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Question 1 [25 marks| Let a,b be real numbers with a < b, and let the function
f :[a,b] — R be continuous.

(a) State the Boundedness Principle and the Intermediate Value Theorem.
(b) Explain why fab f(z)dz exists, and why
m =inf{f(z) :z € [a,b]} and M =sup{f(z):x € [a,b]}
are finite.

(c) Show that
1

b—a

m <

/abf(x)dng.

(d) By using the Boundedness Principle, the Intermediate Value Theorem and the
previous result, prove that there exists a real number ¢ € [a, b] such that

b
Q) = 5oy [ So)ia

Question 2 [25 marks]

(a) Let the real-valued function f be infinitely often differentiable at zero. Write
down the Taylor series of f about zero. Define what is meant by the radius of
convergence of this Taylor series.

(b) Let f : R — R be given by f(x) = 1/(1—22). Using the geometric series, write
down the Taylor series of f about 0. What is its radius of convergence?

(c) Given 0 < p < 1, why do we know that the Taylor series of f(z) = 1/(1 — 2?)
about 0 is uniformly convergent for all |z| < p?

(d) Prove that for all |z| < 1

e p2n+l
tanh(x) = .
artanh(z) 1
n=0
) rodt
[Hint: artanh(z) = f17t2 for |z| < 1]
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Question 3 [25 marks]

(a) Let f: R — R be a function. Give the definition of f being differentiable at
a € R, and say what is meant by the derivative of f at a.

(b) Prove directly from the definition that f(z) = 1/2? is differentiable at a for
any a # 0 and find f/(a).

g(x), and suppose that

(c) Suppose that f,g: R — R are functions with f(z) <
)= 1) | o) - gle)
c

fz

x r—c
x > c and x < ¢, prove that if f and g are both differentiable at ¢ then

f'(e) =g'(0).

Question 4 [25 marks]

f(e) = g(c) for some ¢ € R. By comparing for

(a) Let f : [a,b] — R be a bounded function, and let P = {zg,x1,...,2z,} with
a=xy<z <...<xy =>bbe a partition of [a,b].

(i) Define the lower sum L(f, P) and upper sum U(f, P) of f with respect
to the partition P, and show that L(f, P) < U(f, P).

(ii) Define the lower and the upper integrals of f on [a,b], give the definition
of f being Riemann integrable on [a,b], and state what is meant by the
Riemann integral of f on [a, b].

(iii) State Riemann’s condition for f to be Riemann integrable.
(b) Now consider f(x) =1/(1+ z) on the interval [0, 1].

(i) For each n € N, define P, = {0,1/n,2/n,...,(n — 1)/n,1}. Calculate
L(f, P,) and U(f, P,) and deduce that f is Riemann integrable on [0, 1].
n 1
(ii) Using the Fundamental Theorem of Calculus, find lim )] s
n—oo ;"1 N
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