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The ElectromagneticField

The electromagnetic�eld, described by the Maxwell Equations,
satis�es the waveequation

�
� �

1
c2

@2

@t 2

�
~A(~x; t ) = 0

Fourier-transformation (~x $ ~k) gives
�

@2

@t 2 + ! 2
�

~A(~k; t ) = 0 with ! = cj~kj

which, for each~k, describesa harmonic oscillator

Quantisingharmonic oscillators is easy...
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Quantisationof the Field

Eachharmonic oscillator can be in a discretestate of energy

Em(~k) =
�

m +
1
2

�
~! with ! = cj~kj

Interpretation: m photonswith energy~! and momentum~~k

In particular, the groundstate energy 1
2~! is non-zero!

This leadsto a zero-point energy density of the �eld

E
V

= 2
Z

E0(~k)
d3k

(2� )3

(factor 2 due to polarisation of the �eld)

Caveat: this quantity is in�nite...
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Making(Physical)Senseof In�nit y

The zero-point energyshifts due to a restrictedgeometry

In the presenceof the boundary

Ediscrete =
X

n

E0;n

is a sum overdiscreteenergiesE0;n = 1
2~! n

In the absenceof a boundary

E = 2V
Z

E0(~k)
d3k

(2� )3

The di�erence of the in�nite zero-point energiesis �nite!

� E = Ediscrete � E = �
� 2~c
720

L2

d3

for a box of sizeL � L � d with d � L
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WolfgangPauli's initial reaction: `absolutenonsense'

Experimentalveri�cation
Sparnaay (1958): `not inconsistentwith'
van Blokland and Overbeek (1978): experimental accuracyof 50%
Lamoreaux (1997): experimental accuracyof 5%

Theoretical extensions
Geometrydependence
Dynamical Casimir e�ect
Realmedia: non-zerotemperature, �nite conductivity, roughness,. . .

We are donewith the physics.Let's look at somemathematics!
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SpectralTheory

Consider� � for a compactmanifold 
 with a smooth boundary @

On a suitablefunction space,this operator is self-adjointand
positivewith pure point spectrum
One �nds formally

Ediscrete =
1
2

~c Trace(� �) 1=2

This would be a di�erent talk | let's keepit simplefor today

Choose


 = [0; L] and � =
@2

@x2

with Dirichlet boundary conditionsf (0) = f (L) = 0.
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CasimirE�ect in OneDimension

The solutionsare standingwaveswith wavelength� satisfying

n
�
2

= L
We therefore �nd

E0;n =
1
2

~c
n�
L

The zero-point energiesare givenby

Ediscrete =
�
2L

~c
1X

n=0

n and E =
�
2L

~c
Z 1

0
t dt
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The MathematicalProblem

We needto make senseof

� E = Ediscrete � E =
�
2L

~c

 
1X

n=0

n �
Z 1

0
t dt

!

More generally, consider

�( f ) =
1X

n=0

f (n) �
Z 1

0
f (t ) dt
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DivergentSeries

On the Whole, DivergentSeriesare the Works of the Devil and it's a
Shamethat onedaresbaseany Demonstrationupon them. You can get
whateverresult you want whenyou usethem, and they havegivenrise to
so many Disastersand so many Paradoxes. Cananything more horrible
be conceivedthan to havethe following oozingout at you:

0 = 1 � 2n + 3n � 4n + etc:

wheren is an integernumber?

NielsHenrik Abel
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SummingDivergentSeries

Somedivergentseriescan be summedin a sensibleway : : :

S =
1X

n=0

(� 1)n = 1 � 1 + 1 � 1 + 1 � 1 + : : :

Cesaro summation: let SN =
P N

n=0 (� 1)n and compute

S = lim
N!1

1
N + 1

NX

n=0

SN =
1
2

Abel summation:

S = lim
x! 1�

1X

n=0

(� 1)nxn =
1
2

Borel summation, Euler summation, . . . : again S = 1
2

: : : but some(such as
1X

n=0

n) cannot
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Regularisation of
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f (n) (in particular, f (n) = n)
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f (n) e� sn

in particular,
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es

(es � 1)2
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s2

�
1
12
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1
s2
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Zeta function regularisation ~f (s) =
1X

n=0

f (n) n� s

in particular,
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RegularisingDivergentSeries

Regularisation result shouldbe independentof the method used

In particular, for a reasonableclassof cuto� functions

g(t ; s) with lim
t !1

g(t ; s) = 0 and lim
s! 0+

g(t ; s) = 1

replacingf (t ) by f (t )g(t ; s) shouldgive the sameresult for s ! 0+

We needto study

lim
s! 0+

�( fg) = lim
s! 0+

 
1X

n=0

f (n)g(n; s) �
Z 1

0
f (t )g(t ; s) dt

!

Two mathematicallysoundapproachesare

Euler-MaclaurinFormula

Abel-PlanaFormula
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The Euler-MaclaurinFormula

Leonhard Euler,1707- 1783 Colin Maclaurin,1698- 1746
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The Euler-MaclaurinFormula

A formal derivation(Hardy, DivergentSeries, 1949)

DenotingDf (x) = f 0(x), the Taylor seriescan be written as

f (x + n) = enD f (x)
It follows that

N� 1X

n=0

f (x + n) =
eND � 1
eD � 1

f (x) =
1

eD � 1
(f (x + N) � f (x))

=

 

D � 1 +
1X

k=1

Bk

k!
Dk� 1

!

(f (x + N) � f (x))

Skip precisestatement

1X

n=0

f (x + n) �
Z 1

0
f (x + t ) dt = �

1X

k=1

Bk

k!
Dk� 1f (x)
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Theorem (Euler-MaclaurinFormula)

If f 2 C2m[0; N] then

NX

n=0

f (n) �
Z N

0
f (t ) dt =

1
2

(f (0) + f (N)) +

+
m� 1X

k=1

B2k

(2k)!

�
f (2k� 1)(N) � f (2k� 1)(0)

�
+ Rm

where

Rm =
Z N

0

B2m � B2m(t � bt c)
(2m)!

f (2m) (t ) dt

Here,Bn(x) are Bernoulli polynomialsand Bn = Bn(0) are Bernoulli
numbers
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Applyingthe Euler-MaclaurinFormula

1X

n=0

f (n) �
Z 1

0
f (t ) dt = �

1X

k=1

Bk

k!
f (k � 1)(0)

Introducingsuitablecuto� functionsg(t ; s) onecan justify applying
this to divergentseries

For f (t ) = t we �nd RHS = �
B1

1!
f (0) �

B2

2!
f 0(0)

1X

n=0

n �
Z 1

0
t dt = �

1
12
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The Abel-PlanaFormula

NielsHenrik Abel, 1802- 1829
GiovanniAntonio AmedeoPlana,
1781- 1864
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The Abel-PlanaFormula

. . . a remarkablesummationformula of Plana . . .

GermundDahlquist,1997

The only two placesI haveeverseenthis formula are in Hardy's book
and in the writings of the \massivephoton" people| who alsogot it
from Hardy.

JonathanP Dowling, 1989

The only other applicationsI am aware of, albeit for convergentseries,
are

q-Gammafunction asymptotics(Adri B Olde Daalhuis,1994)

uniform asymptoticsfor
1Y

k=0

(1 � qn+ k )� 1 (myself,1995)
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The Abel-PlanaFormula

UseCauchy'sintegral formula f (� ) =
1

2� i

I

� �

f (z)
z � �

dz together

with

� cot(� z) =
1X

n= �1

1
z � n

to get

1X

n=0

f (n) =
1

2� i

1X

n=0

I

� n

f (z)
z � n

dz =
1
2i

Z

�
cot(� z)f (z) dz
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The Abel-PlanaFormula

Rotate the upper and lower arm of � by � � =2 to get

1X

n=0

f (n) =
1
2

f (0) +
i
2

Z 1

0
(f (iy) � f (� iy)) coth(� y) dy

A similar trick gives
Z 1

0
f (t ) dt =

i
2

Z 1

0
(f (iy) � f (� iy)) dy

Taking the di�erence givesthe elegantresult Skip precisestatement

1X

n=0

f (n) �
Z 1

0
f (t ) dt =

1
2

f (0) + i
Z 1

0

f (iy) � f (� iy)
e2� y � 1

dy
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e2� y � 1

dy
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Divergent Series
Euler-Maclaurin Formula
Abel-Plana Formula

Theorem (Abel-PlanaFormula)

Let f : C ! C satisfy the following conditions

(a) f (z) is analytic for < (z) � 0 (though not necessarily at in�nit y)

(b) limj yj!1 jf (x + iy)je� 2� j yj = 0 uniformly in x in every�nite interval

(c)
R1

�1 jf (x + iy) � f (x � iy)je� 2� j yj dy existsfor everyx � 0 and
tendsto zerofor x ! 1

(d)
R1

0 f (t ) dt is convergent,and limn!1 f (n) = 0

Then

1X

n=0

f (n) �
Z 1

0
f (t ) dt =

1
2

f (0) + i
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Applyingthe Abel-PlanaFormula

1X

n=0

f (n) �
Z 1

0
f (t ) dt =

1
2

f (0) + i
Z 1

0

f (iy) � f (� iy)
e2� y � 1

dy

Introducingsuitablecuto� functionsg(t ; s) onecan justify applying
this to divergentseries

For f (t ) = t one �nds RHS = � 2
Z 1

0

y dy
e2� y � 1

1X

n=0

n �
Z 1

0
t dt = �

1
12
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Conclusion

Mathematicalquestionposedin theoretical physics

Somereally nice,old formul� from classicalanalysis

The result hasbeenveri�ed in the laboratory
The motivation for this talk:

Jonathan P Dowling \The Mathematics of the Casimir E�ect"
Math Mag 62 (1989) 324

Doing mathematicsand physicstogethercan be more stimulating than
doing either oneseparately, not to mention it's downright fun.
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I had a feelingonceabout Mathematics- that I saw it all. : : : I saw a
quantity passingthrough in�nit y and changingits sign from plus to
minus. I saw exactlywhy it happenedand why the tergiversationwas
inevitablebut it wasafter dinnerand I let it go.

Sir Winston SpencerChurchill, 1874- 1965

TheEnd
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Zeta Function Regularisation Regularised Sum and Product
Product of Primes

De�ne for an increasingsequence0 < � 1 � � 2 � � 3 � : : : the zeta
function

� � (s) =
1X

n=1

� � s
n

If the zeta function hasan analytic extensionup to 0 then de�ne the
regularisedin�nite sum by

1X

n=1

log� n = � � 0
� (0)

Alternatively, the regularisedin�nite product is givenby

1Y

n=1

� n = e� � 0
� (0)
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Zeta Function Regularisation Regularised Sum and Product
Product of Primes

Let � n = pn be the n-th prime so that
Y

p

p = e� � 0
p(0) where � p(s) =

X

p

p� s

Usingex =
1Y

n=1

(1 � xn)� � (n)
n , onegets

e� p (s) =
Y

p

ep� s
=

Y

p

1Y

n=1

�
1 � p� ns� � � (n)

n

Observingthat � (s) =
Y

p

�
1 � p� s� � 1

, onegets

e� p (s) =
1Y

n=1

� (ns)
� (n)

n

(EdmundLandauand Arnold Wal�sz, 1920)
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Zeta Function Regularisation Regularised Sum and Product
Product of Primes

From e� p(s) =
1Y

n=1

� (ns)
� (n)

n onegets the divergentexpression

� 0
p(s) =

1X

n=1

� (n)
� 0(ns)
� (ns)

At s = 0, this simpli�es to

� 0
p(0) =

1
� (0)

� 0(0)
� (0)

= � 2 log(2� )

This calculation\ �a la Euler" can be maderigorous,so that

Y

p

p = 4� 2

(Elvira Mu~noz Garcia and Ricardo P�erez-Marco, preprint 2003)

Corollary: there are in�nitely many primes Back to main talk

Thomas Prellberg The Mathematics of the Casimir E�ect



Zeta Function Regularisation Regularised Sum and Product
Product of Primes

From e� p(s) =
1Y

n=1

� (ns)
� (n)

n onegets the divergentexpression

� 0
p(s) =

1X

n=1

� (n)
� 0(ns)
� (ns)

At s = 0, this simpli�es to

� 0
p(0) =

1
� (0)

� 0(0)
� (0)

= � 2 log(2� )

This calculation\ �a la Euler" can be maderigorous,so that

Y

p

p = 4� 2

(Elvira Mu~noz Garcia and Ricardo P�erez-Marco, preprint 2003)

Corollary: there are in�nitely many primes Back to main talk

Thomas Prellberg The Mathematics of the Casimir E�ect



Zeta Function Regularisation Regularised Sum and Product
Product of Primes

From e� p(s) =
1Y

n=1

� (ns)
� (n)

n onegets the divergentexpression

� 0
p(s) =

1X

n=1

� (n)
� 0(ns)
� (ns)

At s = 0, this simpli�es to

� 0
p(0) =

1
� (0)

� 0(0)
� (0)

= � 2 log(2� )

This calculation\ �a la Euler" can be maderigorous,so that

Y

p

p = 4� 2

(Elvira Mu~noz Garcia and Ricardo P�erez-Marco, preprint 2003)

Corollary: there are in�nitely many primes Back to main talk

Thomas Prellberg The Mathematics of the Casimir E�ect



Zeta Function Regularisation Regularised Sum and Product
Product of Primes

From e� p(s) =
1Y

n=1

� (ns)
� (n)

n onegets the divergentexpression

� 0
p(s) =

1X

n=1

� (n)
� 0(ns)
� (ns)

At s = 0, this simpli�es to

� 0
p(0) =

1
� (0)

� 0(0)
� (0)

= � 2 log(2� )

This calculation\ �a la Euler" can be maderigorous,so that

Y

p

p = 4� 2

(Elvira Mu~noz Garcia and Ricardo P�erez-Marco, preprint 2003)

Corollary: there are in�nitely many primes Back to main talk

Thomas Prellberg The Mathematics of the Casimir E�ect


	The Casimir Effect
	History
	Quantum Electrodynamics
	Zero-Point Energy Shift

	Making Sense of Infinity - Infinity
	The Mathematical Setting
	Divergent Series
	Euler-Maclaurin Formula
	Abel-Plana Formula

	Conclusion
	

