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Problems in Combinatorial Enumeration

Examples of recursively de nab le structures:

® Number of partitions of a set into subsets
® Bell Numbers
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Problems in Combinatorial

Examples of recursively de nab le structures:

Number of partitions of a set into subsets
® Bell Numbers

Partition lattice chains (Babai, Lengyel)
® |Lengyel's Constant

Analysis of a recursive Program (Knuth)
® t(X;y;z) =if X Ythen Yy else
ttx  Ly;2)tly Lzix)t(z Lxy))

Enumeration
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Bell Number s

$® Recurrence: B+ =
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Bell Number s

® Recurrence: B+ =

® Functional equation for OGF:

B(z) = B

1 z 1 z
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Bell Number s

X
® Recurrence: B+ =

k=0

® Functional equation for OGF:

B(z) = B

+ 1
1 z 1 z

$ Asymptotic growth:

1 X mn

I
em:0 m:

B, = exp e'(w? w+ 1) %Iog(w+ 1) 1
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X
® Recurrence: Bns1 = « Bn «;
k=0

® Functional equation for OGF:

B
1 z 1 z

B(2) =

» Asymptotic growth:

Bell Number s

+ 1

A n
B, = 1 m exp e'(w? w+ 1) %Iog(w+ 1) 1

I
em:0 m:

® Scale: wexp(w) = n Lambert W -function
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Partition Lattice Chains

® Poset of partitions of an n-set

ff 1;2; 399

/ T
ff 1;2g;f 399 ff 1;3g;f299 ff 2;3g;f1gg
T~

ff 1g;f2g;f 399
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Partition Lattice Chains

® Poset of partitions of an n-set

ff 1;2; 399
/ T
ff 1;2g;f 399 ff 1;3g;f299 ff 2;3g;f1gg
T~

ff 1g;f2g;f 399

® 7, number of chains from minimal to maximal element

Z1=1 Zo,=1 :Z3=4, Z,= 32

5%
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Partition Lattice Chains (ctd.)

® Recurrence (Lengyel):

K 1
Z, = Snk Zk 3 Spk Stirling numbers 2nd kind
k=1
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Partition Lattice Chains (ctd.)

® Recurrence (Lengyel):
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Partition Lattice Chains (ctd.)

® Recurrence (Lengyel):

K 1
Z, = Snk Zk 3 Spk Stirling numbers 2nd kind
k=1

$® Functional equation for EGF (Lengyel):

Z(z) = %Z(ez 1) + g

$» Asymptotic growth (Babai, Lengyel):

Zn CLengyel(n!)Z(ZIOQZ) nn ! %Iogz
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Partition Lattice Chains (ctd.)

® Recurrence (Lengyel):

K 1
Z, = Snk Zk 3 Spk Stirling numbers 2nd kind
k=1

$® Functional equation for EGF (Lengyel):

Z(z) = %Z(ez 1) + g

$» Asymptotic growth (Babai, Lengyel):

Zn CLengyeI(n!)Z(ZIng) nn ! %Iogz

LMU,.[;“M ® Lengyel's Constant (Flajolet, Salvy): Ciengyel = 1:0986858055::

et
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Takeuc hi Number s

® Recursive function (Takeuchi):
t(X;y;z) = if X Yythen Yy else
ttx  Ly;z)tly Lizix)t(z  Lxy))
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Takeuc hi Number s

® Recursive function (Takeuchi):
t(X;y;z) = if X Yythen Yy else
ttx  Ly;z)tly Lizix)t(z  Lxy))
® T(x;y;z) number of times the else clause is invoked when
evaluating t(x; y; z)
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Takeuc hi Number s

Recursive function (Takeuchi):
t(X;y;z) = if X Yythen Yy else
ttx  Ly;2itly Lz;x)t(z 1,x)
T(X;VY; z) number of times the else clause is invoked when
evaluating t(x; y; z)
Th = T(N;0;n+ 1)

T1=1, T,=4 ,;T3=14 T4= 53

5%
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Takeuc hi Number s

Recursive function (Takeuchi):
t(X;y;z) = if X Yythen Yy else

t(t(x Ly;z);tly Lz;x);t(z 1,xy))

T(X;VY; z) number of times the else clause is invoked when

evaluating t(x; y; z)

Th = T(N;0;n+ 1)
T.=1

To=4; ;T3=14 T4= 53

Actual value of t(x; y; z) is irrelevant

8
< y X Yy
t(x;y;z) = n Z y z
X else
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Takeuc hi Number s (ctd.)

® Recurrence (Knuth):

c U ek n+k oo VX k1
N+l n n+1 "X k k+1
k=0 k=1
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Takeuc hi Number s (ctd.)

® Recurrence (Knuth):

. X sk n+k oo +°<*1 2k 1
T n n+1 "k k k+1
k=0 k=1

® Functional equation for OGF (Knuth):

pS
C(z) 1 C(2) = 2k zK

T(2) = 2C(2) T(zC(2)) + ———— k k+1
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Takeuc hi Number s (ctd.)

® Recurrence (Knuth):

. X sk n+k oo +°<*1 2k 1
T n n+1 "k k k+1
k=0 k=1

® Functional equation for OGF (Knuth):

pS
C(z) 1 C(2) = 2k zK

T(2) = 2C(2) T(zC(2)) + ———— k k+1

® Asymptotic growth (Prellberg):

1
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Common Features

® Linear recurrences:

Xn = Cn:k Xn k+ b
k=1
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Common Features

® Linear recurrences:

X
Xn = Cn:k Xn k+ b
k=1

® Functional equations for OGF/EGF:

X(z) = a(z)X f(z)+ b(z)
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Common Features

® Linear recurrences:
X
Xn = Cn:k Xn k+ b
k=1

® Functional equations for OGF/EGF:

X(z) = a(z)X f(z)+ b(z)

$® Parabolic x ed point:

f(z)= z+ cZ2+dz> + :::

-'1-1': Us .}\I;J
l —— Thomas Prellberg, FPSAC 2002 — p.8/26



Common Features

Linear recurrences:
hd
Xn = Cn:k Xn k+ b
k=1

Functional equations for OGF/EGF:

X(z) = a(z)X f(z)+ b(z)

Parabolic x ed point:
f(z)= z+ cZ2+dz> + :::

- - di |
U ® Caveat: divergence of GF!

Nosty/
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Generalization: Recursive Structures

® View combinatorial structures as formed of “atoms”
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Generalization: Recursive Structures

» View combinatorial structures as formed of “atoms”

® Substitution operation A = B C.
“substitute elements of Cfor atoms of B”

X 2
B C= Bk C C :::

OFH
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Generalization: Recursive Structures

» View combinatorial structures as formed of “atoms”

® Substitution operation A = B C.
“substitute elements of Cfor atoms of B”

X 2
B C= Bk C C :::

OFH

® The associated OGF satises A(z) = B(C(2))

Technik - Umavelt

. _— Thomas Prellberg, FPSAC 2002 — p.9/26



Generalization: Recursive Structures

View combinatorial structures as formed of “atoms”

Substitution operation A = B C.
“substitute elements of C for atoms of B”

X 2
B C= Bk C C :::

Of-h

The associated OGF satises A(z) = B(C(2))

<

A recursively de nab le structure X is de ned by

X=A X F+B

vEs
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Generalization: Recursive Structures

View combinatorial structures as formed of “atoms”

Substitution operation A = B C.
“substitute elements of C for atoms of B”

X 2
B C= Bk C C :::

Of-h

The associated OGF satises A(z) = B(C(2))

<

A recursively de nab le structure X is de ned by
X=A X F+B

U o The associated OGF satises X (z) = A(2)X F(z2)+ B(2)

Techinik - Uit
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Ingredients for General Theory

® Formal solution of the functional equation
(leads to divergent FPS)
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Ingredients for General Theory

® Formal solution of the functional equation
(leads to divergent FPS)

$® Cauchy formula
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Ingredients for General Theory

® Formal solution of the functional equation
(leads to divergent FPS)

$® Cauchy formula

$ Analytic iteration theory near parabolic
X ed points (Milnor, Beardon)
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Ingredients for General Theory

Formal solution of the functional equation
(leads to divergent FPS)

Cauchy formula

Analytic iteration theory near parabolic
X ed points (Milnor, Beardon)

Saddle point analysis
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Formal Power Series Solution

Let the FPS X (z) satisfy
X(z) = a(z)X 1(z)+ b(z)
with a(z), f (z), and b(z) analytic near z = 0 and

f(z)=z+cZ2+dz>+:::; ¢c>0

NUs .I\‘:;';'r
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Formal Power Series Solution

Let the FPS X (z) satisfy
X(z) = a(2)X f(z)+ b(z)

with a(z), f (z), and b(z) analytic near z = 0 and

f(z)=z+cZ2+dz>+:::; ¢c>0
Then |
‘X mwyl '
X (z) = a fX@2) b fM(2)
m =0 k=0

st
l — Thomas Prellberg, FPSAC 2002 — p.11/26



Inversion via Cauchy Formula

From |
X oyl |
X (z) = a fX@2) b fM(2)
m =0 k=0
we compute
)3
Xn=[z2"]X(2) = X n'm
m =0
with |
1 LS | dz
_ Kk
Xnm = 5 . a f°(z) b fm(z)Zn+1
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Simpli cation via Homog eneous Eqgn.

® LetY(z) be a solution of the homogeneous equation

Y(z)=a(z)Y f(2)
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Simpli cation via Homog eneous Eqgn.

® LetY(z) be a solution of the homogeneous equation
Y(z)=a(z)Y f(2)

Then X .,y simplies to
!

| 1
1 Y K dz
Xum = o> a 142 b "2 5
k=0
m(l
a fkz)= &)
» Y tm(2)

ivsts’
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Simpli cation via Homog eneous Eqgn.

® LetY(z) be a solution of the homogeneous equation
Y(z)=a(z)Y f(2)

Then X .,y simplies to
I

1 Y (2) m dz
Xom = 575§ fm(z)b f (Z)z”+1
my 1
a fk(Z) = v Yf(:"')(z)
k=0
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Simpli cation via Homog eneous Eqgn.

® LetY(z) be a solution of the homogeneous equation
Y(z)=a(z)Y f(2)

Then X .,y simplies to

1 | b fM(2) dz

Xnm = . Y
"2 Y fm(2) (Z)z”+1
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Simpli cation via Homog eneous Eqgn.

® Let Y (2) be a solution of the homogeneous equation
Y(z)=a(z)Y f(2)

Then X .,y simplies to

1 | b fM(2) dz

o = Y
Xom = 55 ¥ fm(g) ! Bgn

® Needed: existence of Y (z) and analyticity properties

$ Analytic iteration theory (Milnor, Beardon)

e

Technik - Limavelt
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Analytic Iteration Theory

“Parabolic Linearization Theorem”) conjugacy of f (z) to a shift
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Analytic Iteration Theory

“Parabolic Linearization Theorem”) conjugacy of f (z) to a shift

® f 1(2) exists in cardioid domain and maps contractively into it

UE
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Analytic Iteration Theory

“Parabolic Linearization Theorem”) conjugacy of f (z) to a shift

® f 1(2) exists in cardioid domain and maps contractively into it

£~

®fl2=Ff1 ()= (s+1)fors2 D( )—J
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Analytic Iteration Theory

“Parabolic Linearization Theorem”) conjugacy of f (z) to a shift

® f 1(2) exists in cardioid domain and maps contractively into it

£~
1
~__ 7

f Y2)=f 1t (s)= (s+1)fors2 D( )

TUE f*(z) = 1(z) k forz suf ciently small

- _— Thomas Prellberg, FPSAC 2002 — p.14/26
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Anal ytlc Iteration Theory (ctd.)

(s) admits a complete asymptotic expansion for <(s) ! 1 :
0 1
R X j
e = @1 1 ol Iogs » (Iogks) A
C S S
k=2 j=0
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Analytic Iteration Theory (ctd.)

(s) admits a complete asymptotic expansion for <(s) ! 1 :

0 1
R X |
d logs N (log s)’ A

2 I3k K
¢ S k=2 j =0 S

1
(s) C—S@1+ 1

f M (s)= (s+ m)admits a complete asymptotic expansion
form! 1:
0 1

R X j
i@1+ 1 d Iogm+ j;k(s)(logm)

— s
cm c2 m mKk

>

(s+m)

k=2 j=0
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Solution of the Homog eneous Eqn.

Substitute z = (S):

Y2)=a@)Y f(z2 =) Y (s=a ()Y (s 1)
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Solutlon of the Homog eneous Eqn.

Substitute z = (S):
YZ)=a)Y f(z = Y (s)=a ()Y (s 1)
(s)=(s 1) (s 1) withsolution ( s)= nI|i1rn s(ls +2 1; :_ :"?s +nsn)
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Solution of the Homog eneous Eqn.

Substitute z = (S):

Y(z) = a(2)Y (s)=a (s)Y (s 1)
\ /
1 2 ::: n ns

(s)y=(s 1) (s 1) withsolution ( s)= nI|i1m s(s+ 1):::(s+ n)

By analogy

Y (9= gim &_Wa @:a (M@ ()
nl a (s+1a (s+2):::a (s+n)
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Solution of the Homog eneous Eqn.

Substitute z = (s):
Y(z) =a(z2)Y f(z) =) Y (sf=a ()Y (s 1)
Solution is given by

_ & Da (@::a (n)@ ()
YO Y (st Da (s+2:a (s+n)

which de nes an analytic function in D( )
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Solution of the Homog eneous Eqn.

Substitute z = (s):
Y(z) =a(z2)Y f(z) =) Y (sf=a ()Y (s 1)

Solution is given by

_ & Da (@::a (n)@ ()
YO Y (st Da (s+2:a (s+n)

which de nes an analytic function in D( )

(s+n) n° one gets Y _(s+n) (a (n))°®

( n) Y (n)

in analogy with
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Solution of the Homog eneous Eqn.

Substitute z = (s):
Y(z) =a(z2)Y f(z) =) Y (sf=a ()Y (s 1)
Solution is given by

_ & Da (@::a (n)@ ()
YO Y (st Da (s+2:a (s+n)

which de nes an analytic function in D( )
Asymptoticsasn! 1 :

Y (s+n)
Y (n)

(@ ()
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Asymptotics of X,

1 b fM(2) dz
27 Y (g Pz
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Asymptotics of X,.m

I
1 b fM(2) dz
Kom = 57§ fm(z)Y(Z)zn+1
Substitute z= (s+ m):
Z
1 b (9) d (s+ m)
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Asymptotics of X,.m

1 | b f”“(z)Y dz

27 Y (g Pz

Substitute z= (s+ m):

X n:m

Z
1 b (9) d (s+ m)
21 Y (9 ST s my
Asymptoticszon (s+m) Y (m)(a (m))>:
1" b (s) s d (s+ m)
3Ty Y M@ (M)
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Asymptotics of X,.m

1 | b f”“(z)Y dz

27 Y (g Pz

Substitute z= (s+ m):

X n:m

Z
1 b (s) d (s+ m)
20 oY (s)Y (s+ m) (s+ m)n+t
Asymptoticsof Y  (s+ m):
V4
Y (m) b (s s d (s+m)
21 oy (9@ M) g
Asymptotics of (s+m) L 1+ 1 & s M4 ..
V4
Y (m) b (s) S n 1 (1 &) ng
> Y (9 (a (m))>(cm)"m cZ2’/m em >ds
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Asymptotics of X,.m

1 | b f”“(z)Y dz

27 Y (g Pz

Substitute z= (s+ m):

X n:m

Z

1" b (9 d (s+ m)

21 Y (9" O™ semp
Asymptoticsof Y  (s+ m):

Z
Y (m) b (s s d (s+m)

21 oy (9@ M) gy

Asymptotics of (s+ m):
Z
ne 1@ HeY (M b () ns
(cm)"m > Y (9 a (m)e ds
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Asymptotics of X,

= Xnm © Xom o0 a (m)em ds
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Asymptotics of X,

N Z
Xy = Xnm © Xom 1o b () a (m)em "ds

m =0

Saddle point analysis:

Saddleata (m)em = 1
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Asymptotics of X,

Y Z
Xy = Xnm © Xom 1o b () a (m)em "ds

m =0

Saddle point analysis:
Saddleata (m)em =1

Sum simplies to

X
Xo C (em M g (my@ &eam
m m
with
/
1% (s
€237 v 9%

l Thomas Prellberg, FPSAC 2002 — p.18/26



The Saddle Point Condition

a(z) = ayzk+ :::, (s) (cs) 1
Saddle at
a (m)em =1
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The Saddle Point Condition

a(z) = ayzk+:::, (s) (cs) ') a (m) a(cm) ¥

Saddle at
a (m)em =1
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The Saddle Point Condition

a(z) = ayzk+ :::, (s) (cs) 1
Saddle at
a(cm) Kem =1
Different behavior according to
k= 0:
m = n O<a<1
log ag
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The Saddle Point Condition

a(z) = ayzk+ :::, (s) (cs) 1
Saddle at
a.(cm) Kem =1

Different behavior according to

k = 0:
n

m =
log ag

O<a<1

n

m = a;> 0
W(cn=gg)
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The Saddle Point Condition

a(z) = ayzk+ :::, (s) (cs) 1
Saddle at
a.(cm) Kem =1

Different behavior according to

k = 0:
n
m = 0< <1
logag 20
k=1
n
= > 0
m W (cn=g) A
k 1
n
m = a >0

) KW (ch=ka, )

l Thomas Prellberg, FPSAC 2002 — p.19/26



Asymptotics of Y (m)

a(z) = azk+ 111, (s) (cs) @+ (@1 S)lgsy

Homogeneous equation

Y (m=a @MY (m 1)
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Asymptotics of Y (m)

a(z) = az"+ i1, () (e Y1+ (1 I)99)
Homogeneousegn. ) a (m) ac(cm) Xexp(k(l C%)'O‘f’m'”“)
Y (m=a (MY (m 1)
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Asymptotics of Y (m)

a(z) = az"+ i1, (s) (c9) M1+ (1 $)°L)

Homogeneous equation

log m

Y (m) afcm) K@ @)Y (m 1)

Different behavior according to
k =0:

Y (m) Coay
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Asymptotics of Y (m)

a(z) = az"+ i1, () (e Y1+ (1 I)99)
Homogeneous equation
Y (m) adcm) K@ DTHEY O (m 1)

Different behavior according to
k =0:

Y (m) Coay

am
A 1 L)i(og m)?
Y (m) C; o mle _2_
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Asymptotics of Y (m)

a(z) = az"+ i1, () (c9) L+ (1 $)°L)

Homogeneous equation

Iog m

Y (m) afcm) K@ @)Y (m 1)

Different behavior according to

k=0
Y (m) Coay
k=1
Y (m) Clcmrl;le(l %)% (og m)?
k 1

&' k@ 2)i(og m)?
Y (M) Ckimeong€
l (C m) Thomas Prellberg, FPSAC 2002 — p.20/26



Main Results

P
THEOREM 1: Letthe FPS X (z) =  +_, X,z" satisfy
X(z) = a(z)X f(z)+ b(z)

withf (z) = z+ cz?+ dz3+ :::,a(z) = ag+ :::, and b(z) analytic near
Zero.
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Main Results

P
THEOREM 1: Letthe FPS X (z) =  +_, X,z" satisfy
X(z) = a(z)X f(z)+ b(z)

withf (z) = z+ cz?+ dz3+ :::,a(z) = ag+ :::, and b(z) analytic near
Zero.
Ifc> 0and 0< ag < 1then

X, Dn!( c=logay)" n® &z)lgao 1

asn! 1 6 where

Z
_ 1 b (s 1 4)log ag
D = 27 .Y 5) ds( logap)
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Main Results (ctd.)

P
THEOREM 2: Letthe FPS X (z) =  +_, X,z" satisfy
X(z) = a(z)X f(z)+ b(z)

withf (z) = z+ cz?+ dz3+ :::,a(z) = a1z + :::, and b(z) analytic
near zero.
If c> 0and a; > 0then

X, DQe i HW(En

asn! 1,6 where
Z

O (8) joeb@ Silog 222
27 .Y (9
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Application: Bell Numbers

Functional equation for OGF:

Z Z
B
1 z 1 z

B(z) =
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Appllcatlon Bell Number s

Functional equation for OGF:
V4 V4
B(z) = B + 1
(2) = 1 z 1 z
a(z) = 45,1 (2) = %5, K2) = 1
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Functional equation for OGF:
Z Z
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Application: Bell Numbers

Functional equation for OGF:

Z Z
B

B(z) =
()12 1 z

a(z) = %5.1(2) = 5. 0z2) =1
(s)=1=s5,Y (s)=1=(59)

insertc=1,d=1,a; = 1linto

1 d c 2 R n
11 4w (Ln mn a; m
Bn Dc”e 2( c ) (al ) - =
. ml! C
m =0

with 7

1 b ) et g )2
21 ¢cVY (s)
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Application: Bell Numbers

Functional equation for OGF:

Z Z
B
1 z 1 z

B(z) =

a(z) = %5.1(2) = 5. 0z2) =1
(s)=1=s5,Y (s)=1=(59)

Asymptotics:
)4 mn
B, D —
o M
asn! 1,6 where
1 z 1
D= _— (s)ds= - (sum of residues)
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Application: Partition Lattice Chains

Functional equation for EGF:

Z(2) = %Z(ez 1) + %
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Appllcatlon Partition Lattice Chains

Functional equation for EGF:
Z
Z(z) = —Z(eZ 1) + >
a(z)= 3,f(2)=¢ 1,b(z)= 3
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Appllcatlon Partition Lattice Chains

Functional equation for EGF:

Z(2) = —Z(ez 1) + %
az)= 3,f(2)=¢ 1bz)=%
() 21 P+:) Y (9=
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Application: Partition Lattice Chains

Functional equation for EGF:

Z(2) = %Z(ez 1) + %

a(z) =
(s)

insert ¢ = % d=

f(z)=¢ 1,b(z)= 35

1 %2+:0),Y (5)=28

niNn N

o=

,ap = % into

Z d
n—r: Dn!( c=logag)" nt* cz)legao 1

asn! 1 6 where

l Thomas Prellberg, FPSAC 2002 — p.24/26



Application: Partition Lattice Chains

Functional equation for EGF:

Z(2) = %Z(ez 1) + %

a(z)= 3,f(2)=¢ 1,b(z)= 3
(s) 2(1 “g2+::),Y (5)= 28
Asymptotics:

Z, D(n)2(2log2) "n 1 3lg2

asn! 1,6 where
Z

. 1
(log 2)3 %92 —  2° (s)ds= 1:0986858055::
C

1
D =

N |
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Appllcatlon Takeuc hi Number s

Functional equation for OGF:
C(z) 1 Xk zK
T(z) = zC(2) T(zC(2)) + T 5 C(2) = _ kKT 1

I Thomas Prellberg, FPSAC 2002 — p.25/26




Application: Takeuchi Numbers

Functional equation for OGF:

C(z) 1 X ok gk
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Application: Takeuchi Numbers

Functional equation for OGF:

C(z) 1 X ok oz
1 z k k+1

T(z) = zC(z) T(zC(2)) +

a(z) = zC(2), f(z) = zC(2), b(z) = £21

(5) 21 ME+in), Y () e FH9=(s)
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Application: Takeuchi Numbers

Functional equation for OGF:

C(z) 1 X ok oz

T(2) = 2C(2) T(zC(2)) + ———— k k+1

a(z) = zC(2), f(z) = zC(2), b(z) = £21

(5) 21 ME+in), Y () e FH9=(s)

S

insertc= 1,d= 2,a; = 1linto

1 d c > R n
5 (1 w n m a; m
T, Dce > @ DWW (gn)

=0 m! C
with 7
D=t P (8 o3 Hiog )2
21 ¢cVY (s)
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Application: Takeuchi Numbers

Functional equation for OGF:

) C@ 1. o0y
T(@2)=28@)TEC@N+ —|—— C@= | 57

a(z) = zC(2), f(z) = zC(2), b(z) = £21

(5) 21 ME+in), Y () e FH9=(s)

S

Asymptotics:

ps
T, D gwm? - pog oWy’
m!
m =0
asn! 1,6 where
yd
b S
Do= & (9) 4s= 2:2394331040:

21 <Y (9
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Summary

Interesting application of analytic iteration theory and classical
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Summary

Interesting application of analytic iteration theory and classical
complex analysis in the services of asymptotic enumeration

A large class of linear recurrences corresponding to recursively
de nab le structures can be treated asymptotically

Further applications?

Other results:

Numerical evaluation of the constants to about 50 decimal places

Computation of the next terms in the asymptotic expansion (by a
different, non-rigorous method)

To be done;

Computation of the contour integrals determining the constants
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