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Question 1 [26 marks]
For r ∈ R, consider the differential equation

ẋ = x3 + (2− r)x2 − rx− r(2− r) (1)

on the line.

(a) Show that x∗ = r− 2 is a fixed point for any value of the parameter r, and de-
termine its stability. Hence identify two bifurcation points r1 and r2. [5 marks]

(b) Show that for certain values of the parameter r there are additional fixed points
x∗. For which values of r do these fixed points exist? Determine their stability
and identify a further bifurcation point r3. [7 marks]

(c) Using a Taylor expansion of (1), determine the normal forms of the bifurcation
at r1 and r2. What type of bifurcations take place? [5 marks]

(d) Similarly, determine the normal form of the bifurcation at r3. What type of
bifurcation takes place? [5 marks]

(e) Sketch the bifurcation diagram for all values of r and x∗. (Use a full line to
denote a curve of stable fixed points, and a dashed line for a curve of unstable
fixed points!) [4 marks]

Question 2 [28 marks]
Consider the dynamical system

ẋ =x(3− 2x− y) (2)
ẏ =y(4− x− 3y)

in the (x, y)-plane.

(a) Determine the nullclines of the system (2) and find the fixed points. [8 marks]

(b) Give the Jacobian matrix. Hence, determine the linear stability of all fixed
points. [12 marks]

(c) Draw the nullclines of the system (2). Hence, sketch the phase portrait and
the flow for the system (2). Indicate the stable and unstable manifolds for any
saddles. [8 marks]
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Question 3 [26 marks] Given ε > 0, consider the second-order differential equation

ẍ+ ε(x2 + ẋ2 − 1)ẋ+ x = 0 (3)

on the line.

(a) Using y = ẋ, state the system of first-order differential equations in the (x, y)-
plane equivalent to (3). [4 marks]

(b) Find all the fixed points of this system. [4 marks]

(c) Derive an equation for ṙ in terms of r and φ, where x = r cosφ and y = r sinφ.
[Hint: differentiate r2 = x2 + y2.] [6 marks]

(d) By considering annuli r0 ≤ r ≤ r1 for 0 < r0 < r1, construct a trapping region
such that all solutions starting from initial conditions within this region stay
inside. [6 marks]

(e) Deduce the existence of a limit cycle, and state its equation. Is the limit cycle
stable or unstable? [6 marks]

Question 4 [20 marks] Consider the dynamical system

ẋ = f(x, y) , ẏ = g(x, y) (4)

with continuously differentiable functions f and g in the (x, y)-plane.

(a) Let C be a closed orbit of (4) and let A be the region inside C. Using Green’s
Theorem, show that ∫∫

A
∇ ·
(
ẋ
ẏ

)
dxdy = 0 .

[6 marks]

(b) Deduce that the dynamical system (4) has no closed orbits if

∂f

∂x
(x, y) +

∂g

∂y
(x, y) > 0 .

[6 marks]

Now consider the non-linear oscillator equation

ẍ+ β(x)ẋ+ κ(x) = 0 (5)

with continuously differentiable functions β and κ on the line.

(c) Using y = ẋ, state the functions f and g for which the system (4) is equivalent
to equation (5). [4 marks]

(d) Show that if β(x) < 0 for all x ∈ R then (5) does not have any periodic
solutions. [4 marks]

End of Paper
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