
MTH6111 Complex Analysis 2010-11

Exercises 3

Attempt all questions. Hand in your solutions to Questions 3 and 4
for coursework credit and feedback.

1. Prove that for all z for which
∑∞

n=1 nanzn−1 is absolutely convergent,∑∞
n=0 anzn is also absolutely convergent.

(This is the easy half of the Theorem that the two series have the same radius
of convergence: we proved the difficult half in lectures.)

2. For z ∈ C not on the negative real axis, we define the principal value of log z
to be

Log(z) = ln |z|+ i(Arg(z))

where Arg(z) denotes the principal value of arg(z), that is to say the value of the
argument which lies in the open interval (−π,+π). Thus Log is a single-valued
function on C \ R≤0.

Show that Log is differentiable on C \ R≤0, with derivative 1/z there.

(HINT: Write Log(z) = w and Log(z+∆z) = w+∆w, so ew = z and ew+∆w =
z + ∆z, and use what you know about differentiating ew with respect to w.)

*3. Using the definition zα = eα log(z), for z ∈ C \ {0} and α ∈ C:

(i) Prove that zα has just one value ⇔ α ∈ Z.

(ii) Find all values of 21+i.

(iii) Find all values of ii.

*4. (i) Write down formulae for the straight line path γ1 : [0, 1] → C from the
point 1 ∈ C to the point i ∈ C, and for the quarter circle path γ2 : [0, π/2] → C
from 1 to i.

(ii) Evaluate
∫

γ1
z2dz and

∫
γ2

z2dz.

5. Consider the continuous function C \ {0} → C defined by f(z) = 1/z.

(i) Find a subset S ⊂ C \ {0} such that S is closed in C but f(S) is not closed
in C.

(ii) Find a subset S ⊂ C \ {0} such that S is bounded but f(S) is not bounded.

Deadline for handing in solutions to questions 3 and 4: 12 noon on
Friday 4 February 2011. (To me or to the yellow box on the second floor of
the Maths building.)
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