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Abstract. We present the hypothesis that at the @-temperature of a single interacting polymer in
two dimensions, a particular combination of universal distance amplitude ratios is given exactly
by a simple formula in terms of critical indices only. This generalizes a similar claim for non-
interacting self-avoiding watis, which was derived from conformal invariance considerations.
‘We support cur hypothesis with 2 series analysis of interacting self-avoiding walks on the square
lattice, high-precision simulations of interacting self-avoiding walks on the Manhattan lattice at
the exact ¢-point and similar simulations of interacting trails on the square lattice., .

A great deal of effort has been directed towards elucidating the properties of lattice models of
the geometric features of large-molecular-weight linear polymers in solution. The canonical
model is that of self-avoiding walks (SAW). The large-length asymptotic behaviour of SAW
can be viewed as a critical phenomenon [1] and, hence, it is believed that there are universal
properties of polymers that are independent of much of the microscopic detail of the system.
For example, .the critical exponents of the SAW model on any regular lattice should hold
exactly for flexible linear polymers in so-called ‘good’ solvents. Much attention is often
paid to the indices of the power-law behaviour that characterizes many of the quantities of
interest. On the other hand, the renormalization group description of critical phenomena
predicts that critical exponents are not the only universal features: certain ratios of critical
amplitudes (multiplicative constants of the power laws) are also universal. There has been
some interest in these amplitude ratios for SAW [2].
In two dimensions, conformal invariance, and the associated field-theoretic description
of critical phenomena [3], provides a very powerful method of determining the critical
-behaviour of statistical mechanical systems. In particilar, through the formal mapping
of saw to the » — 0 O(n) magnetic model [1], conformal invariance [4] allows one
to. predict the critical indices for self-avoiding walks (these have also been found from
the Coulomb gas [5]). There have also been recent calculations on amplitude ratios for
SAW [6]. Importantly, one (linear) combination of amplitude ratios (with rational factors)
has been calculated exactly [7,8] using conformal invariance. This result, found from
Zamolodchikov’s e-theorem [9], holds for non-interacting SAW and, hence, for polymersin a
good solvent. Based on numerical work, we claim that this proposition car be extended to #-
point polymers by suitably modifying the original prediction. Equivalently, we hypothesize
that a particuiar combination of universal distance amplitude ratms is glven exactly by a
simple formula in terms of critical indices only.
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We have tested this assertion first with an exact enumeration analysis for interacting SAW
(ISAW) on the square lattice. This indicates that the quantity in question does indeed behave
as we predict (with an error of 1 part in 200). In addition, we have simulational evidence for
1SAW on the Manhattan lattice, where it proved to be correct within, at least, 1 part in 1000.
Even for the model of interacting self-avoiding trails (ISAT) on the square lattice, where the
presence of logarithmic corrections makes an analysis much more difficult, it proved to be
correct to within 1 part in 100. Given the affirmative results from all three models, and
especially the accuracy of the Manhattan data, we are confident that the Cardy—Saleur result
is more widely applicable than previously thought.

We define any N-step path gy on a lattice by a sequence vy, 1y,..., 7y of vector
positions of the vertices of that path. For the interacting problems considered, the average
of any quantity Q over the ensemble set C(py) of allowed paths @y of length N is given
generically as

_ Zc(m) Qpn)a™
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where m is the number of ‘interactions’ (being the number of nearest neighbours for walks
and the number of contacts for trails). The Boltzmann weight @ = ef* is the usual function
of the (inverse) temperature g and the energy ¢ associated with each interaction. We are
interested in the average-square end-to-end distance -
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the ensemble average of the mean-square distance of a monomer from the endpoints

(R = 35 g(rf 1) . )
the average centre of mass
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and the average radius of gymﬁon
(R2)w = (R2w — (RO} 5)

In the above formulae, we use vy = 0.
Each of these measures of the size of the polymer is expected to scale as

(R%x ~ CaN? | @

where the amplitude Cp is non-univeral and temperature dependent, while v is expected to
be universal, depending only on the temperature in as much as its value is above, at, or
below the §-point. We define the finite-fength amplitude ratios
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in the limit N —» oo, and these are believed to be universal [10]. For 1SAw, the limiting
values should depend only on dimension and whether the temperature is above, or at, the
#-point—above the §-point they should take on their SAW values.

For SAW, SAT and ISAW at high temperatures and hence polymers in a good solvent, it
was predicted [7, 8] that

B4, — 2B+ L =0, , ©)

In the derivation [7] of this invariant, the factor multiplying A, (let us call it A) was given
by

a=24 2 _ ‘ - (10)
Yn

where y; = 13‘- and yp, = % are the thermal and magnetic renormalization-group eigenvalues,
respectively, of the O(0) (SAwW) model. These eigenvalues are related to the conformal
scaling dimensions via y = 2 — x. They are also functions of the canonical exponents
v =1/y, and y /v = 2y, — 2. Rewriting the more general identity

Mo — 2B +1=0 , an
simply gives the relation

4B, —1

=
2Ax

In other words, a particular combination of universal distance ratios is given in terms
of critical indices. Cast in this fashion, the relation begs the question as to its wider
applicability. It is not clear to us from the original argument [7, 8] that a suitably modified
expression would not hold for ISAW at the collapse tricritical point.

Hence, we set out to test whether or not, at the #-point of the interacting system, the
quantity

4By —1 SR
24y

Gy = - 3)

behaves as
Gy —+A . as N -0 . ’ (14)

where again A = 2 + y/y, and y; and y, now take on their #-point values. To begin
this investigation, we first considered the canonical model of SAW interacting via nearest-
neighbour attraction and generated series for Gy(w).

For 1SAW at the &-point, the critical exponents are now believed to take on the values
predicted by Duplantier and Saleur [11]. These give y, = 'Z and y, = 2 and, hence,
A —--—- = 2.875. The critical temperature has been estimated by Meirovitch and Lim [12]
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as Be = 0.658(4) from Monte Carlo simulations. Other estimates are around this value and
we have used log wy = 0.660(5) as our standard &-point. We have generated SAW up to 29
steps, counting interactions and calculating each of the size measures. We have formed the
series Gy (w) and from this extrapolated Geo(w) for a range of values of w. As the series
data show various irregularities (especially in the collapsed phase), we used differential
approximants on a transformed series with coefficients H, = ITy_,Gy, which has 1/G,
as its critical point. This method is expected to give good results if the finite-size corrections
are not stronger than 1/N. For instance, if Gy ~ Goo(l + 5/N), then Hy ~ G&(N;'b)
and the generating function behaves as Y Hyx¥ ~ (1 — Goox)~®+!). We note that even -
stronger catrections can be accommodated if they are alternating in sign. The results of this
analysis are shown in figure 1.
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Figare 1. This shows estimates of G, obtained from a differentizl approximant analysis of
products of Gy. The Gy were calculated from series data of saw on the sguare Iattice. The
inset shows a magnified region around the f-point.

For repulsive and mildly attractive interactions, our estimates of G, are close to the
predicted SAW value (29116-), as expected. In addition, our estimates for amplitude ratios A
and B, in the non-interacting case are 0.14030(23) and 0.439 669(6), respectively, using
the same method. These are comparable to the best available Monte Carlo data [2] for these
ratios. As the §-point is approached, there is a rapid change in the estimates of Goo(w)
as @ is varied. At the currently accepted value wy of the #-point, the estimate of G,
is 2.88(1). This value clearly encompasses our prediction. Furthermore, we can estimate
the values A, = 0.180(1) and B, = 0.510(2). Alternatively, assuming the hypothesis®
validity, one can estimate the 8-temperature utilizing the valne of A for G at the #-point.
This gives us logew = 0.655(3) and compares well with the Meirovitch and Lim value,
As a comparison, we have plotted in figure 2 our {conventional) differential approxirmant
analysis of the exponent v, estimated from the radius of gyration series. Now, using the
believed value of v = f’T to estimate the critical temperature, gives log w = 0.665(5). There
are some corrections-to-scaling obviously to be taken into account, but this shows that, up
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to the accuracy of the presert analysis, that determinations of the critical temperature from
Gy and exponent estimates, such as vy, are comparable. The low-temperature behaviour
is difficult to ascertain, with very low temperatures unreliable because of corrections-to-
scaling, and temperatures close to the -point similarly unreliable because of crossover
effects,
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Figure 2. This shows estimates of the exponent v obtained from a differential approximant
analysis of the series for (Rz) . This is given as a comparison for ﬁgure 1. Note that the high-
and g-temperature values are accurately given, while at low temperitures the presence of strong
corrections-to-scaling induces a systematic error in the analysis. The inset shows a magnified
region around the 8-point. )

 Bradley [13] showed that kinetic growth loops on the Manhattan lattice could be mapped
exactly onto the @-point of closed ISAW on that lattice, Recently, kinetic growth simulations
of SAW on the Manhattan lattice [14] have proven relatively successful in calculating the
critical properties of Manhattan 15AW. In fact, there is an exacily solvable vertex model
equivalent to this problem [14,15]. The critical nature of the 6-point on the Manhattan
lattice is similar to, but not exactly the same as, that of regular lattices [14, 15]. Regardless,
it seemed natural to test our hypothesis on Manhattan ISAW at the §-point. The simulations
were carried out on the isomorphic problem of trails on the L-lattice, for trails up to length
N = 65536. For this problem, y = — and y, = Z, so A = 3. We have estimates
of Ay and By for N = 2%, k = 7,..., 16, These are plotted in figure 3 against I/N.
The corrections-to-scaling are unknown but these plots are reasonably consistent, with the
dominant corrections being of the 1 /N type. Being therefore conservative with our estimated
errors, gives Ay = 0.15740(5) and By, = 0.4861(1) and, hence, G = 3.0000(16). This
then is a precise verification of the proposition at hand.-

Interacting trails on the square lattice at the collapse temperature have also been found
to-be equivalent to kinetic growth trails on that lattice {16]. However, this problem is
numerically complicated by the presence of multiplicative logarithmic corrections. Here it is
believed [16] that y, = 2 and y, =2, making A = 3. Our simulations and analysm paralieled
that of the L-lattice case. Estimates of Ay and By for N =2%, k=17, ..., 16 were taken.
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Figure 3. The top two graphs show the simulational data for Ay and By for interacting L-lattice
trails (equivatent to Manhattan lattice 15aw) and the bottom two graphs show the simulational data
for Ay and By for interacting square lattice traifs. The L-lattice values are plotted against 1/N,
while the square Iattice data is plotted against 1/(Tog ¥} in accordance with known evidence of
the corrections-to-scafing in the two cases,

These are plotted in figure 3 against 1/log N. There are clear strong corrections-to-scaling
left in the estimates. However, a simple minded extrapolation using the logarithmic scale
gives Ay = 0.1620(5) and B, = 0.493(1) and, hence, G, = 3.000(16). Once again, our
estimate is in excellent agreement with the supposition G, = A.

We have concentrated on the #-point since it is generally believed to be a critical point.
However, it may also be the case that G, takes on a simple constant value in the collapsed
phase. If so, that value would be near 3.0 according to our extrapolations, which is consistent
with the pseudo-critical exponents v = % and 7 = 0. However, our data is not accurate
enough to verify or refute this additional prediction.

In conclusion, we have series and simulational evidence that a suitably modified
Cardy—Saleur—Caracciolo—Pelissetto—Sokal invaraint should exist for #-point polymers. Cur
numerical findings are summarized in table 1. It would, of course, be desirable if this
invariant could be derived from conformal invariance arguments, as was the oriZinal
prediction.

Table 1. Best estimates of the distance ratios for the collapse transition of interacting walk
madels. The estimates of G are to be compared with the values of A computed from the
conjectured exact scaling dimensions.

#-point models Togay A By Goo b/

ISAW 0.660(5) 0.180¢1) 0.510(2) 2.88(1)
Manhattan ISAw log~/2 0.157 40¢5) 0.48561¢1) 3.0000(16)
ISAT log3 0.1620(5) 0.493(1) 3.000{16)
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