) +eu—fl,  u(0) =uo, (20)
where A, := F’'(u) + eI, I is the identity operator,

e=¢(t) >0, é&(t) <0, tlim e(t) =0, E—| <
Theorem 6.1. If (2) and (21) hold, and uy € H is arbitrary, then (5)
holds (with F(u) — f in place of F(u)) and u(oo) = y. If fs replaces f in
(19) and (20), ||fs — fll < J, then there exists ts, lims_ots = 0o, such that
lims_q ||us(ts) — yl| = 0 where us(t) solves (20) with fs in place of f.

. (21)

M| —

Proof. Consider the equation

F(V)+e(t)V - f=0. (22)
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It is known (e.g. '3) that if F' is monotone and (2) and (21) hold, then
there exists a unique solution V' = V(¢) to (22) and

- l€] :
sup [V < lyll, IVII<lyl—,  lm [V(E)—yll=0  (23)
t>0 g t—oo

Since ||u(t) —y|| < [Ju(t) =V (@&)]|+ ||V (t) =y, it follows that lim;_, . ||u(t) —
y|| = 0 provided that lim;_, [|u(t) — V(¢)|| = 0. Let

9(t) = [u(t) = VDI,  w:=wult) = V().
We want to prove the relation: lim;_.. g(¢) = 0. From (21) and (20) one

gets 1 = —V — AZY[F(u) — F(V) +ew]. Moreover, F(u)—F(V) = Aw+K,

where |K|| < M2292, by Taylor’s formula. Thus v = —w — AZ'K — V.

Multiply this by w and get § < —g + 5292 + [yl £l Let 22 = o,
llyl| ;== ¢1. Then
. Co o |€|
<- =, 24
9= =9+ 59 T (24)

It follows from (24), (21), and Example 7.1 in the next section, that g(¢) <
ce(t) — 0 as t — oo. Theorem 6.1 is proved. O

We have used in (20) the operator A-! := (A + el)~! as an approx-
imation to the inverse of the operator A := F’(u), where ¢ > 0 tends
to zero. This is natural because A > 0 is a bounded selfadjoint opera-
tor. For such an operator one can derive the relation lim. .o AZ'Au = u,
using the spectral theorem for selfadjoint operators, and assuming that
u € D(A), u L N(A) := {u : Au = 0}, and otherwise u is arbitrary. For
non-monotone F'; and also for monotone F'; one may use other approxima-
tions for the inverse of A when this inverse is unbounded or does not exist.
If A is selfadjoint, but not necessarily non-negative, or if A is normal, or,
more generally, when A is a spectral operator, then one can use spectral
theory to approximate the inverse of A. For instance, if A is selfadjoint,
then one may use a function ¢.(A) such that lime_.q ¢.(A)Au = u for all
u € D(A), uw L N(A). When A is non-selfadjoint, one may use ¢.(A4*A) to
approximate the inverse of A, when this inverse is unbounded or does not
exist. The regularized Gauss-Newton method is based on such an approx-
imation. A motivation for this is the formula (A*A)~!A* = A~! valid for
a boundedly invertible linear operator A.

One can derive a stopping rule for problem (20) as in Section 5. If
[|fs — fI| <6, and us(t) solves (20) with fs replacing f, then the error E
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can be estimated as follows:
E = lus(t) — yl| < [lus(t) = Vs@)|| +[[Vs (@) = VOI + V() — yll,

where Vs(t) solves (22) with f5 replacing f. One has ||V (¢)—y|| ;== a(t) — 0
as t — oo. Using monotonicity of F', one derives the estimate

]
Vs(t) = V()| < —.
Vst =Vl < 5
If ws(t) := ug(t) — V5(t) and gs5(t) := ||ws(t)||, then, as in the proof of
Theorem 6.1, one derives the inequality similar to (24):
. Co o |E| )
< _ 9 =1 Z
95 < =95+ s(t)% + 6 (c1+ 8)»

where the last new term comes from the estimates

- €] g
Vsl < —IVsll, Vsl < [IVII+ 2, and [[V]] < |lyll.

€
Applying Theorem 7.1, one gets the inequality gs(t) < ce(t), where ¢ > 0
is a constant, provided that ¢ < t5, where the stopping time t5 is found
from the equation 6% = ¢(t), for a fixed 6 and 0 < @ < 1. This equation
has a unique solution ¢5 because € decays to zero monotonically. Moreover,
ts — oo as § — 0. The error estimate is:

)
E < gs(ts)+ —— +a(ts) =0 asd — 0,
e(ts)
because, due to the inequality 0 < a < 1, one has % =572 = 0 as
6 — 0.
A novel discrepancy principle for nonlinear equations with monotone

operators is formulated and justified in °.

7. A differential inequality

Theorem 7.1. Let g(t) > 0 and

gt) < =g+ at)g® + B1t),  g(0)=go, t>0.  (25)

Assume that v, «, and 3 are continuous monnegative functions, and
there exists a pu(t) > 0 lim; o0 u(t) = 00, such that
) 1

| 0]
“M{WﬂmymwmmW“y“W@E)



March 7, 2005 7:35 WSPC/Trim Size: 9in x 6in for Proceedings 489

12

Then every solution g(t) > 0 to (25) exists for allt > 0 and

1
0<g(t) < o) vt > 0. (27)

Proof. Let h:= gelo 7()9s Then (25) implies
h < a(t)h? +b(t), h(0) = go,
where

t t
a=ae o4 p=pgelods,

Consider the equation

G
U= éuz s u(0) = go

Its solution is (cf. 8):

G(t) 1

u(t) = — + —

O ) [o- g3 &)

Let
f:u%e_%fot’yds, G:_’u/_%eéfotfyds.

Then C = m. From (26) one gets a < é7 b < % Since fG = —1,

one has fot g;jlé = %fot('y - %)ds, and

elo vds 1
u= - - T A . (28)
K T=(0)g(0) T 2 fo (v— ﬁ)ds

t
e-f() yds

From a comparison lemma it follows that h < u < ,80¢9 < % vt > 0.

Theorem 7.1 is proved. O

Example 7.1. Consider an example of applications of Theorem 7.1. This

example deals with inequality (24). Let p = $7 A = const. Then % =

%‘ < 1by(21),s01— % > 1. Let us check conditions (26). In (24) v = 1,

a=22 g=c Ll Conditions (26) hold if
o _ Al €l el A
— <=z Heo 0)— < 1. 29
s S%y A7 Smay Y0 g < (29)

Let A = 4¢g. Then the first inequality holds. The second one can be
written as 4)\015—2‘ < 1. A scaling transformation of e, namely ¢ — ve,
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v = const > 0, leaves % invariant and transforms L%l into %L%I Thus,

one can choose v sufficiently large to satisfy the second inequality (29) and
also tlhe third one. By Theorem (25) one gets 0 < g(t) < @ = ce, where
C = by > 0.

8. A spectral assumption and nonlinear equations

Theorem 8.1. Let (2) hold, € = const >0, and assume

A ()] < g A(u) := A:=F'(u), Ac.:=A+¢l (30)

Then there exists a solution to the equation:

F(u) +eu=0. (31)

Proof. Consider the problem
0= —A- (u)(F(u) + eu), u(0) = ug. (32)

This problem is uniquely locally solvable, because (2) and (30) imply that
the right-hand side in (32) is a Lipschitz function. Let

9(t) = || F(u(t) + eu(®)]],
where u(t) solves (32). Then
99 = —(Actt, F(u) + eu) = —g*.

Thus g(t) = goe™*, and (32) and (30) imply [[af < “®e~*. Thus
limy, 00 u(t) := u(o0) exists. Passing to the limit ¢ — oo in (32) one proves
that u(oo) satisfies equation (31). Theorem 8.1 is proved. O

9. A singular perturbation problem

In this Section we want to give sufficient conditions for the solution wu. to
equation:

F(ue) +e(ue —w) =0 (33)

to have a limit lim._,ou. = y, which solves (1). Here w € H is some
element.

Theorem 9.1. Assume: a) (2) with j <3 holds, b) Iy : F(y) =0, ¢) (30)
holds for all € € (0,e0), €9 > 0 is a small fixred number, d) Jw such that
y—w = Av, where A := F'(y) and ||v| < [2Mac(1+c¢)]~t, where My is the
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constant from (2) and c is the constant from (30). Then (33) has a solution
ue for any € € (0,g0), and ||y — uc]| = O(e) as € — 0. In a sufficiently
small ball {u : |Ju —y|| < R}, R= 0O(¢), the solution u. is unique.

Remark 9.1. If R(A) = H, then there exists a w such that y — w = Av,
|lv|| is arbitrarily small. In fact, such a w exists if R, N B(0,7) # (), where

o

B(0,7) :={u:0 < |Jul| <7}, Ry :={v:v=Au, |lu]| <b}, and the overbar
stands for the closure.

Proof. [Proof of Theorem 9.1] Let 2z, := ue —vy, 20 = 0, F(y+zc) := ¢(z:).

Then (33) can be written as ¢(z:) + €z. + eAv = 0. Write ¢. = Az, + K,
2

where || K|| < % Then

2e = —AT K — AT Av == T(2). (34)

The map T is a contraction on B(R) := {z : ||z|]| < R}, where R = O(e).
Indeed, [|T2|| < ellv] + ¢22|2)? < e(1 + o)[|v]| + L2 R? < R, provided
that

5

R= %(1—0% (35)

where p = /1 —2Mc(1+c)[v]. Here we have used the estimate
[AZ Av|| < ol + ellAZ ol < (14 ofloll. I vl < gaparres then
0<p<l1 R=0(), and TB(R) C B(R). Furthermore, | Tz — Tp|| =
| — AZ1[K(2) — K(p)]||, where z,p € B(R). By Taylor’s formula one gets
K(z)= fol(l — 8)F"(y + sz)zzds. Thus
1
1K(2) = Kl < / ds(1 = $)[F"(y + s2)zz — F"(y + sp)ppl|| := J.

0
One has
[P (y+s2)22—F" (y+sp)zz+F" (y+sp) (zz—pp)|| < Mss||lz—pl| R*+2M2 Rz —p|.
Thus

1T(z) =Tl < qallz—pl, a=

E M3R3
3 6

+ MQR) . (36)
Therefore T' maps B(R) into itself and is a contraction on B(R) where R
is defined in (35). Indeed

C M3 63
el 6 M3

(L= + Mo (1= )| =1 p+ 0 <1 @7

4 CM2
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if ¢ is sufficiently small. For such e equations (34) and (33) are uniquely
solvable and ||z:|| < O(g) as claimed. Theorem 9.1 is proved. O

Remark 9.2. Theorem 9.1 holds if w = 0 and
y = Av, v < [2Ma2c(1 +¢)] L.

10. Nonsmooth monotone operators

Assumption A): Assume that F is hemicontinuous (that is, (F(u+Ah), w)
is a continuous function of \ in a neighborhood of A =0 for any u, h and
w), monotone: (F(u) — F(v),u —v) > 0 Yu,v € H, defined on all of H,
and Jy : F(y) = 0, where y is the minimal-norm solution to (1).

It is known that under Assumption A) the set Np := {z: F(z) = 0} is
closed and convex, and such a set in H has a unique element of minimal
norm, so y is uniquely defined if (1) has a solution.

Consider the problem:

U= —[F(u) + eul, u(0) = uo, e = const > 0. (38)
Lemma 10.1. Problem (38) has a unique global solution if A) holds.
10)

This lemma is known (see e.g. and holds also for any integrable

e=¢(t) > 0.
Lemma 10.2. The solution to (38) satisfies the estimates
sup [u(®)] < e < 00; g(t) < 9(0)e™", g(t) := Ju(t+h)—u(®)], t = 0, (39)
where ¢ = const > 0 and h = const > 0 s arbitrary.
Proof. Let z :=u(t + h) —u(t), ||z| := g(t). From (38) one gets
2=—[F(u(t+h)) — F(u(t))] —ez, 2(0)=u(h)—uop. (40)

Multiply this equation by z, use the monotonicity of F' and get gg < —eg?.
So g < g(0)e~ct. Let us prove the first inequality (39). Denote u(t)—y := p,

Ipll := g. Then

p=—[F(u) = F(y)] —e(u—y) —ey. (41)
Multiply (41) by p, use the monotonicity of F and the inequality ¢ > 0,
and get

¢ < —eq+elyl, q(0) = uo —yll. (42)
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This implies ¢(t) < q(0)e ==t +¢]|y|| fg e==(t=9)ds. Thus q(t) < |luo—yl|+|yl,
and the first inequality (39) is proved. ]

Remark 10.1. We claim that the first inequality (39) holds also if
e = g(t) > 0, where ¢(¢) is a locally integrable function. Indeed, since
g > 0, write (42) as ¢ < —eq + €lly||. Let ¢ = Q(t)e‘fo‘ (s)ds Then
Q < |lyllelo = e(r), so Q(t) < Q(0) + |yl Jy e(s)elo =ids < Q(0) +
llyllefs ==)s  Thus ¢(t) < q(0) + ||y, and the claim follows.

Theorem 10.1. If A) holds and lim._.o et. = 0o, then
lim. ¢ ||u(t:) —yl| = 0.

Proof. If A) holds, then equation (31) is uniquely solvable. Denote by
V. its solution. Then V; satisfies the first and the third relation (23). Let
u(t) — Vz :=n, where u(t) solves problem (38). Then (38) implies

n=—[F(u)—F(V)+elu—-V)]. (43)

Multiply this equation by 7, let ||n|| := ¢, use the monotonicity ofF', and
get oo < —ep?. Thus, p(t) < p(0)e~ct. If t = t. and lim._get. = oo,
then

lim [lu(t.) — Vz|| < ¢(0) lim e~ <% = 0. (44)
e—0 e—=0

Since
l[u(t) =yl < flu(t) = Vel + Ve —yll, (45)

one concludes from (44) and (23) that lim._,g ||u(t:) — y|| = 0. Theorem
10.1 is proved. DO

Assumption B: Assume that the function €(t) > 0 is continuous, differ-
entiable, monotonically decaying to zero as t — oo, and

- .
t
/ e(s)ds = o0, lim () =0. (46)
g 8 (e
Theorem 10.2. If A) and B) hold, then equation

i =—F(u) —e(t)u, u(0) = wo, (47)

has a unique solution, (5) holds, and u(o0) = y.
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Proof. Lemma 10.1 holds for problem (47) as well. If B) holds, then (23)
holds with V' = V). Thus, by (45), if one proves

Jim [lu(t) ~ V(1)) =0, (48)

then Theorem 10.2 is proved. Let n:=u(t) — V (t), [[n| := ¢(t). From (47)
one gets as above, ¢ < —e(t)p + |Z—‘||y|| Thus

t .
(p(t) < QP(O)@_ Jo e(s)ds + e—fo 6ds/ ef(f 6dT%Hde8 S0 as t— oo,
0

(49)
by (46), as one checks using L’Hospital’s rule, for example. Theorem 10.2
is proved. O

11. Unbounded operators

Consider equation (1) with F = L+ g, where L is a linear, densely defined,
closed operator, and g is a nonlinear operator satisfying (2). For example,
a semilinear boundary-value problem

—Au+g(u)=f in D, uls=0 (50)
is of this form, L is the Dirichlet operator —A, H = L*(D).

Theorem 11.1. Assume that |[L71|| < m and

sup [+ L7 g (w)] 7| < ma, (51)
uw€B(up,R)
l[uo + L™ g (ug)||m1 < R. (52)

Then (5) holds for problem (4) with ® := —[I + L™1¢'(u)] " [u+ L™ 1g(u)].

Theorem 11.2. Assume that L=1L* >0, F =L+g, g (u)>0Vue H, g
satisfies (2), equation (1) is solvable, y is its minimal-norm solution, L. :=
L+el, and ® := &, := —[[ + L7 g/ (u)]7! [u+ L:tg(u)], e = const > 0.
Suppose (51) holds with L replaced by L., and my = mq(e) > 0. Then (5)
holds for (4) and

lim Jo. ]| = 0, (53)

where v. solves the equation L.v. + g(v:) = 0.
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Proof. [Proof of Theorem 11.1.] Equation (1) is equivalent to
u+ L7 g(u) = 0. (54)

Assumptions (51), (52), and Theorem 9.1 imply the conclusion of Theorem
2.1. O

Proof. [Proof of Theorem 11.2.] Consider the equation
Lou+g(u) =0, U= Ue. (55)

By Theorem 11.1 equation (4) with ® = &, satisfies (5). Let uc(00) := ve
solve equation (55). Let us prove (53). Let v. —y := we. Then Lw, + v +
g(ve) — g(y) = 0. Multiplying by w. and using the monotonicity of g and
L, one gets (v, we) < 0. Thus

[l < llyll- (56)

Thus, there is a weakly convergent subsequence v, := v,, — vg, Wy =
Vp —Y — Wo =V — Y as €, — 0, and

timsup ]| <y, minf o, ] > o]l (57)

n—oo

Let us check that vg € D(L) and pass to the limit £, — 0 in (55). Since L
is selfadjoint one has

(1.0) = lim (Lv,., ) = lim (0, L6) = (09, LY) ¥ € D(L),  (58)
where
n= nan;O Lu,. (59)

This strong limit exists because of (55). Indeed, lim,, . £,v, = 0 since v,
is bounded (see (56)). Let us check that

lim v, = vy. (60)
If (60) holds then lim, o g(vn) = g(v) by the continuity of g, and (59)
follows from (55). To prove (60), we first prove that vy = y. Assum-
ing this for a moment, one has from (57): |y|| < liminf, o ||un| <
limsup,, o [|lvn| < |lyl]. Therefore (60) holds with vy = y.

Let us prove vy = y. One has by the monotonicity:

(Lvy+ gop+envy — L(vg—tz) —g(vg—tz) —e(vg—t2), v, —vo+1tz) > 0 (61)

where ¢ > 0 and z € D(L) is arbitrary. Since v,, — vg and t = const > 0,
one gets from (61) as n — oo the following:

(=Lvo +tLz — g(vg — tz),z) > 0. (62)
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Let t — 0 in (62). Then
(=Lvg — g(vo),2) >0 Vze D(L). (63)
Since D(L) is dense in H, it follows from (63) that
Lvg + g(vg) = 0. (64)

However, |lvo|| < |ly||, and y is the minimal-norm solution to (64). Since
such a solution is unique, it follows that vg = y, as claimed. The uniqueness
of the minimal-norm solution to (64) follows from Lemma 11.1.

Lemma 11.1. If F is closed, hemicontinuous, and monotone, and D(F)
is a dense linear set, then Np = {u : F(u) = 0} is a closed and convez set.

Proof. First let us prove that Ng is closed. Let F(u,) = 0, u, — wu.
Then, since F is closed, one gets F(u) = 0. So N is closed. Now let us
prove that Ng is convex. Note that under the assumptions of Lemma 11.1
one has:

u€ Np & (—F(v),v—u) >0 Vv € D(F). (65)

Indeed, if w € Np then the monotonicity of F' implies inequality (65).
Conversely, if inequality (65) holds, then set v = u+tz, where t = const >
0 and z € D(F) is arbitrary, and get —(F(u+1tz),z) > 0. Pass to the limit
t — 0 using the hemicontinuity of F' and get —(F'(u),z) > 0 Vz € D(F).
Since D(F') is dense in H, this implies F'(u) = 0. Lemma 11.1 is proved. D

In Hilbert spaces any convex and closed set has a unique minimal-norm

element.
From our argument and from (55) it follows that Lv, — n, v, — ¥, so
Ly = n because L is closed. Theorem 11.1 is proved. O

12. Equations in Banach spaces

Consider equation (31) in a Banach space X. Assume that ¢ = const > 0,
F: X — X, (2) and (30) hold, and consider problem (32). Let n € X*
be arbitrary, ¢(t) = (F(u(t)) + eu(t),n), g(t) = [|[F(u(t)) + eu(®)|| =
supj, <1 [¢(t)]. Using (32) one gets @ = —p, 50 (t) = p(0)e~". Thus
g(t) < g(0)e™" and, by (32), [lu|]] < £g(0)e~*. Thus u(co) exists, and
passing to the limit ¢ — oo in (32) one proves that u(oco) solves (31).

We have proved that equation (31) can be solved by the DSM:

Theorem 12.1. If F: X — X, (2) and (30) hold, € = const > 0, then
equation (31) has a solution, and (5) holds for (32).
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The proof of Theorem 9.1 remains valid for equation (33) in Banach
spaces.

13. Iterative processes for well-posed problems

In this section we prove that any solvable well-posed problem can be solved
by an iterative process with constant stepsize and the process converges
exponentially fast.

Lemma 13.1. Assume:

i) (F'(w)®(t,u), F(u)) < —g1 ()| F(w)|]* Yu € Bluo, R), [~ grdt = o0,

i) @@, w)l| < g2(DI|F(u)l, Yu € B(ugR);

and

iii) ||F(uo)|| [;° G(t)dt < R, where g1 and g are positive integrable
functions, G(t) = go(t)e=Jo 9195 € L1(0,00), and (4) has a unique local
solution.

Then (5) holds for problem (4).

Proof. Since there is a unique solution to (4), this solution exists glob-
ally if sup,oq|lu(t)]] < oo. Let g(t) = [|F(u(t))||. Using (4) one
gets g9 = (F'u, F) = (f'®,F) < —gi(t)g®>. Since g > 0, one ob-
tains g(t) < g(())e_fotglds, g(0) = ||F(up)||. From (4) it follows that
l[i]| < ga(t)g(0)e~ Jo 9145 = g(0)G(t) € L'(0, 00). Therefore u(co) exists,

HM&—M@SM@AWG@Mssa

and
nwwm@nsmmlwa@@.

Lemma 13.1 is proved. O

Remark 13.1. If g = ¢; = const > 0, and g2 = ¢ = const > 0, then
Iy Gds = £, iii) takes the form [[F'(uo)||£ :=r < R, and one has

[u(t) —u(oo)| <re™, [ (u(t)|| < [[F(uo)lle™".  (66)
Theorem 13.1. Assume (2), (3), ||®'(u)|| < L1 Yu € B(ug, R), and let
F(y) = 0. Let the conditions i), i), and i) of Lemma 13.1 hold with

g=cj,j=12 9= const >0, and ug is sufficiently close to y. Then
there exists an h > 0 such that the iterative process

Up4+1 = Up + hq)(un), Ug = Uo, (67)
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converges to y:

[un =yl < e, | F(un)|| < [Folle™,  [|Foll := [|F(uo)ll, (68)
where ¢ = const, 0 < c<ci, and r:= 2| Fyl|.
Proof. For n = 0 the inequalities (68) hold (see (66) with u(co) =y). We
prove that if they hold for n then they hold for n+ 1. The assumption that
ug is sufficiently close to y ensures that y = u(00).

Let wp41(¢) solve (4) for t > t,, wpi1(tn) = Un, to = 0, t, = nh. By
Lemma 13.1 one has

[wns1(t) = yll < %HFn”e_clt S ety <t <y, (69)
where F,, := F(u,). Also,
[unt1 =yl < llunts = wnpr (G2 |+ lwn g1 (Engn) =y, (70)

and

tni1
[tn41 = Wnpa (Enga) || < / [®(un) — ©(wni1(s))l|ds
t

n

< Licsh / P (e (5) s (71)
in
< LicyhPre=chm.
From (70) and (71) one gets
ltns1 —y| < re” (e~ + ¢ L1h?) < re~ M HD), (72)
provided that h is so small that
e h peLih?<e™h  0<c<e. (73)
In (72) we have used the estimate (cf (68)):
IF (w1 ()] < |Falle1 071 < | Fpllemchn=ere=tn) (74)

Let us check the second inequality (68) with n 4+ 1 in place of n:
[F (uns )| < [[F(tns1) = F(wnsr (Engp)) | + 1F (wnga (Eng2))ll. (75)
One has

”F(un-i-l) - F(wn-i-l(tn-ﬁ-l))‘l
< My|[tng1 — Wopr (tng1) || < MyLyeyh?re=chm,

where (71) was used. From (76), (74), and (75) one gets:
1F (uns)ll < [ Folle™"" (MiLih®er +e=") < || Folle™"™ 1, (77)
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provided that

MiLih%cy +e M <e ™ 0<c<e. (78)
If h is sufficiently small, then (73) and (78) hold. Theorem 13.1 is proved.
O

14. Iterative process for ill-posed problems with monotone
operators

Assume (2), but not (3). Let A := F'(u) > 0Vu, A; := A+¢l, and consider
an iterative process

Upt1 = Up — hnA,_Ll[F(un) + entn), Uy = U, (79)

where A,, := A(uy,) +e,1, and ug € H is arbitrary. Let y be the minimal
norm solution to (1).

Theorem 14.1. Under the above assumptions one can choose €, and hy,
so that

lim |lu, —y| = 0. (80)
Proof. Let V, solve (22) with e(t) = &,. Let z, := up — Vi, ||2nll = gn-
Then ||u, — y|| < gn + ||V — yll, and we know that lim,, .o ||V, —y|| =0

if limy, 00 £, = 0. Thus (80) holds if lim, . g, = 0. Let us prove the last
relation. Let by, := ||[Vi11 — Vi, lim,— o0 b, = 0. Rewrite (79) as

Zn4+1 = (]- - hn)zn - hnA;IK(Zn) - (Vn+1 - Vn)7 (81)
where we have used the Taylor formula:

F(un) + epun = Fluy) — F(V,) + ez = Anzn + K(2),

Msg?
1K)l < 220 g2

n:

From (81) one gets

b,
g1 < (1= ha)gn + %gi +bn,  0<h, <1 (82)
Let
En = 2¢Gn. (83)
Then (82) yields:
hy,
g1 < (L —an)gn +bn,  0<a,=— <0.5. (84)

2
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Theorem 14.1 follows from Lemma 14.1, which is stated and proved belova

Lemma 14.1. Ifb, >0, lim, .o b, =0, 0< a, < % and

n—1

> an = o, lim > be” Zi=ki1 % =0, (85)
n=1 k=1

then (84) implies
lim g, =0. (86)

n—oo

Proof. From (84) one gets by induction:

n—1

Int1 < by + Z b, m?:kJrl (I —aj)+ g1 (87)

k=1
Ifa>0,thenl—a<e ™ ThusM}_; (1 —a;) < e~ Xi=r+1%  Therefore
(85) and (87) imply (86). Lemma 14.1 is proved. O

Remark 14.1. One can always choose a, such that (85) holds. Indeed,
let a; = logp; = logp Vj, where 1 < p < /e. Then e~ Xi=kt1% = pntk

and lim,, oo Y2721 bep™ "t = 0 if limy,_ o by, = 0.

15. Newton-type methods without inverting the derivative

In using Newton-type methods the most difficult part of solving numeri-
cally problem (1). This part consumes major computer time and leads to
numerical errors. Let us consider a DSM of the form

U= —QF), ’LL(O) = Uo, (88)

where A:=F'(u), T:=A*A.
Therefore, instead of an unknown u we are looking for a two-component

vector (g), where () is an operator-function which plays the role of

[F'(u)]~! in the usual Newton-type method. We prove that problem (88)-
(89) has a unique global solution and (5) holds under suitable assumptions.

First, we need a lemma which is a Gronwall-type lemma for operator
equations.
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Lemma 15.1.

Q=-THQ+G(t), Q0)=Qu, (90)
where T, G and @Q are bounded linear operator-functions in H. Assume
that

(T(t)h,h) > e(t)||h|*  Vhe€ H, (91)

where e(t) > 0, e(t) € L}

loc

IR < a™ () Qll +0f1(t)/O a(s)|G(s)|lds,  a(t) := elo <)%= (92)

(0,00). Then

Proof. Let g := Q(¢t)h, b(t) := Gh, h € H is arbitrary, h does not depend
on t. Then (90) implies ¢ = —T'g + b(t). Multiply this equation by g, let
(9,9) = P *(t), and get: pp < —e(t)p® + [|b(t)[|p. Since p(t) > 0, one gets
p(t) < a ' ()p(0) +a"'(t fo Ib(s)|la(s)ds. Now take the supremum with
respect to h, ||h|| =1, and get (92). Lemma 15.1 is proved. O

Let us state the main result of this section.

Theorem 15.1. Assume~(2), (3), and let up and Qo be sufficiently close
to y and, respectively, to A™! := [F'(y)]~!, where F(y) = 0. Then problem
(88)-(89) has a unique global solution (g((tt))> , Ju(oo) :=y, F(y) =0, and

[lu(t) = y|| — O exponentially fast as t — oo.

Proof. Let w := u(t) —y and ||w|| :== g. Then F(u) = Aw + K, ||K|| <

0.5Msg? = cog?, and (88) can be written as W = —Q[Aw + K]. Let
A:=1—-QA. Then w = —w+ Aw — QK. Multiply this equation by w and
get

Since T'(t) > ¢ > 0, ¢ = const, Lemma 15.1 and equation (89) imply

¢
QM) < e[| Qoll +676t/ Mie*'dt < [|Qoll + Mic™" ==c1,  (94)
0
where M; is the constant from (2). Thus
QK w)|| < crcog” = kg®. (95)
We prove below that

sup [A(H)]| < A < 1. (96)
t>0
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Thus (94) yields:
§g<—vg+kg®, 0<y:=1-A<L (97)
If kg(0) < 1, then (97) implies:
0)
t) < -t = g( ) 98
gty <re™™, 1 T~ kg(0) (98)

Inequality kg(0) < 1 holds if k|lup — y|| < 1. This is the “closeness of
ug to y” condition. Inequality (98) shows that u(t) — y exponentially
fast. The trajectory {u(t)}i=0 € B(uo, R) if [* |Julldt = [;° |li||dt < R.
Using (88), and the estimate: ||F(u)|| = ||F(u) — F(y)|| < Mg, one gets
[l < ||Q||F|| < c1Mig = care™*, where ¢3 := ¢y My. Thus [;° [[i||dt <
Zr < R if r is sufficiently small, or (see (98)) if ug is sufficiently close to
y. To complete the proof, one has to verify (96). One has
A=—-QA=TQA— A*A=—TA+ A*(A — A). (99)

Lemma 15.1 and (99) imply
¢

IA®#)]] < e Aol +/ e =N Myre™"3ds < ||Ao|| + Cr,  (100)
0

where C' := M Mjsup, fot e—ctt(e="sds, If || Agl|| and ||ug — y|| are suffi-
ciently small, then

Aol + Cr == A < 1. (101)

Theorem 15.1 is proved. DO

Remark 15.1. In the ill-posed case, when (3) fails, one can prove a similar

result (see 23).

16. Equations with non-monotone operators

Let us assume (2), but not (3), let y solve equation (1), and let A :=
F'(u), T := A*A, T. := T +¢el, Ay := F'(y), and Ty := AjAo. Choose
® = T A*F(u) + e(u — 1p)], where ¢ = ¢(t) satisfies conditions (21).
Assume that ug is such that

y—1o="Toz, |lz]] <<1, (102)

where ||z|| << 1 means that ||z|| is sufficiently small. This smallness re-
quirement will be specified below. Assume also that ug € B(y, R), and
R << 1. Let u = u(t) solve (4) with the above ®.
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Theorem 16.1. Under the above assumptions (5) holds for the solution to
(4) with the above P.

Remark 16.1. Theorem 16.1 states that the DSM with the above ® is
justified for solving equation (1) provided that (102) holds and R << 1.
Condition R << 1 says that the initial approximation wug is sufficiently
close to the solution y. This assumption is quite standard. Condition (102)
means that the operator Ty maps the punctured ball {z : 0 < ||z|| < r}
of small radius r > 0 onto a set which has a non-empty intersection with
the set {w : 0 < ||y — w|| < a}, where a > 0 is some, possibly large,
number. In the literature such type of assumption is called sometimes a
source assumption, because it says that y — @9 belongs to the range of Tj.
The element g, such that the above assumption holds, exists if the range
of Ty is dense in a cone with vertex at y, or even when this range contains
a segment issued from the element y. If T is compact and has a non-zero
eigenvalue: Todp = A, ||d]| = 1, X # 0, then g exists: for example one
may take g = y — s¢, where s is sufficiently small. In this case z = $¢.
Thus, assumption (102) is quite weak from the theoretical point of view.
From the practical point of view it has a drawback: one does not have an
algorithm for choosing suitable .

Proof. Let us prove Theorem 16.1. Let w := v —y and ¢ := ||w||. Using
the Taylor’s formula, one has:

F(u)=F(u)— F(y) = Av+ K, ||K|| <0.5Mxg>.
Thus,
O =T NTow+ A*K +eTpz] = —w — TP A*K — €T Ty 2.
One has (cf 13):

1 . .
||T;1A*||§2—ﬁ, e=ce(t), a=1w, |[Toe—T.||<2MyMig. (103)

Write T 1Ty = (T4 — Ty )To + T, T Note that ||T; ' To|| < 1 and
T - Ty = TN (T - T (104)
Multiply (4) (with the above ®) by w, use (103) and (104), and get the

inequality:

3
. Cog 2
< —g? 4+ 2L 4 2Mo M|z ellz
99 < =g+ +2M; 1l[2llg” + €l|=llg,
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where ¢ := M3/2. Choose ||z]|| < . Then, since g > 0, one gets:

4MM

§< O5g+%+5||z||

Let us apply Theorem 7.1 to this differential inequality. One has v = 0. 5

a = \C}, and § = ¢||z||. Choose u = u(t) = %. Then ﬁ = 05? <4

because of the assumption % < 1. Therefore the first condition (26) is
satisfied if p = 8¢y. Since £(t) < £(0), the second condition (26) is satisfied
if 8p4/€(0)]|z|| < 1. This inequality holds if ||z|| << 1. The last condition
26) is satisfied if —£=||up —y|| < 1. This condition is satisfied if R << 1.
(26) NED) |[uo — yl|

Thus, Theorem 16.1 is proved. DO

One can derive a stopping rule using the ideas presented at the end
of Section 6. If F(u) := B(u) — f, noisy data fs are given, such that
[lfs — fl| <6, and ws := us — y, where us = us(t) solves problem (4) with
® as in Theorem 16.1 and fs replacing f, then for gs := gs5(t) := [|ws|| one
derives, as in the proof of Theorem 16.1, the following inequality:

G <05+ 2B 1 0Ll gl (105)
Ve o 2yE
Choose ||z]| < 4M 37, This is possible due to the assumption ||z|| << 1.
Then inequality (105) can be written as:
095

1)
gs < —0.5gs + —= + —— +¢||z||. 106
W+ sz +ell (106)

Use Theorem 7.1 and choose p = %7 ¢ = &(t). Then % = 0.5'2—.‘. Since
|E‘ < 1, one has the first condition (26) satisfied if p = 8%, The second

3
condltlon (26) is satisfied if f +ellz]] < ng. This condition is satisfied

because of the assumption ||z|| << 1 and ﬁ is sufficiently small, that is,

t is not too large, t < t5, where the choice of ts5 is discussed below. The

third inequality (26) is of the form: —2Z—||ug — < 1. It is satisfied if
q y (26) NAD) l|uo — |

[|luo — y|| << 1. This condition holds because of the assumption R << 1.
Applying Theorem 7.1 to inequality (106), one gets the inequality gs(t) <
ce(t), provided t < t5. The stopping time t5 — oo as § — 0. For example,
one can take as t5 the solution to the equation & = £(t), which has a unique
solution because €(t) is monotonically tends to zero as ¢t — co. This choice
of t5 is easy to use numerically.
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