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The Casimir E ect History

Quantum Electro
Zero-Point Energ

AIP

o student of Ehrenfest,worked with
Pauli and Bohr
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Zero-Point Energ

AIP

o student of Ehrenfest,worked with
Pauli and Bohr
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Casimirand Polder, 1948
o Force betweencavity walls

~c A

240 d4 1
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The Casimir E ect History
Quantum Electrodynamics
Zero-Point Energy Shift

The Electromagnetid-ield

@ The electromagneticeld, descriled by the Maxwell Equations
satis es the wave equation

iz@g A(x;t)=0
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The Electromagnetid-ield

@ The electromagneticeld, descriled by the Maxwell Equations
satis es the wave equation

iz@g A(x;t)=0

o Fourier-transfomation (x $ K) gives

%Hz AR:t)= 0 with ! = cjkj

which, for eachk, descrilesa harmonic oscillator
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The Casimir E ect History
Quantum Electrodynamics
Zero-Point Energy Shift

The Electromagnetid-ield

@ The electromagneticeld, descriled by the Maxwell Equations
satis es the wave equation

iz@g A(x;t)=0

o Fourier-transfomation (x $ K) gives

%Hz AR:t)= 0 with ! = cjkj

which, for eachk, descritesa harmonic oscillator
@ Quantisingharmonic oscillatas is easy..
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The Casimir E ect History
Quantum Electrodynamics
Zero-Point Energy Shift

Quantisationof the Field

@ Eachharmonic oscillata canbe in a discretestate of energy

Em(K) = m+% - with ! = cjKj
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Quantisationof the Field

@ Eachharmonic oscillata canbe in a discretestate of energy
1 . i
En(R) = m+ > ~I with ! = cjKj

@ Interpretation: m photonswith energy~! and momentum~K
@ In particular, the groundstate energy%~! is non-zero!
@ This leadsto a zero-point energy densiy of the eld
Z
E d3k
vo? 2lgy

(factor 2 dueto polarisation of the eld)
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The Casimir E ect History
Quantum Electrodynamics
Zero-Point Energy Shift

Quantisationof the Field

@ Eachharmonic oscillata canbe in a discretestate of energy
1 . i
En(R) = m+ > ~I with ! = cjKj

@ Interpretation: m photonswith energy~! and momentum~K
@ In particular, the groundstate energy%~! is non-zero!
@ This leadsto a zero-point energy densiy of the eld
Z
E d3k
_ = 2 k -
(factor 2 dueto polarisation of the eld)

@ Caveat: this quantity is in nite...
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The Casimir E ect History
Quantum Electro dynamics
Zero-Point Energy Shift

Making (Physical)Senseof In nity

The zero-mint energyshifts dueto a restrictedgeometry

VACUUM
FLUCTUATION

CASIMIR PLATES
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The Casimir E ect History
Quantum Electro dynamics
Zero-Point Energy Shift

Making (Physical)Senseof In nity

The zero-mint energyshifts dueto a restrictedgeometry

@ In the presenceof the bounday

X
Ediscrete = EO;n
n
i i i = 1
VACUUM > IS a sum OverdlscreteenerglesEo;n = 357
FLUCTUATION e
)A/

CASIMIR PLATES
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Making (Physical)Senseof In nity

The zero-mint energyshifts dueto a restrictedgeometry

@ In the presenceof the bounday

X
Ediscrete = EO;n
n
vadui— is a sumoverdiscreteenergiesEg,, = 5~!
FLUCTUATION , & @ In the absenceof a bounday
CASMIR PLATES 7 Z R
E=2V E(R) —=
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The Casimir E ect History
Quantum Electro dynamics
Zero-Point Energy Shift

Making (Physical)Senseof In nity

The zero-mint energyshifts dueto a restrictedgeometry

@ In the presenceof the bounday

e X
Ediscrete = EO;n
n
. . . —_ 1~
vauU— \> is a sumoverdiscreteenergiesEo,, = 5~! n
FLUCTUATIONS , & @ In the absenceof a bounday
CASIMIR PLATES & A R
E=2Vv R) ——
The di erence of the in nite zero-mint energieds nite!
2 2
~Cc L
E = . E = -
Edlscrete 720 d3

for abox of sizeL L d with d L
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The Casimir E ect History
Quantum Electro dynamics

Zero-Point Energy Shift

@ WolfgangPauli's initial reaction: “absolutenonsense'
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The Casimir E ect History
Quantum Electro dynamics

Zero-Point Energy Shift

@ WolfgangPauli's initial reaction: “absolutenonsense'

o Experimentalveri cation

o Spanaay (1958): “not inconsistentwith'
o van Blokland and Overbeek (1978): experimental accuracyof 50%
o Lamareaux (1997): experimental accuracyof 5%
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The Casimir E ect History
Quantum Electro dynamics

Zero-Point Energy Shift

@ WolfgangPauli's initial reaction: “absolutenonsense'

o Experimentalveri cation

o Spanaay (1958): “not inconsistentwith'
o van Blokland and Overbeek (1978): experimental accuracyof 50%
o Lamareaux (1997): experimental accuracyof 5%

@ Theoretical extensions

o Geometrydependence
o Dynamical Casimire ect
¢ Realmedia: non-zerotemperature, nite conductivity, roughness.,. ..

We are donewith the physics.Let's look at somemathematics! )
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Making Senseof Innit y - Innit y Euler-Maclaurin Formula

Abel-Plana Formula

Outline

© Making Senseof In nity - In nity
@ The Mathematical Setting
@ DivergentSeries
o Euler-MaclaurinFormula
9 Abel-PlanaFormula

Thomas Prellberg The Mathematics of the Casimir E ect



The Mathematical Setting
Divergent Series
aurin Formula
na Formula

Making Senseof Innit y - Innit y

Spectral Theay

@ Consider  for a compactmanifold with a smooth bounday @
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" Divergent S
Making Senseof Innit y - Innit y Euler-Maclaurin Formula
Abel-Plana Formula

Spectral Theay

@ Consider  for a compactmanifold with a smooth bounday @
@ On a suitablefunction space,this operatar is self-adjointand
positive with pure point spectrum
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Divergent S
Euler-Maclaurin Formula
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Making Senseof Innit y - Innit y

Spectral Theay

@ Consider  for a compactmanifold with a smooth bounday @

@ On a suitablefunction space,this operatar is self-adjointand
positive with pure point spectrum

@ One nds formally

1 _
Edgiscrete = §~cTrace( ) 1=2
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The Mathematical Setting
Divergent S
Euler-Maclaurin Formula
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Making Senseof Innit y - Innit y

Spectral Theay

@ Consider  for a compactmanifold with a smooth bounday @

@ On a suitablefunction space,this operatar is self-adjointand
positive with pure point spectrum

@ One nds formally

1 _
Edgiscrete = §~cTrace( ) 1=2

This would be a di erent talk | let's keepit simplefor today )
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The Mathematical Setting
Divergent Series
Euler-Maclaurin Formula
Abel-Plana Formula

Making Senseof Innit y - Innit y

Spectral Theay

@ Consider  for a compactmanifold with a smooth bounday @

@ On a suitablefunction space,this operatar is self-adjointand
positive with pure point spectrum

@ One nds formally

1 _
Edgiscrete = §~cTrace( ) 1=2

This would be a di erent talk | let's keepit simplefor today )
@ Choose @
= [0;L] and = @

with Dirichlet bounday conditionsf (0) = f(L) = 0.
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Making Senseof Innit y - Innit y

Spectral Theay

@ Consider  for a compactmanifold with a smooth bounday @

@ On a suitablefunction space,this operatar is self-adjointand
positive with pure point spectrum

@ One nds formally

1 _
Edgiscrete = §~cTrace( ) 1=2

This would be a di erent talk | let's keepit simplefor today )
@ Choose @
= [0;L] and = @

with Dirichlet bounday conditionsf (0) = f(L) = 0.
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The Mathematical Setting
" Divergent S
Making Senseof Innit y - Innit y Euler-Maclaurin Formula
Abel-Plana Formula

Casimirk ect in OneDimension

@ The solutionsare standingwaveswith wavelength satisfying

n-=1L
2
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The Mathematical Setting
" Divergent S
Making Senseof Innit y - Innit y Euler-Maclaurin Formula
Abel-Plana Formula

Casimirk ect in OneDimension

@ We therefae nd 2
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The Mathematical Setting
. Divergent Series
Making Senseof Innit y - Innit y Euler-Maclaurin Formula
Abel-Plana Formula

Casimirk ect in OneDimension

s

@ The solutionsare standingwaveswith wavelength satisfying

I’IE =L
@ We therefae nd
EO = }—-.Cn_
mT 2 L

@ The zero-pint energiesare givenby
% Z

- = —~ n n E=_—~ t dt
Egiscrete oL c i and oL C .
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The Mathematical Setting
. Divergent Series
Making Senseof Innit y - Innit y Eu\erJ iy Eanania
Abel-Plana Formula

The MathematicalProblem

@ We needto make senseof

E = Ediscrete E = =—~C n t dt
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The Mathematical Setting
" Divergent S
Making Senseof Innit y - Innit y Euler-Maclaurin Formula
Abel-Plana Formula

The MathematicalProblem

@ We needto make senseof

E = Ediscrete E = =—~C n t dt

@ More generally consider

% Z,
()= f(n) f(t) dt
0

n=0
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The Mathematical Setting
Divergent Series
Euler-Maclaurin Formula
Abel-Plana Formula

Making Senseof Innit y - Innit y

DivergentSeries

On the Whole, DivergentSeriesare the Works of the Devil and it's a
Shamethat one daresbaseany Demonstrationupon them. You can get
whateverresult you want whenyou usethem, and they havegivenriseto
so many Disastersand so many Paradaxes. Can anything more horrible
be conceivedhan to havethe following oozingout at you:

0=1 2"+ 3" 4"+ etc:

wheren is an integer number?

ot

Niels Henrik Abel
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The Mathematical Setting
- Divergent Series
Making Senseof In nit y - In nit y Euler-Maclaurin Formula
Abel-Plana Formula

SummingDivergentSeries

@ Somedivergentseriescan be summedin a sensibleway : ::

S= (1)"=1 1+1 1+1 1+:::
n=0
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The Mathematical Setting
- Divergent Series
Making Senseof In nit y - In nit y Euler-Maclaurin Formula
Abel-Plana Formula

SummingDivergentSeries

@ Somedivergentseriescan be summedin a sensibleway : ::

S= (1)"=1 1+1 1+1 1+:::
n=0

. P
o Cesao summation: let Sy = rzo( 1)" and compute
X

. 1 1
ST NET 2T 2
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The Mathematical Setting
- Divergent Series
Making Senseof In nit y - In nit y Euler-Maclaurin Formula
Abel-Plana Formula

SummingDivergentSeries

@ Somedivergentseriescan be summedin a sensibleway : ::

S= (1)"=1 1+1 1+1 1+:::
n=0

. P
o Cesao summation: let Sy = rzo( 1)" and compute

X

. 1 1
S_NI!Ilm N+ 1 SN_E
n=0
o Abel summation:
X 1
S= lim ( H'x"= =
xt 1 o 2
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The Mathematical Setting
- Divergent Series
Making Senseof Innit y - Innit y Euler-Maclaurin Formula
Abel-Plana Formula

SummingDivergentSeries

@ Somedivergentseriescan be summedin a sensibleway : ::

S= (1)"=1 1+1 1+1 1+:::
n=0

. P
o Cesao summation: let Sy = rzo( 1)" and compute

X

. 1 1
S N+1 N3
n=0
¢ Abel summation:
R 1
S= lim ( H'x"= =
xt 1 o 2
» Borel summation, Euler summation, ...: againS = 1
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The Mathematical Setting
- Divergent Series
Making Senseof Innit y - Innit y Euler-Maclaurin Formula
Abel-Plana Formula

SummingDivergentSeries

@ Somedivergentseriescan be summedin a sensibleway : ::

S= (1)"=1 1+1 1+1 1+:::
n=0

. P
o Cesao summation: let Sy = rzo( 1)" and compute

X

. 1 1
S_lellm N+ 1 SN_E
n=0
o Abel summation:
X 1
S= lim ( H'x"= =
xt 1 o 2
» Borel summation, Euler summation, ...: againS = 1
b3
@ ::: but some(suchas n) cannot
n=0
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The Mathematical Setting
- Divergent Series
Making Senseof Innit y - Innit y Euler-Maclaurin Formula
Abel-Plana Formula

Regulaising DivergentSeries

If a divergentseriescannotbe summed,physicistslike to removein nit y )
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The Mathematical Setting
- Divergent Series
Making Senseof Innit y - Innit y Euler-Maclaurin Formula
Abel-Plana Formula

Regulaising DivergentSeries

If a divergentseriescannotbe summed,physicistslike to removein nit y )

@ Regulaisation of f(n) (in particular, f(n) = n)
n=0
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The Mathematical Setting
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Regulaising DivergentSeries

If a divergentseriescannotbe summed,physicistslike to removein nit y )

@ Regulaisation of f(n) (in particular, f(n) = n)
n=0

X
o Heat kernel regulaisation f(s) = f(ne *"
n=0
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The Mathematical Setting
- Divergent Series
Making Senseof Innit y - Innit y Euler-Maclaurin Formula
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Regulaising DivergentSeries

If a divergentseriescannotbe summed,physicistslike to removein nit y )

@ Regulaisation of f(n) (in particular, f (n)
n=0

n)
X
o Heat kernel regulaisation f(s) = f(ne *"

b3 S 1
in patticular,  ne "= % __ = 11, 0o(s?)

Thomas Prellberg The Mathematics of the Casimir E ect



The Mathematical Setting
- Divergent Series
Making Senseof Innit y - Innit y Euler-Maclaurin Formula
Abel-Plana Formula

Regulaising DivergentSeries

If a divergentseriescannotbe summed,physicistslike to removein nit y )

@ Regulaisation of f(n) (in particular, f (n)
n=0

n)

X
o Heat kernel regulaisation f(s) = f(ne *"

n=0
X e’ 1 1
in particular ne "= —— == —4 2
partcular, - e (es 1)2 s2 12 O(S )
1
Compae with te S'dt = 5—12: divergentterms cancel
0

Thomas Prellberg The Mathematics of the Casimir E ect



The Mathematical Setting
- Divergent Series
Making Senseof Innit y - Innit y Euler-Maclaurin Formula

Abel-Plana Formula

Regulaising DivergentSeries

If a divergentseriescannotbe summed,physicistslike to removein nit y )

@ Regulaisation of f(n) (in particular, f(n) = n)
n=0

X
o Heat kernel regulaisation f(s) = f(ne *"

n=0
X e’ 1 1
in particular ne "= —— == —4 2
partcular, - e (es 1)2 s2 12 O(S )
1
Compae with te S'dt = 5—12: divergentterms cancel

0

S
o Zeta function regulaisation f(s) = f(nyn °
n=0
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- Divergent Series
Making Senseof Innit y - Innit y Euler-Maclaurin Formula

Abel-Plana Formula

Regulaising DivergentSeries

If a divergentseriescannotbe summed,physicistslike to removein nit y )

@ Regulaisation of f(n) (in particular, f(n) = n)
n=0

X
o Heat kernel regulaisation f(s) = f(ne *"

n=0
X e’ 1 1
in particular ne "= —— == —4 2
partcular, - e (es 1)2 s2 12 O(S )
1
Compae with te S'dt = 5—12: divergentterms cancel

0

p3
o Zeta function regulaisation f(s) = f(nyn °
n=0
X 1
in particular, nn = (s 1); (N E—

n=0
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The Mathematical Setting
- Divergent Series
Making Senseof Innit y - Innit y Euler-Maclaurin Formula
Abel-Plana Formula

Regulaising DivergentSeries

@ Regulaisation result shouldbe independentof the method used
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The Mathematical Setting
- Divergent Series
Making Senseof Innit y - Innit y Euler-Maclaurin Formula
Abel-Plana Formula

Regulaising DivergentSeries

@ Regulaisation result shouldbe independentof the method used
@ In paticular, for a reasonableclassof cuto functions

g(t;s) with tIilm g(t;s)= 0 and Iirg g(t;s) =1
l sl O*

replacingf (t) by f (t)g(t;s) shouldgive the sameresultfor s! 0*
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The Mathematical Setting
- Divergent Series
Making Senseof Innit y - Innit y Euler-Maclaurin Formula
Abel-Plana Formula

Regulaising DivergentSeries

@ Regulaisation result shouldbe independentof the method used
@ In paticular, for a reasonableclassof cuto functions

g(t;s) with tIilm g(t;s)= 0 and Iirg g(t;s) =1
l sl O*

replacingf (t) by f (t)g(t;s) shouldgive the sameresultfor s! 0*
@ We needto study

Z, !

Ps
Iirg ( fg) = Iirg f(n)g(n;s) f(t)g(t;s)dt
st 0* sbor o 0
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The Mathematical Setting
- Divergent Series
Making Senseof Innit y - Innit y Euler-Maclaurin Formula
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Regulaising DivergentSeries

@ Regulaisation result shouldbe independentof the method used
@ In paticular, for a reasonableclassof cuto functions

g(t;s) with tIilm g(t;s)= 0 and Iirg g(t;s) =1
l sl O*

replacingf (t) by f (t)g(t;s) shouldgive the sameresultfor s! 0*
@ We needto study

Z, !

Ps
Iirg ( fg) = Iirg f(n)g(n;s) f(t)g(t;s)dt
st 0* sbor o 0

Two mathematicallysoundapproachesare
@ Euler-MaclaurinFormula
@ Abel-PlanaFormula
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The Mathematical Setting
Making Senseof Innit y - Innit y E:J\;:’r?l\:’;‘cl::;ifSFormuIa
Abel-Plana Formula

The Euler-MaclaurirFormula

Leonhad Euler,1707- 1783 Colin Maclaurin, 1698- 1746
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The Mathematical Setting
Making Senseof Innit y - Innit y Em:’rﬂ\:’;‘cl::;ifiormula
Abel-Plana Formula

The Euler-MaclaurirFormula

A formal derivation (Hardy, DivergentSeries 1949)
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The Mathematical Setting
Making Senseof Innit y - Innit y Em:’rﬂ\:’;‘cl::;ifiormula
Abel-Plana Formula

The Euler-MaclaurirFormula

A formal derivation (Hardy, DivergentSeries 1949)
@ Denoting Df (x) = f9x), the Taylor seriescan be written as

f(x+ n) = e"f(x)
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The Mathematical Setting
Making Senseof Innit y - Innit y Em:’rﬂ\:’;‘cl::;ifiormula
Abel-Plana Formula

The Euler-MaclaurirFormula

A formal derivation (Hardy, DivergentSeries 1949)
@ Denoting Df (x) = f9x), the Taylor seriescan be written as

f(x+ n) = e"f(x)
o |t follows that

X 1 eND
f(x+ n) b f()— (f(x+ N) f(x))

n=0
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The Hdthemau(‘a\ Setting

Making Senseof Innit y - Innit y Euler- Maclaurln o

Abel-Plana Formula

The Euler-MaclaurirFormula

A formal derivation (Hardy, DivergentSeries 1949)
@ Denoting Df (x) = f9x), the Taylor seriescan be written as

f(x+ n) = e"f(x)
o |t follows that

X 1 eND
f(x+n) = b f()— (f(x+ N) f(x))
n=0 ,
% !
= D'+ %Dk o(f(x+ N) f(x)
k=1
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The Mathematical Setting
Divergent Series
Euler-Maclaurin Formula
Abel-Plana Formula

Making Senseof Innit y - Innit y

The Euler-MaclaurirFormula

A formal derivation (Hardy, DivergentSeries 1949)
@ Denoting Df (x) = f9x), the Taylor seriescan be written as

f(x+ n) = e"f(x)
o |t follows that

X 1 eND
f(x+n) = b f()— (f(x+ N) f(x))
n=0 '
2 !
= D+ B—TDk L o(f(x+ N)  f(x)
o K
s Z, By
f(x + n) f(x+t)dt = 'Dk ¥ ()
n=0 0 k=1 k!
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The Mathematical Setting
Divergent Series

Making Senseof Innit y - Innit y

Euler-Maclaurin Formula
Abel-Plana Formula

Thearem (Euler-MaclaurinFormula)

If f 2 C2™[0; N] then

f(n) ft)dt = 5 (F(O) + f(N)) +
0

n=0
1
X * By

2k 1) 2k 1)
+ N f (N) f ) + Rm

where 7
NByn Bam(t bto)

0 (2m)!

Here,Bn(x) are Bernoullipolynomialsand B, = B,(0) are Bernoulli
numbers

Rn = @M (1) dt
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The Mathematical Setting
Making Senseof Innit y - Innit y Em:’r?l\a’;:j::;;:smrmula
Abel-Plana Formula

Applyingthe Euler-MaclaurirFormula

Z,

f(n) f(t)dt = S

f< D(0)
n=0 0 k=1 4
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The Mathematical Setting
Making Senseof Innit y - Innit y Em:’r?l\a’;:j::;;:smrmula
Abel-Plana Formula

Applyingthe Euler-MaclaurirFormula

Z,

f(n) f(t)dt = S

f< D(0)
n=0 0 k=1 4

@ Introducingsuitablecuto functionsg(t;s) onecan justify applying
this to divergentseries
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The Mathematical Setting
Making Senseof Innit y - Innit y Em:’r?l\?laclau‘ril{Forlela
Abel-Plana Formula

Applyingthe Euler-MaclaurirFormula

Z,

f(n) f(t)dt = S

f< D(0)
n=0 0 k=1 4

@ Introducingsuitablecuto functionsg(t;s) onecan justify applying
this to divergentseries

@ Forf(t)=1t we nd RHS= %f (0) %fO(O)
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Making Senseof Innit y - Innit y Em:’r?la;::l::;iﬁsmrmula
Abel-Plana Formula

Applyingthe Euler-MaclaurirFormula

Z,

f(n) f(t)dt = S

f< D(0)
n=0 0 k=1 4

@ Introducingsuitablecuto functionsg(t;s) onecan justify applying
this to divergentseries

@ Forf(t)=1t we nd RHS= %f (0) %fO(O)
R Z1

1
n tdt= —
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Making Senseof Innit y - Innit y
Abel-Plana Formula

The Abel-PlanaFormula

GiovanniAntonio AmedeoPlana,

Niels Henrik Abel, 1802 - 1829 1781- 1864
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GermundDahlquist, 1997

Thomas Prellberg The Mathematics of the Casimir E ect



The Mathematical Setting
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Abel-Plana Formula

The Abel-PlanaFormula

...aremakable summationformula of Plana. ..

J
GermundDahlquist, 1997

The only two placesl haveeverseenthis formula are in Hardy's book

and in the writings of the \massivephoton" people| who alsogot it
from Hardy.

JonathanP Dowling, 1989
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The Mathematical Setting
Divergent Series
Euler-Maclaurin Formula
Abel-Plana Formula

Making Senseof Innit y - Innit y

The Abel-PlanaFormula

...aremakable summationformula of Plana. .. J

GermundDahlquist, 1997

The only two placesl haveeverseenthis formula are in Hardy's book
and in the writings of the \massivephoton" people| who alsogot it
from Hardy.

JonathanP Dowling, 1989

The only other applicationsl am aware of, albeit for convergentseries,
are

@ g-Gammafunction asymptotics(Adri B Olde Daalhuis,1994)

v
o uniform asymptoticsfor (1 g™ ) ! (myself, 1995)
k=0
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tical Setting

Making Senseof Innit y - Innit y

Abel-Plana Formula

The Abel-PlanaFormula
1 ! f( )
@ UseCauchy'sintegral formulaf( ) = > dz together
with
A |
cot( z) =
ey 2N
to get
% N | Z
f(n) = Zi @ - dz = 7 cot( 2)f (z) dz
n=0 ! n=0 :
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Making Senseof Innit y - Innit y T
Abel-Plana Formula

The Abel-PlanaFormula

o Rotate the upper and lower arm of by =2 to get
i 21

(= SO+ 5  (Fiy) f( i) cot( y)dy

n=0
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The Mathematical Setting
. Divergel Series
Making Senseof Innit y - Innit y Euler-Maclaurin Formula
Abel-Plana Formula

The Abel-PlanaFormula

o Rotate the upper and lower arm of by =2 to get

4
j <1

=510+ 5  ((y) f( iy)cotn( y)dy

n=0

@ A simila trick gives

Z, 2,

fdae=5  (fly) f( i) dy
0 0
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The Mathematical Setting
. Divergent Series
Making Senseof Innit y - Innit y Euler-Maclaurin Formula
Abel-Plana Formula

The Abel-PlanaFormula

o Rotate the upper and lower arm of by =2 to get

4
j <1

=510+ 5  ((y) f( iy)cotn( y)dy

n=0

@ A simila trick gives
Z, .z,

fOd=5  (Fy) £ iy)dy

0 0

Taking the di erence givesthe elegantresult

Z Z _ .
f(n) lf(t)dt=%f(0)+i FHhy) T,
0 0

2y
. e 1
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The Mathematical Setting
Making Senseof Innit y - Innit y DIElEE Sl

Euler-Maclaurin Formula
Abel-Plana Formula

Letf : C! C satisfythe following conditions
(a) f(z) is analyticfor <(z)
(b) limjyjiz

0 (though not necessaly at in nit y)
jf (x + iy)je 2 ¥ = 0 uniformly in x in every nite interval

(© 1 if(x+iy) f(x iy)je 2 dy existsfor everyx 0and
ndsto zerofor x ! 1
(d) o f(t)dt isconvergentandlimy, f(n) =0
Then
Z,

Z . i
f(  fmd= Sf©)+ i Py Ty
0

2y
- e 1
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The Mathematical Setting
. Divergent Series
Making Senseof Innit y - Innit y Euler-Maclaurin Formula
Abel-Plana Formula

Applyingthe Abel-PlanaFormula

z co— |
(o f(t)dt=%f(0)+i FHly) Ty,
0 0

2y
n=0 € 1
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The Mathematical Setting
h Diverg S
Making Senseof Innit y - Innit y Euler;J laurin Formula
Abel-Plana Formula

Applyingthe Abel-PlanaFormula

z co— |
(o f(t)dt=%f(0)+i FHly) Ty,
0 0

2y
=0 e 1

@ Introducingsuitablecuto functionsg(t;s) onecan justify applying
this to divergentseries
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atical Setting
D\VEV{]EH eries
Euler-Maclaurin Formula
Abel-Plana Formula

Making Senseof Innit y - Innit y

Applyingthe Abel-PlanaFormula

Z,

z. . _
f(n) f(t)dt=%f(0)+i FHly) Ty,
0

2y
=0 e 1

@ Introducingsuitablecuto functionsg(t;s) onecan justify applying
this to divergentseries
z 1
5 y dy

For f(t) = t one nds RHS = —_
° (t) . @V 1
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The Mathematical Setting
h Divergent Series
Making Senseof Innit y - Innit y Euler-Maclaurin Formula
Abel-Plana Formula

Applyingthe Abel-PlanaFormula

z P |
f(n) l f(t)dt=%f(0)+i ' Fy) O W) g ’
0 0

2y
n=0 € 1

@ Introducingsuitablecuto functionsg(t;s) onecan justify applying
this to divergentseries

“1 yay
o Forf(t) =t one nds RHS= 2 . 27 1
Z
* n ' tdt= S
n=0 0 12
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@ The result hasbeenveri ed in the laboratory
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o Jonathan P Dowling \The Mathematics of the Casimir E ect
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Conclusion

Conclusion

@ Mathematical questionposedin thearetical physics
@ Somereally nice, old formul from classicalanalysis
@ The result hasbeenveri ed in the laboratory

@ The motivation for this talk:

o Jonathan P Dowling \The Mathematics of the Casimir E ect"
Math Mag 62 (1989) 324

Doing mathematicsand physicstogether can be more stimulating than
doing either one sepaately, not to mentionit's downright fun. J
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| had a feelingonceabout Mathematics- that | saw it all. ::: | sav a
guantity passingthrough in nit y and changingits signfrom plusto
minus. | sav exactlywhy it happenedand why the tergiversationwas
inevitablebut it was after dinnerand| let it go.

Sir Winston SpencerChurchill, 1874 - 1965

TheEnd
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Regularised Sum and Product
Product of Primes

Zeta Function Regularisation

@ De ne for anincreasingsequencé® < 2 3 i the zeta
function
DS

(s) = n’
n=1
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Regularised Sum and Product
Product of Primes

Zeta Function Regularisation

@ De ne for anincreasingsequencé® < 2 3 i the zeta
function
X S
(s) = n
n=1

e If the zetafunction hasan analytic extensionup to O then de ne the
regulaisedin nite sum by

%
log n= °(0)

n=1
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Regularised Sum and Product
Product of Primes

Zeta Function Regularisation

@ De ne for anincreasingsequencé® < 2 3 i the zeta
function
X S
(s) = n
n=1

e If the zetafunction hasan analytic extensionup to O then de ne the
regulaisedin nite sum by

X
log n=  °(0)
n=1
e Alternatively the regulaisedin nite product is givenby

\l
=g ‘0O

n=1
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Zeta Function Regularisation Regularised Sum and Product

Product of Primes

o Let = p, bethe n-th prime sothat
Y . X
p=e »©  where p(8)= p°
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Regularised Sum and Product
Product of Primes

Zeta Function Regularisation

o Let , = pn bethe n-th prime sothat

Y . X
p=e »©  where p(8)= p s
P P
. ¥ o
@ Usinge* = (L x™ ", onegets
n=1
Y . Y ¥ o)
e p(s) = eP " = 1 p ns n
p p n=1
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Regularised Sum and Product
Product of Primes

Zeta Function Regularisation

o Let , = pn bethe n-th prime sothat

Y . X
p=e »©  where p(8)= p s
P P
. ¥ o
@ Usinge* = (L x™ ", onegets
n=1
Y . Y ¥ o)
e p(s) = eP " = 1 p ns n
p p n=1

Y
@ Observingthat (s) = 1 p°* l, onegets

\z (n)
er® = (ng)
n=1

(Edmund Landauand Arnold Wal sz, 1920)



Regularised Sum and Product
Product of Primes

Zeta Function Regularisation

¥ :
o Frome»® = (ns) onegetsthe divergentexpession
n=1
ns)
(ns)

o X
p(S) = (n)

n=1
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Regularised Sum and Product
Product of Primes

Zeta Function Regularisation

¥ :
o Frome»® = (ns) onegetsthe divergentexpession
n=1

s Yns)
8(5) = ) (n)m
@ At s= 0, this simpli es to
90 = =D - 2ige )

© 0
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Regularised Sum and Product
Product of Primes

Zeta Function Regularisation

¥ :
o Frome»® = (ns) onegetsthe divergentexpession

n=1
e Yns)
0 —
(s) = (n)——=
P
e (1)
@ At s= 0, this simpli es to
1 90
00)= ——~——= = 2log(2
@ This calculation\ a la Euler" can be maderigorous, so that
Y
p=4°2
P

(Elvira Muroz Gacia and Ricado Perez-Maco, prepint 2003)
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Regularised Sum and Product
Product of Primes

Zeta Function Regularisation

¥ :
o Frome»® = (ns) onegetsthe divergentexpession

n=1
e Yns)
0 —
(s) = (n)——=
P
e (1)
@ At s= 0, this simpli es to
1 90
00)= ——~——= = 2log(2
@ This calculation\ a la Euler" can be maderigorous, so that
Y
p=4°2
P

(Elvira Muroz Gacia and Ricado Perez-Maco, prepint 2003)
@ Caollary: thereare in nitely many primes
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