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Dyck paths

Dyck path of length 2n (n € Np)
y : [0,2n] — R>o (height map)

y(0) =y(2n) =0, [y(j) —y(G-1[=1 (G €N)
y(s) for non-integer s by linear extrapolation

Arch of length 2n (n € N)
Dyck path y where y(s) > 0 if s # 0,2n

Combinatorial classes
D set of Dyck paths, A set of arches

Generating functions
wy(z) = ™ weight of Dyck path y of length 2n

D(z) = ) wq(x), A(z) = ) wa(z)

deD acA



Combinatorial constructions

1) Path lifting:

PN

Dyck path with additional bottom layer = arch

Alz) = ) wilz) = ) zwy(z) = zD(x)

deD deD

2) Arch decomposition:

MO TR s

Dyck path = ordered sequence of arches

D@)= 2 > Way,. a@

k>0 (aq,...,a;)€AF

=Y > Way(x) - ... - way(x)

k>0 (al,...,ak)EAk

k
1
= 2 (Z wa<x>> =TT a0

k>0 \acA

(length additive w.r.t. sequence construction)

solution: D(z) = (1-+v1—4z)/(2x) = > ),>0 Cnz"
(Cn = (*")/(n+ 1) Catalan numbers)



Dyck paths: length and area

D(CU7 Q) — ZdE'D ’lUd(.CC, q)l A(ﬂ?‘, Q) — ZCLE.A wa(w7 Q>
wy(x,q) = z"q™ weight of path y of length 2n, area m

1) Path lifting:

PN

wa(z, @) = " Tgm T2 = 2q(2¢®) "™ = zquwa(zq?, q)

Az, q) = zqD(zq?, q)

2) Arch decomposition:

MONATN TR s

D(z,q) -
r,q) =
(length, area additive w.r.t. sequence construction)
1
D(z,q) =

1 — xqD(xq?,q)

g-quadratic functional equation
linearisation yields explicit expression for D(x, q)
as ratio of g-deformed Bessel functions



Probabilistic description

D(x,q) = >p mPn,mx"q"™ generating function
pnm # DycCk paths of length 2n, area m

Select paths of length 2n uniformly at random

P(Xp = m) = —m
Zm pn,m

Mean area of a Dyck path of length 2n:

> m M DPn.m [27] ((%D(aj’ 9) |q:1
>m Pn,m - [:I:n]D(:E, 1)

E[Xn] —

Differentiate functional equation w.r.t. g

- Vi—4z 1
QD(ac,q) _ 1 —2x+4 X — g1 _ 3—1/2 + O(SO)
dq —1 2x(1 — 4x) 4
s=1/4 —«x

Asymptotic coefficient extraction:

n 1 1 o _
[z ](CBC—ZE)V = le_(/y)xc nY 1 (1 + O(n 1))

n

B[X,] = g— (1 n O(n—%)) — J/an3/2 (1 n O(n—%)>

n

Mean area scales with length as n3/2!



Higher (factorial) moments

ok
S () kP [z"] 55D (@,q)

Spnm  [#"]D(z,1)
(a)p=ala—1)-...-(a—k+1)

qg=1

E[(Xn)k] =

Differentiate functional equation w.r.t. q

1 oF f
k! dgk Pl q) =1 " (e —kzv)% <1 + O = @1/2))

e exponent: y, = 351

Jr amplitude: vy 1fi 1+ 00, fifici =0, fo=—

Asymptotic coefficient extraction:

n 1 J— 1 x—nn7 1 ’I’L_l
ey Ty o)
~ k! [
E[(Xn)] = (0) 03412 (1 4 O(n~1/2))

foxe JETI0T (yg)

Normalised random variable X, = X /n3/?

_ Kk T(o) o—1/2
E[(Xn )kl foxgk_%r(%)fk(wcf)( )

(Factorial) moments asymptotically constant!



Limit distributions

Factorial moments and ordinary moments of X,
coincide asymptotically!

my, = lim E[xA = "(0)

Tk

Carleman condition Y.(my) /¥ = 400 satisfied

implies existence and uniqueness of a limit dis-
tribution with moments my

Airy distribution
appears in different contexts: area under a Brow-

nian excursion, staircase polygon area, distribu-
tion for path length in trees



Combinatorics of trees and polygons

bijection to Catalan trees:
depth first search leads to Dyck paths

bijection to staircase polygons:
height and relative position of polygon columns
coded by Dyck path

Same types of equations for walk models, tree
models, and polygon models!

> peak heights = )  leave depths = )  column heights



Self-avoiding polygons

Numerical observation: Area is Airy distributed!
moment extrapolation using exact enumeration data
(R, Guttmann, Jensen 01)

Independent of underlying lattice
tested for square, triangular, hexagonal lattice

Reason?

Rooted SAPs G (z,q) = z-LG(x,q) display square-root
singularity — same exponents as for Dyck paths

Field theoretical derivation of scaling function (Cardy 01)
Scaling limit of SAPs (if it exists) described by Brownian

excursions (Werner et al. 02)



Method of dominant balance

D(z,q) = > L a—kD( ,q) (g —1)"

k>0 k! 8 q=1
N Nk

2T kgo (zc — iU)”k (a=1)

k
=24 (zc—x)1/2 Y fk(—1>k< 14 >
k>0 (zc —2)3/2

_ 1/2 1—gq
=2 et ((:cc— @3/2)

F(e) = Yp>0(—1)Ffre* scaling function

functional equation yields DE for F'(e):
introduce variables s,e via z = . — s%, ¢ = 1 — €s3

insert scaling form and expand up to order s3
1 3
; (-F(@ _ —eF’(e)) 4 F(e)2 =
2 2
24/3Ai/(24/3€_2/3)
Ai(24/3 —2/3)

15
Y _ 2 3 4
- 2T 128 ~ 1022 T O

Ai(z) = %fgo Cos(t3/3 + t2)dt Airy function

F(e) = el/3



Moment generating function

Random variable X defined via moments

k' T (y0)

E[X*] =
X = =0T ()

Tk

E [e‘tx] moment generating function of X

Relation to scaling function F(e) = Y (—1)*fre"

[l ) e
VI (F(8a%/?) — F(0))

Laplace transform (use M(y) = [, e 7 1dt)



Brownian excursions

D>, set of Dyck paths of length 2n
Yn(s) random variable of height (0 < s < 2n)

Yn(t) = Yn(2nt) (0<t<1)

1
V21
(mean height scales with length as nl/2)

Theorem (e.g. Aldous 91)
(Yn(t))men Seauence of stochastic processes

Yu(t) Se(t)  (n— o)

e(t) standard Brownian excursion of duration 1

What is known about excursion moments

1
x (k) :/O e®(s)ds?



Louchard’s theorem

V > 0 symmetric, piecewise continuous
e(s) standard Brownian excursion

X = [ V(e(s))ds random variable
E [e_tX] moment generating function
characterised via Laplace transform:

ga SOlution bounded at infinity of

—%u”(az) ¥ (o + V(2))u(z) = 0

Theorem (Louchard 84)
—at —3/2 [TV (e(s))ds
/ (e _1>E[ Jo V(e()) ]tw

__(ga(o) ga(o)>
ga(0) a—0 ga(0)

Explicit solution for V(x) = z¢,
where a = —-2,—1,0,1, 2.

a = 1. area under excursion (g.(0) Airy function)
a = 2: moment of inertia (g.(0) Gamma function)



Dyck paths and bilateral Dyck paths

Dyck path: non-neg. RW starting and ending in y =0

ordered sequence of Dyck paths with additional
bottom layer
1
D(x,q) =
(z,9) 1 — 22¢D(qz,q)
counted by (total) length and area

bilateral Dyck path: RW starting and ending in y =0

ordered sequence of positive or negative Dyck
paths with additional bottom layer
1
B(x,q) =
(z,9) 1 — 222¢D(gz, q)
counted by length and absolute area




Meanders and random walks

Meander: non-neg. RW starting in y =0

Dyck path or Dyck path, followed by meander
with additional bottom layer

M(z,q) = D(x,q)(1 + xqM(qx,q))

Random walk

bilateral Dyck path or bilateral Dyck paths, fol-
lowed by a positive or negative meander with
additional bottom layer

R(z,q) = B(z,q)(1 + 2zqM((qz,q))

counted by length and absolute area



Same techniques as above can be applied in or-
der to derive limit distributions for bilateral Dyck
paths, Meanders and random walks

Relations between scaling functions

€ (%F(D)(e) — geF(D)/(e)> + FP)(e)?2 =16

FB(OFP)(e)4+2=0
€ (%FW)(G) + geFW)’(e)) + FP)FM(e) = 4
F(R)(e) — F(B)(e)F(M)(e)

Limit distributions

> —at —\/ 232X D) ﬂ _ Ai(a) B Ai(0)
/O (¢ 1)E{e 7 }t3/2_2\/% <Ai’(a) Ai’(O))

o —a [ 3/2 v (B dt Al(a)
/ o tEe\/ﬁt/X(>]ﬁ:— T—0
0 L t / Al (Oé)
o0 [~ 3/2 M dt 2 fa Al(S)dS - 1
—at [ —V2t2X¢ >] G 0
/o A 12 = V" 3Ai )
/oo e—atE 'e_\/§t3/2X(R)i| dt — 2foa AI(;S)dS —1
0 ; 3AI (Oé)



Dyck paths: k-th moments of height
Dyck path y of length 2n

2n .
ny = Z y" (1)
weight wy(u) = uduj* -, u;@f

D(u) = Y gepwg(u), A(u) = 3 cqwal(u)

1) Path lifting:

PN

A(u) = ugul . uy D))

v () = H u(k)

2) Arch decomposition:

MPOATN T s

1
1— A(u)

(sequence construction: length, height moments additive)

D(u) =

g-quadratic functional equation



Dyck paths: k-th moments of height

method of dominant balance can be applied

T heorem

e(t) standard Brownian excursion of duration 1
k-th excursion moment X, = [3 eF(s) ds

\/2_2%]"’147
M) 2
Where’yk——l/Q—I-Z — 1 (1 413/2)k;.

E[XFL. ... XiM] = k!

Recursion for fi. (k # 0, e; unit vectors)

1 1 —|— 1
fk: __’Yk elfk €eq + Z (kz + 1)fk—ez-_|_1—|—e7;
+ é > fife—is
l#0,l#k
0<I<k

boundary conditions: fo = —4, fi, =0 if k; < 0 for some j

No closed form solutions for M > 2.

Corresponding results for Brownian bridges, me-
anders, and Brownian motion



Conclusion
General method for deriving limit distributions

reproduces (known) area laws of corresponding
stochastic objects

yields (new) moment recurrences for a number
of other counting parameters

(e.g. excursion moments)

results apply in @ more general context
(¢-functional equations)

includes models of trees and polygons



