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— invasive vs. non invasive

Galton board

control schemes (cf. spectroscopy)
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e NO data processing
e.g.. fast time scales
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1 Time—delayed feedback method

Goal Limitations

stabilisation of e NO Mmodel
unstable periodic orbits

() =¢@+T)

e NO data processing
e.g.. fast time scales

Idea (— K. Pyragas, PLA 170, 421, '92)

control force

F(t) ~z(t) —€&@) — x(t) —x(t— 1)
delay 7 = period T

non invasive method
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control scheme

h(t) s(H)=g[x(v)]
X(t) o—

s(t—1)

F(D)
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control scheme

(o)
X(t)

s(H)=g[x(v)]

F(D)

s(t—t)

[

s(t)-s(t-1)

example
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Experimental realisations

e CO» laser (— S. Bielawski et.al., PRE 49, R971, '94)

e discharge gas tube (— T. Pierre et.al., PRL 76, 2290, '96)

e nonlinear laser systems (— E. Benkler et.al., PRL 84, 879, '00)
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Experimental realisations
e CO, laser
e discharge gas tube

e Nonlinear laser systems

e Taylor—Couette flow

e FMR on YIG

e clectrochemical cell

e cardiac arrhythmia

(— S. Bielawski et.al., PRE 49, R971,

(— T. Pierre et.al., PRL 76,

(— E. Benkler et.al., PRL 84, 879,

(— O. Lithje et.al., PRL 86,

(— H. Benner et.al., JKPS 40,

(— P. Parmananda et.al., PRE 59,

(— K. Hall et.al., PRL 78,
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Experimental realisations
e CO, laser
e discharge gas tube

e Nonlinear laser systems

e Taylor—Couette flow

e FMR on YIG

e clectrochemical cell

e cardiac arrhythmia

e clectronic circuits

e mechanical pendulum

(— S. Bielawski et.al., PRE 49, R971,
(— T. Pierre et.al., PRL 76, 2290,

(— E. Benkler et.al., PRL 84, 879,

(— O. Lithje et.al., PRL 86, 1745,

(— H. Benner et.al., JKPS 40, 1046,

(— P. Parmananda et.al., PRE 59, 5266,

(— K. Hall et.al., PRL 78, 4518,

(— K. Pyragas et.al., PLA 180, 99,

(— T. Hikihara et.al. PLA 211, 29,

'94)
'96)

'00)

'01)

'02)

'99)

'97)

'93)

'96)
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2 Stability analysis

h(t)

X(t)

s(t)=g[x(1)]

F(t)

s(t—t)

=
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2 Stability analysis

General equation of motion

z(t) = f (x(1), F(1))
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General equation of motion

z(t) = f (x(1), F(1))

Control schemes

e Pyragas control (— K. Pyragas, PLA 170, 421, '92)

Epy,(t) = KA{glz(t)] — glz(t — 7)]}
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2 Stability analysis

General equation of motion

z(t) = f (x(1), F(1))

Control schemes

e Pyragas control (— K. Pyragas, PLA 170, 421, '92)

Epy,(t) = KA{glz(t)] — glz(t — 7)]}

e extended time—delayed feedback (- J. E.s. Ssocolar et.al., PRE 50, 3245, '94)

Fun(t) = KY R {gla(t — v7)] - gla(t —vr — 1]}

v>0
e rhythmic control (— S. Bielawski et.el., PRA 47, 2492, '93)

Eony(t) = K () {glz()] — glz(t — )]}
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Linear stability analysis: x(t) = £(t) + ox(t)
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Linear stability analysis: z(t) = £(t) + dx(t)

6x(t) = D1f(£(t),0)0x(t)+do/(£(2),0) @ Dgle(t)] K {dx(t) — dx(t —7)}

control matrix
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Linear stability analysis: x(t) = £(t) + ox(t)

6x(t) = D1f(£(t),0)0x(t)+do/(£(2),0) @ Dgle(t)] K {dx(t) — dx(t —7)}

control matrix

T exp(AT)
S\ OT

Floguet decomposition
sx(t) = eNMIIQ(1)
Q) = Qt+1T)

A\ Expansion, <2 Torsion
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Linear stability analysis: x(t) = £(t) + ox(t)

6x(t) = D1f(£(t),0)0x(t)+do/(£(2),0) @ Dgle(t)] K {dx(t) — dx(t —7)}

control matrix

: exp(AT)
QT

Floguet decomposition
sx(t) = eNMIIQ(1)
Q) = Qt+1T)

A\ Expansion, <2 Torsion

52(t) — Sz(t — 1) — {1 - e—<A+Z‘Q>T} (1)
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Eigenvalue problem

(AN +i)Q) + Q) = (D1/f(£(1),0)
+ K {1 e D7, 1(£(1),0) © Dgl&(D)QE)
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Eigenvalue problem
N+ Q)QE) + Q) = (D1f(£(t),0)
+ K {1 - 6_(A+iQ)T}d2f(§(t)7 0) ® Dgle()NQ(E)

Characteristic equation

AtiQ=T [K{l - e—<A+Z’Q>T}}
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Eigenvalue problem
N+ Q)QE) + Q) = (D1f(£(t),0)
+ K {1 e DL, £ (6(1), 0) @ Dgle(NQE)

Characteristic equation

AtiQ =T |K{1—e "+

" Mean—field expansion”

AT +iQr = (A iw)T — (=) K {1 — e—/\T—zQT}
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Eigenvalue problem
N+ Q)QE) + Q) = (D1f(£(t),0)
+ K {1 e DL, £ (6(1), 0) @ Dgle(NQE)

Characteristic equation

AtiQ =T |K{1—e "+

" Mean—field expansion”

AT +iQr = (A iw)T — (=) K {1 — e—/\T—zQT}

e analytic expression (— W.J. et.al., PRE 61, 3675, '00)

e exact for diagonal control

e correct asymptotics for K — 0 and |K| — o©
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3 Control properties

e control domains and instabilities (— W.J. et.al., PLA 254, 158, '99)

10
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3 Control properties

e control domains and instabilities

Floguet exponents

0.0F

-0.2F

NT

-0.41

-0.6

20 40 60 80

AQT/2 T

10

(— W.J. et.al., PLA 254, 158, '99)
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3 Control properties

e control domains and instabilities (— W.J. et.al., PLA 254, 158, '99)
Floquet exponents dependence on the Lyapunov
0.0f exponent
-0.2+
< o[
0.4t
06 20 60 80
K
E=
(V]
G
<
AT <2

10
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— extended time—delayed feedback
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— extended time—delayed feedback

analytic expression

0 2 (oK
1+ R
A<y 1L
1-R

11



‘Q’ QueenMary ~ W. Just: Control of chaos by time-delayed feedback 0123456

University of London

— extended time—delayed feedback

analytic expression circuit experiment
T T T T ]
AT=0.69
AT1=1.05 ©
AT=1.70 -0 B
A QD/
R A /Q/|j// ]
a 50 .
A O/,Dj’f/;”/ -
Iy poliel
0 2 _ 4 A 1 as | 1 1 1
XK 0 10 20 30 40 50 60 70
14+ R K
AT <2 X ————
1 — R

11
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e adjustment of delay

— induced periodic orbits

e topological constraints (torsion)
— rhythmic control, K — K(t)

— unstable controller

e control loop latency, F(t) — F(t —9)

12

(— A. Kittel et.al., PLA 198, 433,

(— W.J. et.al.,, PRL 81, 562,

(— W.J. et.al.,, PRL 78, 203,

(— K.Pyragas, PRL 86, 2265,

(— W.J. et.al., PRE 59, 2826,

'95)

'98)

'97)

'01)

'99)
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e adjustment of delay

— induced periodic orbits

e topological constraints (torsion)
—rhythmic control, K — K(t)

— unstable controller

e control loop latency, F(t) — F(t —9)

Limitations of the mean—field expansion

12

(— A. Kittel et.al., PLA 198, 433,

(— W.J. et.al.,, PRL 81, 562,

(— W.J. et.al.,, PRL 78, 203,

(— K.Pyragas, PRL 86, 2265,

(— W.J. et.al., PRE 59, 2826,

(— W.J. et.al., PRE 61, 5045,

'95)

'98)

'97)

'01)

'99)

'00)
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4 Oscillating feedback and eigenmode control

Laser experiment: Fourier filter (— E. Benkler et.al., PRL 84, 879, '00)

13
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4 Oscillating feedback and eigenmode control

Laser experiment: Fourier filter (— E. Benkler et.al., PRL 84, 879, '00)

— Control through eigenmodes

13
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Simulation: Floquet mode control (— N. Baba et.al., PRL 89, 074101, '02)

reaction—diffusion model
u — a

ora(x,t) = e —Ta+ 0%a — fo(x,t)

o [jo — (u — /OL ada:/L)] — fu(t)

8tu(t)

14
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Simulation: Floquet mode control (— N. Baba et.al., PRL 89, 074101, '02)

reaction—diffusion model
u — a

ora(x,t) = e —Ta—+ 0%a — fu(x,t)

o [jo — (u — /OL adw/L)] — fu(t)

control force through spatio—temporal filters ...
fa(z,t) = KW, (2,1)[s(t) — s(t —7)]
fu(t) = KW, (1)[s(t) —s(t —7)]

8tu(t)

L

s(t) = /CDZ(:C,t)a(as,t) dr + D (t)u(t)

0

14
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Simulation: Floquet mode control (— N. Baba et.al., PRL 89, 074101, '02)

reaction—diffusion model
u — a

ora(x,t) = e —Ta—+ 0%a — fu(x,t)

o [jo — (u — /OL adaz/L)] — fu(t)

control force through spatio—temporal filters ...

fa(z,t) = KW, (x,1)[s(t) — st —7)]

8tu(t)

fu(t) = KW, (1)[s(t) —s(t —7)]
s(t) = /CDZ(QC,t)a(a;,t) dr + D (t)u(t)
0

. derived from eigenmodes (V,,V,), (d,, P,) of the unstable orbit
(—> analytic treatment).

14
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control: off| on | on
Al B C j
stabilisation of <> 4 v
| 2
. 40
fl Ia ments )

X

18 ‘J“l’ 39276 t 43276 °

0 10000 30000 ; 50000 70000

increase of control domain

chaos ' «--range of control -~ chaos

---- diagonal coupling
— eigenmode coupling

(SN

|
|
I
|
|
|
|
|
|
|
Ve

\
|
|
|
|
I
1
1
1
1

T
|
|
I
|
|
|
|
|
|
|
|
|
|
|
|
Iy
|
|
|
|
|
I
'

107+ 107® i 0.0001 1

15
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control: off| on | on
Al B C j
- . 2 6
stabilisation of <> |
e | :
X
18 ‘J“" 39276 t 432760
0 10000 30000 ; 50000 70000
increase of control domain ... through phase shift ¢.
chaos §¢f——‘range pf con';rol » chaos 0.1 [
e | ]
1! \ |
€ 006~
0.01; © 0.04 -
0.0001 0021
0

107+ 107® i 0.0001 1

15



&Q’ Queen Mary

University of London

W. Just: Control

of chaos by time-delayed feedback

0123456

stabilisation of

filaments

increase of control domain

control:
2
<j>

1.9

18

on

off| on |
A | B C

39276

chaos ' «--range of control -~ chaos

0.0001}

---- diagonal coupling
. — eigenmode coupling

10—12

107® i 0.0001

1

70

000

... throug

0.1

0

t 43276

h phase shift 9.

0.08 -

0.06 -

o/t

0.04 -

0.02 -

analytic prediction of the control interval

Komaz ) Kmin =~ exp(A§?)

15

(— W. J.

et.al., PRE 67,026222, '03)
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Analytic example: (— A. Fichtner, thesis TU Chemnitz, '03)
logistic map with oscillating feedback x,+1 = f(z,) + K,.(z, — xp—p)

16
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Analytic example: (— A. Fichtner, thesis TU Chemnitz, '03)
logistic map with oscillating feedback x,+1 = f(z,) + K,.(z, — xp—p)
selection of the phase (p = 2):

Ko K1 Ko Ki Ko Ki
ro 1 X9 I1 I A1
X1 o L1 Xo L1 IO

16



@Queen Mary ~ W. Just: Control of chaos by time-delayed feedback 0123456

University of London

Analytic example: (— A. Fichtner, thesis TU Chemnitz, '03)
logistic map with oscillating feedback x,+1 = f(z,) + K,.(z, — xp—p)

selection of the phase (p = 2): without oscillation (Ko = K1)

Ko Ki Ko Ki Ko K1 ... v
ro 1 X9 I1 I A1 |

X1 o X1 XTO X1 X0

16
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Analytic example: (— A. Fichtner, thesis TU Chemnitz, '03)
logistic map with oscillating feedback x,+1 = f(z,) + K,.(z, — xp—p)

selection of the phase (p = 2): without oscillation (Ko = K1)

Ko Ki Ko Ki Ko K1 ... v
ro 1 X9 I1 I A1 |

X1 o L1 Xo L1 IO

with oscillation of amplitude vy = (K1 — Kp)/2

y=-04 . . . o . . y=04

16
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5 From local to global analysis 7

e local analysis — linear stability
e global features — domain of attraction 7
e delay systems — infinite—dimensional phase spaces

17
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e local analysis — linear stability
e global features — domain of attraction 7
e delay systems — infinite—dimensional phase spaces

super/sub—critical instabilities

@ . '
continuous pES

hysteresis s
1
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5 From local to global analysis 7

e local analysis — linear stability
e global features — domain of attraction 7
e delay systems — infinite—dimensional phase spaces

super/sub—critical instabilities

@ . '
continuous pES

hysteresis s
1

— normal form analysis, amplitude equations, etc.

2=z —r|z|?z, sign(Re(r)) =7

17
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Experimental hint (FMR in YIG)

+Pi” Y 1G sphere

l >V
Ny
<_
:'U
Ty

18
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Theoretical analysis (for extended control scheme)

0.8

04 r

K

Flip: Ky/(1 + R) = const., r = const.
Hopf: super/sub—critical transition possible

19
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Simulation (Henon map with extended control)

R=-0.2
0.8 |
upper control 06 | (
X
threshold K, 04 |
0.2 |

0.785 0.79 0.795 0.8 0.805
K

20
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Simulation (Henon map with extended control)

R=-0.2 R=0.2
0.8 | 0.8 |
upper control 0.6 | ¢ 0.6 |
threshold K,, o4 " 04l
0.2 ¢ 02 |
0.785 O.%9 O.%95 0:8 0.805 1.545 1.55 1.555 1.56 1.565
K K

20
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Simulation (Henon map with extended control)

R=-0.2 R=0.2
0.8 | 0.8 |
upper control 0.6 | «m 0.6 |
threshold K, o4 * 04l
0.2 t 0.2 |
0.785 O.%Q O.7§5 0:8 0.805 1.545 1.55 1.555 1.56 1.565
K K

basin of
attraction
(Fo — O)

0O 02 04 06 038 1

20
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Simulation (Henon map with extended control)

upper control
threshold K3,

basin of
attraction
(Fo =0)

R=-0.2

0.8

06 | I
04 |

0.2 ¢

0.785 0.79 0.795 0.8 0.805

0 0.2

04 06 0.8 1

20

08 ¢
0.6 |
0.4 |
0.2 ¢

1.

1

0.8
0.6 ¢
04

0.2
0

R=0.2

545 1,55 1555 156 1.565
K

K=1.55

/88

0O 02 04 06 038 1
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6 Outlook

— spatially extended systems
spatio—temporal delay, pattern selection, transport, ...
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6 Outlook

— spatially extended systems
spatio—temporal delay, pattern selection, transport, ...

— global properties of delay systems
beyond (linear) stability analysis, manifolds, dimensions, visuali-
sation, ...

— noise & delay
tunnelling with delay (— Tsimring et.al., PRL 87, 250602, '01)
time scales, synchronisation, ...

21
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