YOUNG TABLEAUX

AND THE ROBINSON-SCHENSTED-KNUTH CORRESPONDENCE

Thesis
submitted at the University of Leicester
in partial fulfilment of the requirements for
the degree of Master of Mathematics

Richard Thomas Bayley
Department of Mathematics and Computer Science
University of Leicester

May 2002



Contents

Declaration
Abstract
1 Introduction

2 Young tableaux, bumping and sliding
2.1 Youngtableaux . . . . . .. ...
2.2 Schensted’s bumping algorithm . . . . . .. ... ... o o000,
2.3 Monoid Structure . . . . . . . ... e e e e e
2.4 Shiitzenberger’s sliding algorithm . . . . . . .. ... ... ... ...

3 The Plactic Monoid
3.1 Words . . . . . .
3.2 Bumpingonwords . . . .. .. .. ...
3.3 Slidingonwords . . . . .. .. .. ...
3.4 Consequences of Knuth equivalence . . . . . . . ... ... ... ... .....
3.5 The Plactic Monoid . . . . . . . . .. . ...

4 Increasing Sequences and the Proof of Uniqueness
4.1 Weakly Increasing Sequences . . . . . . . . .. ..o
4.2 Proof of Uniqueness (Theorem 3.6) . . . . . .. ... . ... ... .......

5 The Robinson-Schensted-Knuth Correspondence
5.1 The Robinson-Schensted Correspondence . . . . ... ... ... .......
5.2 Robinson Correspondence . . . . . . . . . . .. ...
5.3 Robinson-Schensted-Knuth Correspondence . . . . . . ... .. ... .....
5.4 Symmetry Theorem . . .. . . .. . ...

6 Matrix-ball Construction
6.1 Matrixof Balls . . . . . .. . . ...
6.2 Forming Tableaux from the Matrix of Balls . . . . . . ... .. ... .....
6.3 Proof of the Symmetry Theorem (Theorem 5.5) . . . . . .. ... ... ....
6.4 Forming a Matrix from Young Tableaux . . . . ... ... ... ... .....

7 Applications of the R-S-K Correspondence
7.1 Counting Tableaux . . . . . . . . . . .. ..
7.2 Hook Length Formula . .. . ... ... .. ... ... ... ... . ...,
7.3 An Interesting Product. . . . . . . ... ... .. L

iii

iv



Bibliography

ii

65



Declaration

All sentences or passages or passages quoted in this project dissertation from other people’s
work have been specifically acknowledged by clear cross referencing to author, work and
pages. I understand that failure to do this amounts to plagiarism and will be considered
grounds for failure in this module and the degree examination as a whole.

Name:

Signed:

Date:

iii



Abstract

Young tableaux are fillings of the boxes of diagrams that correspond to partitions of positive
integers, which are weakly increasing across rows and strictly increasing down columns. The
aim of the project is to develop the basic combinatorics of Young tableaux, including the
bumping and sliding algorithms that can be used to define the Plactic Monoid. Schensted
[11] is the classic paper for this topic and it is here that an application for Young tableaux
is given in finding increasing subsequences of a list of integers. Many of the results involving
tableaux are proved by considering the word of a tableau and the elementary Knuth trans-
formations which form equivalence classes. We will concentrate on the Robinson-Schensted-
Knuth correspondence which allows us to associate an ordered pair of tableaux of the same
shape (P,Q) to an arbitrary two-rowed array which is in fact a bijective correspondence
between the set of pairs of tableaux of the same shape and the set of two-rowed arrays. The
matrix-ball construction will allow us a more pictorial approach to the main correspondence
and gives us a proof of the symmetry theorem which states that if a pair (P,Q) of tableaux
correspond to an two-rowed array w then the pair (Q,P) corresponds to the array w tuned
upside down. This is a surprising result as P and Q are treated very differently by the
R-S-K correspondence. This approach is helpful in understanding certain properties which
are difficult to show from the bumping description. We will conclude by showing some
interesting applications of the correspondence and introducing the hook length formula for
counting tableaux. The main reference for the project is Fulton’s book [1] and the main

structure is based on the first four chapters.
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Chapter 1

Introduction

Alfred Young was born at Birchfield, Farnworth, near Wildnes, Lancashire, on 16 April
1873. He wrote his first paper in 1899 and continued to write and publish for over forty
years; with the exception of his work on electromagnetism in 1918 every paper was devoted
to the single theme of the algebra of groups. In 1900 he introduced the Young tableau,
the method for which he is best remembered. He wrote a series of papers on quantitative
substitutional analysis which arose out of the classical theory of invariants and contained
his results in this area. In 1903 Frobenius used Young tableaux for the first time when he
investigated representations of the symmetric group. In 1906 Young learnt of Frobenius’s
applications of his methods and in 1927 he published further work which extended what
Frobenius had done. In his book Theory of groups and quantum mechanics Weyl also made
use of Young tableaux and some of Young’s ideas.

The Schensted and Schiitzenberger algorithms are combinatorial algorithms which deal
with Young tableaux. The Schensted algorithm was originally found by Robinson [9], and
rediscovered independently in a different form by Schensted [11]. The algorithm establishes
a bijective correspondence between permutations and pairs of Young tableaux of the same
shape. The interest that the algorithm enjoys today by combinatorialists is due to Schen-
sted’s paper of 1961 [11], where he looked at counting the longest increasing and decreasing

subsequences of permutations. Only several years later was it realised that the algorithm



in Robinson’s paper and the algorithm in Schensted’s paper were essentially the same even
though they have very different definitions.

One major contribution to the subject was from Knuth [5] who replaced standard
tableaux with tableaux which allowed repeats (non-standard) and made the generaliza-
tion to two-rowed arrays. This defined a bijective correspondence between two-rowed arrays
in lexicographic order and pairs of non-standard tableaux. Greene [3] extended Schensted’s
theorem concerning increasing and decreasing sequences. The paper allows us to directly
find the shape of the Young tableaux corresponding to a permutation without the use of
either of the two algorithms given by Schensted and Schiitzenberger.

A construction similar to the matrix ball construction in chapter 6 has been developed
from Roby [8] by Fulton [1]. In his thesis Roby looked at the more broad area of Differential
Posets of which partitions can be considered a part of. The symmetry theorem 5.5 was
originally stated and proved by Knuth [5] although his approach relied on treating the
limiting case of infinite permutations and Young tableaux. The matrix ball construction
gives a more intuitive view on tableaux and allows a much easier proof of the symmetry
theorem.

In the last chapter we shall look at some applications of the R-S-K correspondence which
will allow us to count tableaux. The hook length formula will show us another way to count

standard tableaux of shape A with entries from [n].
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Chapter 2

Young tableaux, bumping and
sliding

2.1 Young tableaux

A Young diagram is a collection of boxes, or cells, arranged in left-justified rows, with a
(weakly) decreasing number of boxes in each row. Listing the number of boxes in each row
gives a partition of the integer n that is the total number of boxes and conversely, every
partition of n corresponds to a Young diagram. For example the partition of 12 into 4,3,3,2

corresponds to the Young diagram

Example 2.1 The Young diagram for (4,3,3,2)

A partition is usually denoted by A with A F n being used to say that A is a partition of
n. A is given by a sequence of weakly decreasing positive integers, written A=(\1, Az, ...).
In example 2.1 A=(4,3,3,2). A Young tableau, or tableau is a filling, by positive integers
with entries not necessarily distinct, of a Young diagram that is

e Weakly increasing across each row



e Strictly increasing down each column
We say that the tableau is a tableau on the diagram A, or that A is the shape of the tableau.
A standard tableau is a tableau in which the entries are the numbers 1 to n each occurring

once.

Example 2.2 For the partitions (4,3,3,2) of 12 and (4,3,2) of 9 we have
1]2]2]3]
3/4/6 1[4]6]7]
4157 2|58
Tableau 616 Standard tableau [319

2.2 Schensted’s bumping algorithm

The Schensted “bumping” algorithm is the first of the two algorithms that we will look at
and was first proposed by Schensted [11]. He defined a way that a positive integer can act
on a tableau to create a new tableau with one extra entry than before. Suppose we have a
tableau T and a positive integer x, then we define the action T < x by these three simple
steps;

(1) Look at the first row of T and find the smallest number that is larger than z, replace
this number with z. If the smallest number larger than z occurs more than once in the row
then choose the one furthest to the left. If no such number is larger than z then simply
place x at the end of the first row.

(2) If an integer say y was replaced by z in the first row then bump y into the second
row using the same method as above. If there is no row to add y to, then y has been bumped
out of the bottom, in which case it forms a new row with one entry.

(3) Repeat the process on each row of the tableau until either some number gets added

to the end of a row or until it is bumped out of the bottom.

Example 2.3 If



2[3[3[4]
_[3]4]5 _
T = 61718 and =3, then
719
2[3[3]4| <3 [2]3]3]3] 2[3[3]3] 2[3[3]3]
3[4[5 3|4|5] +«4 [3|4/4 3[4[4
678 6[7]8 6|7/8] «5 [5]7]8
719 719 719 709 6
213[3]3]
3[4]4
T+« 3=[5|7]8
69
7]

We want to show that this action is well defined and to do this all we have to do is ensure
that we get a Young tableau out at the end of the process. First we will need to show that
the shape of T « z is a Young diagram and then show that the numbers inside are in the

right order for a tableau.

Theorem 2.4 If T is a tableau then T < x is a also a tableau.

Proof It is really quite simple to prove that the result is a Young diagram as we only have
to consider the situation in which two rows in T are the same length. If two rows of the
tableau are not the same length then the upper most row is longer than the lower row.
When the box is added it will go at the end of either row which will still leave us with a
weakly decreasing number of boxes in each row, which is exactly what we want for a Young
diagram. Consider the two rows of identical length. Suppose a number is displaced from
the first row, then there are two things that can happen to it, it can displace the number
under it or some number to its left. It can’t go to the right due to the weakly increasing

rows and strictly increasing columns.




Above we have a part of a tableau, so we have a<b<c<d<e and that f<g<h<i<j. Also
due to the strictly increasing columns we have that a<f, b<g, c<h, d<i, and e<j. Suppose
z was bumped into the space ¢, then ¢ will be bumped down to the next row. It would be
impossible for ¢ to go in the space ¢ as h is greater than ¢ and less than or equal to i. So ¢
must bump A or some number to the left of h.

Now we must show that T < z has weakly increasing rows and strictly increasing
columns. When a number z is inserted into a row the number to the left of it is less than z
and the number to the right is greater than or equal to z, thus we have a weakly increasing
row as nothing has happened to the rest of the row. Consider the two rows and the insertion

of x.

There are two possibilities for the position h. The first one is that it will be displaced by
¢, in which case z is strictly less than c so we are ok. If h is not displaced by ¢ the ¢ will
go to the left of it in some place. Here z is strictly less than h as c is strictly less than h
and z< c. So when a number, say c, is displaced from one row to the next it ends up either
in the same column in the row below, or in column to the left in the row below. So it is
either under the number which displaced it, so strictly bigger (as ¢c>h) or otherwise under a
number to the left, of which ¢ is even larger than. So we have that two consecutive numbers
in a column form an increasing sequence if either one of them has just been inserted into its
present position. Of course if no bumping has occurred on the two numbers then they are
simply as they were in the original tableau T, so are therefore in strictly increasing order.
We thus have the shape of a Young diagram, weakly increasing rows and strictly increasing
columns. Bumping is a well defined operation that takes a tableau T and an integer z and

gives us another tableau T « z. |}



A useful property of this bumping operation is that it is invertible. If we have a tableau
T < z and we know which box was added to the diagram then we can find the original
tableau T. We quite simply run the bumping operation backwards. Suppose y is the box
that was added to the diagram, then we can look for its position in the row above like this.
Look for the entry in the row above y that is farthest to the right and strictly less than y.
Now put y in this box and bump the entry say z up to the next row above and continue

until an entry is bumped out of the top row. This entry is z and the resulting tableau is T.

2.3 Monoid Structure

We have looked at the bumping operation and shown how it works with relation to a
tableau T and integer z. We have proved that it is well defined and that the operation may
be reversed by running it backwards. Now we are going to look at how this operation may
be used to form an associative monoid on the set of tableaux. First though we will look
at what happens when we have two successive bumpings on a tableau T. This will tell us
something about where new boxes get added when we have these two successive bumpings.
Looking at all these bumping routes may seem a little pointless but when we look at the
main part of the proof for the Robinson-Schensted-Knuth correspondence we see that they
play an important role.

When an integer x is bumped into a tableau T, then in T, a number of the integers
get bumped down to the next row. We will call R the set of elements that get bumped
from a row and B the box that the last element lands. Quite logically we will call R the
bumping route of the row insertion, and call B, the box added to the diagram the new box.
In example 2.3 the bumping route consists of the shaded boxes and the new box contains

the number 7.

O |||
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It is clear to see that the bumping route has exactly one box in each of the rows going
down until we reach the new box. What we are going to do is compare the routes that two
bumpings take and show that we get some interesting results for two integers x and y that

are bumped into the tableau. First though we will need to set up some terminology.

Definition 2.5 We say that a route R is strictly left of a route R’ if all the bozes of R
are to the left of R’ for the rows in which R’ has a box. We will also describe weakly left

similarly.

Lemma 2.6 Two successive bumpings of integers x and y on a tableau T will give us a
tableau ((Tzx)+y) and we will have two bumping routes R and R’ and two new bozes B
and B’ with;

o If x<y, then R is strictly left of R’, and B is strictly left of and weakly below B’.

o If x>y, then R’ is weakly left of R, and B’ is weakly left of and strictly below B.

Proof To show this we need to apply a similar technique to earlier. If x<y then let us
suppose that  bumps a number say u from the first row. This will end up in the row
beneath either underneath x or to the left of it. Remember here that as v has been bumped
by x then it was the smallest number in the first row that was larger than z, so u> z.
Suppose v is bumped out of the first row by y, so v>y and we have v>y>2z. The element
v bumped by y must lie strictly to the right of the box where z bumped u to, since the
elements in that box or to the left are no larger than z, which v certainly is. One conclusion
that we can, make is that u<v and this argument is continued for each row. We see here
that the route for R cannot stop above that of R’, and if R’ stops first, the route for R never
moves to the right, so the box B must be strictly left of and weakly below B’.
Alternatively, if >y, and u and v are bumped respectively, then v must end up to the
left of u or bumping v. In both of these cases we end up with u>v, and so the argument is
again continued for each row. When z>y the route R’ must continue at least one row below

that of R. |1



We can define another type of diagram which is obtained by considering two Young

tableaux.

Definition 2.7 A skew diagram is the diagram that we get by removing a smaller Young
diagram from a larger one that contains it. If the two diagrams correspond to partitions
A=(A1,A2,...) and p=(p1, po,--.), we will write pCX. The resulting shape is denoted by

A p.

A skew tableau is just like before with Young tableaux. Fill the boxes of the skew diagram

with positive integers which are weakly increasing in rows and strictly increasing in columns.

Theorem 2.8 Let T be a tableau of shape A\, and let T be operated on by some x1,...,z;.

with U having shape p.

o If 1y < my < ... < z; then no two bozes in u/X\ are in the same column. If x1 > xo >
... > x;, then no two bozes of p/\ are in the same row. Also, let’s say that we begin with
U and there is a Young diagram, shape A, contained in p, with i boxes in p/\.

o If we get that no two bozes in p/\ are in the same column , then there is a unique tableau
T of shape A, and unique 1 < x2 < ... < m; such that U = ((-..(T x1 )+ @2 ). . ;.
Similarly if no two bozes in pu/X\ are in the same row, then there is a unique tableau T of

shape A, and a unique x1 > x2 > ... > xz; such that U = ((...(T+ 1) 22 ). . .¢x;.

Proof The first point made in theorem 2.8 comes from looking at two successive bump-
ings in a tableau looked at in Lemma 2.6. For proof of the second point we need to look
at reverse bumping. If u/X has no two boxes in the same column then start the reverse

bumping on U using the boxes in p/\. Begin from the right most box and work to the left.

Example 2.9 Consider the tableaux given below.



1]2[3]4] 4]

56]7 1]2[3

8]910 567 910
U = 1] S =18 R = 11

R is the skew tableau formed from S and U.

It is quite easy to see how the reverse bumping gives us a tableau T and a set of integers
which are bumped out. Lemma 2.6 on row bumping guarantees that the resulting sequence
satisfies z1 < ... < z;. If the skew tableau p/A has no two boxes in the same row, then do
i reverse bumpings, starting with the box which is furthest to the left. The Lemma again
tells us that what comes out of the top satisfies z;7 > ... > z; |}

We have already seen that we can successively bump two elements into a tableau, and we
have reverse bumped a whole string of elements but what happens if we take this further by
bumping in even more elements? We can form a product tableau TeU given any two tableaux
T and U. All that we do is successively bump in each element of the tableau starting from

the bottom and working left to right up to the top. So;

TeU = ((...(T+ x1)¢ x2)4...¢1;)

So if we have T and U and we want the product of the two then we just treat U as a string

of integers that need to be bumped in to T.

Example 2.10 For example;

1[2]3]5]
214]6
3/5|7
88 3[4]6]
T=19 and U= [4] then TeU= (((T<4)+3)<4)«6
1[2]3]3] 1[2][3[3[4]
1[2[3]4] 214]4 2044
2[4[5 3[5]5 3[5]5
T«4=[3[5/6 (T +4)+<3=[6[8 (T+4)+3)«4 =68
718 7] 7]
18 18 18]
19] 19] 9]




3]4[6]

QO | Ut | =N
[SAIE N

(((T+4)«3)«4)+ 6 =

|©]oo ]~ ]wo[po]—

The product TeU can be shown to be associative and so the product operation makes the
set of tableaux into an associative monoid, with the empty tableau being the unit. The
proof of this associativity will be given when we look at words in the Plactic Monoid in the

next chapter.
2.4 Shutzenberger’s sliding algorithm

The jeu de taquin (or “teasing game”) of Shiitzenberger is another way of constructing a

product on the set of tableaux. We can define an inside or outside corner as follows.

Definition 2.11 If we have a skew tableau on /X then an inside corner is a box in p such
that the boxes below and to the right are not in u. An outside corner is a box in X such that

neither box below or to the right is in .

Example 2.12 Consider the skew tableau given below;

56|

(28

9 1011
g — 1213

In example 2.12 the inside corners are the fourth box in the first row, the third box in the
third row and the second box in the fourth row. The outside corners are the last boxes in
the first, fourth, fifth and sixth rows. To perform the operation we take a skew tableau S
and an inside corner which can be thought of as a hole or an empty box.

e Slide the smaller of its two neighbours, to the right or below, into the empty box.



o If only one of these two neighbours is in the skew diagram then we choose that one.

e In the situation that the two neighbours have the same value then we choose the one
below. This is very similar to bumping where we considered elements to the left as smaller
than those elements to the right if two elements were the same.

e We repeat the process with the new inside corner (hole). If we get to a situation in
which there are no boxes to the right or below, then we remove the box from the diagram.

If we consider the skew diagram given in example 2.12 then carry out the sliding for the

second box in the fourth row.

56| 506 56|
4 4 4
5 5 5
d E 78P 7/8
9]10[11 9]10[11 9[10/11

Theorem 2.13 The Schiitzenberger sliding algorithm is well defined.

Proof Since the box which is added is an inside corner, and that which is removed is an
outside corner, the shape that results is certainly a skew diagram. To show that the result
of an operation is a skew tableau we need to show that the rows remain weakly increasing
and that the columns remain strictly increasing. We only need worry about what happens
in a select few boxes given below, where some of the labelled boxes might not exist in a

particular skew tableau.

[blv

My
(ulz]

g =

There are two possibilities here either x<y or >y

|b]|v] [b]v]
alzly laly

8

If <y then S— |“. Whereas if z > y then S— 41 2|



Let us consider the first scenario to begin with. The only thing that we need to ensure here
is that a < x < y. As we have a tableau then a < u < z and we have that ¢ < y, so
a < u <z <y and therefore a < xr < y as required.

In the second case we have to prove that b < y < x. We have that y < z and that
b<wv<y,s0b<wv<y<z and therefore b < y < z. So the sliding rule is well defined
and takes a skew tableau to a skew tableau and maintains the tableau conditions at each
step. |1

The sliding operation is very similar to the bumping operation in that they are both
reversible. Just like before we run the operation backwards, if we have a skew tableau and
we know the box that was removed then we can arrive at the starting tableau with the
chosen inner corner. The empty box or hole will move up or to the left, changing places
with the larger of the two entries. Opposite to before, if the two entries are the same then
choose the one above. When the empty box become an inside corner then we stop.

If we carry on choosing inside corners and sliding them out through the operation then
eventually we will end up with a tableau with no inside corners. This is called the rectification
of the skew tableau and the whole process is called the jeu de taquin. The nice thing about
the process is that no matter what order we choose the inner corners in then we still get the
same rectified tableau at the end. The proof of this is something that we will be looking
at later on, as we will need some more apparatus first. If we have a skew tableau, S, then
we can denote the rectification of S by Rect(S). The really interesting thing is that the
Schensted bumping and the Schiitzenberger sliding operations are very closely related.

Given two tableaux T and U we can form a skew tableau U % T by taking the tableau
U and placing it beneath the T and creating some empty squares like below, to form a skew

tableau U x T.

Example 2.14 Consider the tableaux T and U;

11



1[2]3]5]
214]6
315]7
8|8 314]6]
Let T =19/ and U =16
3416 112]3]5]
1 2/4]6
11235 3157
21416 8|8
3]5]7 9
88 3]4]6
then T * U = [9] and U x T = |4]
1]2]3/3]4]6]
214]4
315]5
68
7]
18]
Rect (T % U) = 9]

If we form the rectification of T * U, then we get a tableau. The surprising result is that
Rect(T * U) = T e U which is the operation that we looked at with Schensted’s bumping
algorithm. For example 2.14 we can see this as T and U are the same matrices used in
example 2.10 earlier in the chapter. The proof that Rect(T x U) = T e U will be looked at

later on in the next few chapters when we consider the word of a tableau.

12



Chapter 3

The Plactic Monoid

In this chapter we are going to study the word of a tableau. This is a way of encoding
a tableau with a series of integers which is less visual than the tableau itself but is very
important to the proofs of many of the properties of the tableaux. The Schensted operations
were originally invented to study the sequences of integers, but here we will look at it the

other way round. We will see what the bumping and sliding does to the associated words.
3.1 Words

We write a word as a sequence of integers and write w-w' or ww' for the word which is the
juxtaposition of the two words w and w’. Given a tableau or skew tableau T we define the
word of T, denoted by W(T) by reading the entries of T from left to right and bottom to
top.

e Start with the bottom row

e Write down it entries from left to right

e Go to the next row up and repeat

e Continue until you get the last entry in the top row.

In fact we have already looked at the word of a tableau when we considered the product
TeU. The whole process is clearly invertible and it is very easy to obtain the original tableau.
All we do is break the word whenever one entry is strictly greater than the next. These

pieces are the rows of T, read from bottom to top.

13



Example 3.1 The word 6 8466233511124 7breaksinto68/466/2335(11124

7 which is the tableau

1[1]1]2[4]7]
2133]5
4]6]6

68

It is worth noting that not every word comes from a tableau. 7 8/4 56 7 8/2455|1234is
a word but its pieces do not have weakly increasing length. Also we need strictly increasing
columns in Young tableaux which is not guaranteed in words. Skew tableau though are
slightly more interesting in that many different skew tableaux may determine the same
word. Unlike Young tableaux every word arises from some skew tableau. We break the
word into increasing pieces and put the pieces in rows, each row placed above and entirely

to the right of the row below.

Example 3.2 For the word 78 4567824551 234 we would have the skew tableau

given by;

112]3[4

2[4]5]5

415]6]7]8

[7]8]

Note that we do not always put in the empty boxes in the top left as these can always be

filled in if we require.
3.2 Bumping on words

What does the Schensted bumping algorithm do to the word of a tableau? Suppose an
element z is row-inserted (bumped) into a row. The easiest way to show what happens is
to break up the words into its pieces first, 6 8 4 6 6 23 35111 24 7 can be written as
(68)(466)(2335)(111247)

How might we row insert 37

14



(68)(466)(2335)(111247)-3 —» (68)(466)(2335)-4(111237) — (68)(466)-5(2334)(111237)

— (68)-6(456)(2334)(111237) — (8)(66)(456)(2334)(111237)

More generally suppose v and w are words and z' is an integer that is to be bumped out by
2. We have that 2’ is strictly larger than 2 and so the word u-z'-w becomes u-z-w and z’ is
bumped to the next row. The resulting tableau has word z'-u-z-w. So the basic algorithm

is therefore;

(u-z'w)z — ' uzw if u<e<z'<w

Here u and w are weakly increasing, with u<w meaning that every letter in u is smaller
than or equal to every letter in w. We may look at this bumping procedure at an even closer
level when considering tableaux. When we row-insert an element z in a tableau T, we start
by trying to put z at the end of the first row, testing = against the last entry of the row to
see if that entry is larger. If it is not, we put z at the end. If the last entry z of the row is
larger, and the entry y before it also is larger than x, we move x one step to the left and

repeat the process. Breaking this down we see;

wz'wr = ur'wr .. we_ 1wy > ux'w .. w1 zw, for z < wy_1 < w,

— uz' w1 .. Wy_2ZWy_ 1w for £ < wy_o < w1

— uz'wiTws . . . we_1w, for x < wy < wo

— uz'zws .. we_1wg for < 2’ <wy

If we look at each level of the transformation, then the result is that, each stage depends
on only three consecutive letters. If we look at the three letters then the first remains where

it is and the last two interchange. The basic transformation is;

Kiyzz—yrzifz <y<z
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We call this the elementary Knuth transformation K. This transformation was looked at by
Knuth [5]. There is also another elementary Knuth transformation which we shall denote

by K’. Suppose that x bumps z' and the 2’ moves successively to the left.

wz'TW = U ..Uy U W > Uy ..Uy T upzw for up, <z < '

— U1 .. 2 up_upzw for up_1 <wuyp < 2

— 12 ugus . . upzw for us < ug < 2’

— z'urus ... upzw for ug <up < 2’
And so we denote the second elementary Knuth transformation, K’, by
K:zzyr— zayifx <y<z

If we look at row bumping in a tableau then we can illustrate what these Knuth transfor-

mations really mean.

Z]

T
[yl

El

andsoyzr —yxzifx <y <z

B
=]

Z|elY

2]y
=zl a

ndsozzyr— zzy ifx <y <z

Both of these elementary Knuth transformations, K and K’, can be thought of as having
inverses. This is easily done by running the map backwards. So we can interchange the two
neighbours on one side of a letter y so long as they meet the either of the conditions in K
or K’. Suppose that we have two words w and w’. We call the two words Knuth equivalent
if one can be changed into the other by a sequence of elementary Knuth transformations.
We write w = w' to denote that the two words w and w' are Knuth equivalent. What we

have shown here is that for any tableau T and positive integer x;
Theorem 3.3 W(T)+x = W(T)x.

Proposition 3.4 In chapter 2 we defined that the way to construct Te U was by successively

row inserting the letters of U into T. So we have W(TeU) = W(T)- W(U)
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3.3 Sliding on words

We have looked at the Schensted bumping and how this affects Knuth equivalence but what
about the Schiitzenberger sliding. Luckily this procedure also preserves Knuth equivalence.

This can be seen by looking at some simple cases;

z]

x
— Y and so yzz — yzzif z < y < z (K)

— 1Zl and so zzy — zzy if 2 <y < z (K)

What we are going to show is that the Knuth equivalence class of a word is unchanged by
each step of the Schiitzenberger sliding procedure. As before the word of a tableau is defined
as reading the entries that occur from left to right and bottom to top. First we will consider
a horizontal slide and the consequences that this has on the word of a tableau. In fact the

word here remains the same as we read from left to right.

Ul . up x yl . yq U1 . up x yl . yq

w1 . wp 21 . . . zq_,'_‘ wn . wp 21 . . . zq_"_A

Figure 3.1: The effect of a horizontal slide on a tableau

So we have shown that for a horizontal slide the Knuth equivalence class of a word is

left unchanged. Consider the vertical slide given below;

lul |yl ulzly
[w]z]2] — [w] [2]

Due to the tableau’s properties, and the fact that we are moving vertically, we have that
u<w <z <y < z. During the slide we get the word of the tableau changing from wxzuy to

wzuzy. What we want to show is that these two words are Knuth equivalent and therefore
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that the sliding procedure preserves the Knuth equivalence of the words of a skew tableau.
Using K and K’ we show wxzuy = wzuxy. Note here that with K we swap the two letters
to the right and with K’ we swap the two letters to the left.

wrzuy = wruzy as u <y < z (K)

=wuzzy as u < w < z (K’)

= wuzzy as ¢ <y < z (K)

= wzuzy as u < z < z (K’)

For a formal proof we need to look at a general tableau. Consider the tableau below

which is similar to the one we looked at earlier but now we will perform a vertical slide.

up | | up Yi | | Yg ur | | up | T Y| | Yy

wy | - |wp| T | 2| | 2 wy | - | wp 21| | Zg

Figure 3.2: The effect of a vertical slide on a tableau

As we would expect, this tableau has all the usual properties that we would associate
with a tableau and so we have weakly increasing rows and strictly increasing columns. Also
as we are sliding the z upwards then we can also say that x < y;. So what we want to show
is that the two words wzzuy and wzuxy are Knuth equivalent. If 4 and w are both the
identity word ( i.e. there is nothing there) then we have to show;

T21.--2qY1---Yq = 21 ---2¢TY1 ---Yq

What we have here is y; being inserted into a row with entries z, 21, ..., 2,. We have to
ask ourselves which of these is the smallest number which is larger than y;. Thankfully we
know this already as we can use the properties of a tableau. We have that z < y; < z1 <
22 ... < 24 and so z; is bumped. We saw earlier that W(T «+ z) = W(T)-z and so we can
say that zz1...2,y1 = z12Y122 ... 24 giving us that;

(@z1.. . 2qy1) (W2 ... Yg) = (12Y122...2¢) (Y2 - - . Ygq)
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If we continue to bump y» into the row with entries z,y1, 22,...,2, then for the same
reason as before we end up bumping 2, into the next row. Now we can say that zyi12s ... 2,92
= 22TY1Y2723 - - - Z¢ giving us that;

(z12y122 - .. 2qY2) (U3 - - - Yq) = (1222Y1Y223 ... 2¢) (Y3 - - - Yq)

If we continue to bump in each of the y;’s then what we eventually get is that;

T2 ZqYt -+ Yqg = Z1---2g%Y1 - .. Yq and SO x2Y = 2TY

In the case when v and w are identity words we have therefore shown that wxzuy =
wzuzy. So really what we have been looking at is a base case where p = 0. If we now extend
this to a situation where p > 1 and assume that wzzuy = wzuzy holds for smaller p then

we can proceed to a proof by induction. Let;

w = wy. .. wp, u' = ug...up

And so wrzuy = wyw'rzuiu'y

Row inserting w1 into the row with the word w;w'zz we get w;, being bumped as this
is the smallest letter that is larger than u;. We therefore get wyw'zzu; = wiu;w'zz. And
thus;

wrzuy = wiw'zzuiu'y = wuiw' zzu'y.

We have already assumed that for p — 1 w'zzu'y = w'2u'zy so we have;

wrzuy =wiuw'zzu'y = wiuwiw'zu'zy (a)

The clever part here is to approach the problem from the other side. We want to show
that wzzuy = wzuzy and what we have is that wzzuy = wiuyw'zu'zy. We can write that
wzuzry = wiw'zuiuw'zy. If uy is row inserted into the word wyw'z then we get that w; is
bumped, thus wyw'zu; = wiuiw’'z. So we have;

wzuzry = ww' zuiu'zy = wiuiw' zu'zy (b)

Bringing parts (a) and (b) together we get wzuzry = wxzuy as required. The case for
any vertical slide follows quite easily from the situation that we just looked at by consulting

figure 3.3.
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Ul . up yl . yq

Figure 3.3: Part of a skew tableau

Figure 3.3 shows the important part of a generic skew tableau, which may be extended
upwards, downwards, to the left or to the right. The only parts which are affected by a slide

have been shown to be Knuth equivalent earlier.
3.4 Consequences of Knuth equivalence

Proposition 3.5 If one skew tableau can be obtained from another by a sequence of Schiitzenberger

slides then their words are Knuth equivalent.
Theorem 3.6 Every word is Knuth equivalent to the word of a unique tableau.

If we consider Theorem 3.3 then we see that every word is Knuth equivalent to at least
one tableau, we just construct the obvious tableau by bumping in the letters of the word in

successive order. If w = wiws ... w, then construct the tableau:
(- (w1 wa2)  w3) « ...) « Wp—1) < Wp

There is a special name for this procedure and the resulting tableau. The procedure is called
the canonical procedure and we can denote the tableau by P(w). The proof of theorem 3.6
will be in the next chapter. To show that this P(w) is unique will take us until the end of
the next chapter but if we assume that the theorem is true for the moment then we can

make some interesting observations.

Theorem 3.7 The rectification of a skew tableau S is the unique tableau whose word is
Knuth equivalent to the word of S. If S and S’ are skew tableauz, then Rect(S) = Rect(S’)

if and only if W(S) = W(S’).

20



The proof here follows directly from theorem 3.3 and proposition 3.6.
In chapter 2 we showed two different ways to form a product of two tableaux T and U.
Related closely to these two is a third way, the word of a tableau. As before we define the

product of two words by juxtaposition.

Theorem 3.8 The three constructions of the product of two tableaux agree

To prove this all we need to show is that W(TeU) = W(Rect(T*U)) = W(T)-W(U). For
the bumping construction, TeU, we showed this in proposition 3.4. When the operation is
sliding, with the rectification, we need to show that W(Rect(T+U))= W(T)-W(U) and this
follows directly from proposition 3.5. |

Once we have proved the uniqueness part of theorem 3.6 then we can say that we have
proved the three claims made in chapter 2. We can now say that the product makes the set
of tableaux into an associative monoid with the empty tableau being the unit in this monoid.
We can also say that if we start with a given tableau then all choices of inside corners lead to
the same rectified tableau. Also we have shown above that the two definitions of a product

on a tableau agree, i.e. TeU = Rect(T+U)

3.5 The Plactic Monoid

For the last part of this chapter we are going to take a look at what we mean by the Plactic
monoid. A monoid is a set M together with a binary operation - on it that satisfies the
following two conditions:

e the operation is associative: given any three elements a, b and ¢ in M,

a-(b-¢c)=(a-b)-c

e there is an element ¢ in M (the identity element) such that for any element a in M,

a-p=¢-a=a
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Let M = M,, be the set of Knuth equivalence classes of words on the alphabet [m] =
{1,...,m}. The product on this set is determined by the juxtaposition of words, as if
w = w' and v = v’ then we have w-v = w' - v = w' - v'. This makes M into an associative
monoid with the identity represented by the empty word. More formally, the words form a
free monoid F' with the operation and identity the same as in M. The map from F to M
that takes a word to its equivalence class is a homomorphism of monoids; M = F/R, where
R is the equivalence relation generated by the Knuth relations K and K’. M was called the
Plactic monoid by Lascoux and Schiitzenberger [6]. What we have done amounts to saying

that the monoid of tableaux is isomorphic to the Plactic monoid M.
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Chapter 4

Increasing Sequences and the
Proof of Uniqueness

4.1 Weakly Increasing Sequences

The main aim of this chapter will be to prove the uniqueness part of theorem 3.6. We will
do this by considering Schensted [11] and Greene [3]. The original purpose of Schensted’s
work was to look at finite sequences of integers. He concentrated on the problem of the
determination of the number of sequences of length n, consisting of the integers 1,2,...,m,
which have longest weakly increasing sequences of length a. If w = z1z5 ...z, then a weakly

increasing sequence is a subsequence that we can extract from the word such that;
Tiy L Tip, KTy < ... <y, with 41 <ig < ... <14
Example 4.1 If we consider the word
w = 9883572461235

Then a weakly increasing sequence of w of length four is 2 2 3 5. In fact this is the longest

weakly increasing sequence of the word w. If we consider the tableau P(w);

3]5]
6
7

P(w)=

Qo (Ut | N

‘QOOOQJl\Dl—l
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then we see that the length of the first row is also four. This is no coincidence.

Proposition 4.2 The length of the longest increasing sequence of a word w is the length of

the first row of P(w).

We will consider the proof of this later on in the chapter.

Definition 4.3 Consider a sequence o and a weakly increasing sequence o1 that is extracted
from o. Suppose we now ignore all the numbers that were used in the sequence o1 and we
manage to extract another weakly increasing sequence oo from o with the remaining numbers.
If there are no more numbers to extract another sequence then we can write o as the disjoint

union of two weakly increasing sequences oy and os.

o =01 o9

Definition 4.4 If w is a word then a subsequence o of w is k weakly increasing if, as a set,

it can be written as;

0':0'1@0'2@...@0']‘,

Where the o; are weakly increasing subsequences of w and ¥ is the disjoint union.

Let L(w,k) be the length of w’s longest k-weakly increasing sequence. L(w,1) is the length
of the longest weakly increasing sequence that can be extracted from w and denote this
by «, thus L(w,1) =a. For w =988 3572461235 then a = 4. Suppose that we
have extracted a weakly increasing sequence from w. Now we can consider extracting a
further disjoint weakly increasing sequence from w. L(w,2) is the largest number that can
be obtained when we sum the lengths of 2 disjoint weakly increasing sequences extracted
from w. Note though that the first sequence does not have to be maximal in length.

For example for our w=98 835724612 35 we see that the longest 1-,2-,3-.4- and

5- weakly increasing subsequences are given by;
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1235
2461235=1235W246
3572461235=1235W246wW357
883572461235=1235W246W3574U88
9883572461235=123542464357W88W9

Thus L(w,1) = 4, L(w,2) =7, L(w,3) = 10, L{w,4) = 12 L(w,5) = 13.

Recall that P(w) has the partition A\ = (4,3,3,2,1), so that;

Al =4 AM+A=44+3=7
A+ Ao+ A3 =443+3 =10 A+ Ao+ A3+ Ay = 44+343+2 =12

AL+ A2+ A3+ A+ A5 =44+3+3+2+1 =13

Thus we can see a pattern emerging.

Theorem 4.5 Greene’s theorem

Given a word w of a tableau T with partition A = (A1,As,...,\x). Then, for any k,

Lw,k) =X + X + ... + X

Proof If we have a word w of a tableau T then we can easily find L(w,k) for each k. If we
consider any increasing sequence taken from w then the numbers which are taken are from
the tableau from left to right, never going down the tableau. The letters must be taken
from different columns and so L(w,1) is the total number of columns which is the number
of boxes in the first row. In a similar fashion L(w,k) is the number of boxes in the first
k rows. Any disjoint union of k sets of boxes in a Young diagram, each of which contains
at most one box in a column, can have no more boxes than there are in the first k rows.
For example if we have k such sets then we can find k sets with the same number of boxes.
These are all taken from the first row, by replacing lower boxes by higher boxes in these k

rows. ||
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Theorem 4.6 If w and w' are two Knuth equivalent words, then for all k

L(w,k) = L(w',k)

Proof We consider the two elementary Knuth transformations K and K’. First K. Suppose
that w =21 ...yz2z...2, and w' = 21 ...y22...2, and that w' is obtained from w by the
elementary Knuth transformation K, so that z < y < 2. Then L(w,k) > L(w',k). Since
z and z are out of order in w', they can never be in the same component of a k-weakly
increasing subsequence. Similarly for K’. Here we would have that v = z1 ...22y ...z, and
v' =z ...2xY...1, and that v' is obtained from v by the elementary Knuth transformation
K’ so that < y < z. Here we also have that L(v,k) > L(v',k). Since z and z are out of
order in v’, they can never be in the same component of a k-weakly increasing subsequence.

To show that L(w,k) < L(w',k) we consider K again. We only need to show that any

k-weakly increasing subsequence of w has a corresponding k-weakly increasing subsequence

in w' of the same length. Let;

u‘J:wlLﬂngﬂ...&ka

be a k-weakly subsequence of w. If z and z are not in the same w;, for any ¢, then the w;
are also increasing subsequences of w' and we are finished. Now suppose that z € w; 2 € wy

(Without loss of generality). If y ¢ w, then let;

w} = w; with z replaced by y.

Since we have that z < y < z, then wj is still weakly increasing and

W =wWwy ... Wwy

is a sequence of the right length. Finally, suppose that y € w. Note we cannot have y € w;
as this would mean that z,y and z are in w;. This would be impossible as z < y < z.
In w z,y and 2z appear in the order yzz which means that they cannot all be in the same

subsequence. So suppose that y € wa. Let;
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w1 = the subsequence of w; up to and including z,
wy = the subsequence consisting of the rest of wy,
wa = the subsequence of ws up to and including vy,

wo = the subsequence consisting of the rest of ws

It is useful to note here that w; = w; - w; for i = 1,2

We now construct

w) = Wy - Wa and wh = Wy - Wy

Which are weakly increasing as < y < minws and y < z respectively, where y < minws

means that y is less than the smallest number in w,. Also we have;

W= wlYwh WwsW. .. Wwyg

is a subsequence of w' as x and z are no longer in the same component subsequence. Since
its length is correct then we have proved the required inequality that L{w,k) < L(w',k).
To do the same for v and v' where we consider the elementary Knuth transformation K’,
we consider v =21 ...22y ... o, and v' = z1 ... 22y ...2, where z < y < z. The idea goes
along the same line as above, taking care that x and z are now on the left hand side of y
instead of the right.
So we have shown that L(w,k) = L(w',k) and that L(v,k) = L(v',k). So if two words w

and w' which are Knuth equivalent then

L(w,k) = L(w",k) |

Incidentally the fact that L(w,k) = A\; + Ay + ...+ Az does not mean that we can find a

k-weakly increasing subsequence of maximum length

u‘):wlLﬂngﬂ...b‘ka

such that the length of w; is A; for all 4.
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Example 4.7 We consider

w=49131711261215

Then

[=2]

P(w) = |2 11[12]15]
419117

Here we have that L(w,2) = 5+3 = 8 but there is only one 2-weakly increasing subsequence

of w having length 8, namely

w=491317w 261215

It is easy to check that we cannot represent w as the disjoint union of two increasing

subsequences of lengths 5 and 3.

From theorem 4.5 and theorem 4.6 we can tell the shape of any tableau whose word w
is Knuth equivalent to a given word w'. If we are given a word w then we would like to be
able to tell the tableau that it has come from or what the tableau P(w) has as its entries

without having to use Schensted’s procedure.

Definition 4.8 Consider the largest letter in w (or the furthest to the right if there are two

or more) and call this [.

Remove [ from w and call this new word w,. This word w, will give a diagram with one
less box than w. By comparing L(w,k) and L(w,,k) we can tell the row of the tableau that
I was in. We clearly have that [ is at the end of this row otherwise we would not have a
Young tableau. If we continue in this way then we can recover the whole table.

For example consider the word w = 6 3 4 6 . The largest letter in w is 6 and we choose
the one which is furthest to the right. Thus we have that w, = 6 34 . L(w,1) = 3 and
L(w,,1) = 2, and so our 6 is at the end of the first row of P(w). Denote woo to be the same

word as w except that the largest and second largest entry have been removed. For w = 6
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3 4 6 we have wo, = 3 4. It is clear then that as L(wes,1) = 2 and L(w,,1) = 2 the we must
compare the next row of P(w). L(w,,2) = 3 and L{w..,2) = 2 giving us that our 6 is at the
end of the second row of P(w). If we define woo, to be the same word as w but with the
largest, second largest, third largest entry taken off w, for our example we have wooo = 3.
Comparing L(wee,1) = 2 and L(weeo,1) = 1 we have that the entry 4 must be the second
to last entry at the end of the first row of P(w). The length of the first row of P(w) is three

and so our 3 must go at the beginning of the first row. Thus we have that;

3/4]6]
Forw=6346 P(w) = 6]

4.2 Proof of Uniqueness (Theorem 3.6)

What we are going to show is that removing the largest letters from Knuth equivalent words

leaves Knuth equivalent words and then use this to prove the uniqueness part of theorem

3.6.

Theorem 4.9 Let w and w' be Knuth equivalent words with w, and w. being the result of
removing the p largest and the q smallest letters from each respectively. We have that w,

and wl are Knuth equivalent words.

Proof We are going to use induction on the length of a word to show that if we move the
smallest or largest letters from w and w' then we still get Knuth equivalent words. Consider
as before w and w' where the latter is obtained from the former by an elementary Knuth

transformation K. Let;

W=21...YT2...%n and w =x1...92T...2,

If the element removed from w is not one of xz,y or z then the Knuth equivalence of w,
and w! is clear. Suppose that the letter that is removed is z,y or z. In fact it must be z
as we have that © < y < 2. If z is removed then we have w, = w),. Thus w, = w! when

we consider removing the largest letter from w and w' with w being related to w' by K. To
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prove the case for K’ and the smallest letter we consider a similar approach which is left as
an exercise.

We will now complete the proof of theorem 3.6. We will show that if a word w is Knuth
equivalent to the word W(T) of a tableau T, then T is uniquely determined by w. We will
use induction on the length of a word. The base case is the situation in which we have only
one letter in a word. Clearly T is uniquely determined by w. We know that the shape A of

a tableau is uniquely determined by w. So

Ar = L(w,k) — L{w,k — 1)

We have from earlier that [ is the largest letter (or furthest to the right if there are two
or more) occurring in w and that w, is the word left when [ is removed. Define T, to be the
tableau obtained by removing [ from T. By theorem 4.9 w, is Knuth equivalent to W(T5).
Through induction on the length of the word, T is the unique tableau whose word is Knuth
equivalent to w,. As we know the shape of T and the shape of T, the only possibility for

T is that it is obtained from T, by putting / in the remaining box. |

30



Chapter 5

The Robinson-Schensted-Knuth
Correspondence

5.1 The Robinson-Schensted Correspondence

The Robinson-Schensted-Knuth correspondence is the result that we have been leading
up to all the way through. It gives a one-to-one correspondence between matrices with
non-negative integer entries and pairs of tableaux of the same shape. A version of the corre-
spondence, for permutations was given by Robinson [9], and later shown independently by
Schensted [11], who also extended it to arbitrary words. Knuth [5] made the generalization
to two-rowed arrays, or matrices.

Let P(w); be the result of the canonical procedure from using letters x; ...z; from a
word w = 1% ...%;...2;. The tableau P(w) corresponding to a word w = z122...2; is
formed from the canonical procedure

(- (1 ¢ 22) ¢ 23) ...+ 2j)

The tableau Q(w); corresponding to the same word w is the array which is obtained
by putting ¢ in the square which is added to the shape of P(w); when z; is inserted into
P(w);—1. Q(w); is certainly a tableau as the box which is added to P(w);_; is an outside

corner, and so the new entry in Q(w); is larger than the entries above or to its left.

Example 5.1 Suppose that w =49 13 17 11 2 6 12 15, then the tableaux constructed by

the bumping procedure are
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P(w), = P(w), = P(w)s; = P(w), = 4]9]13[17
6

2]9]1117 2[611]17]
41911117 14 49
P(w)5 = E P(U))(; = E P(w)7 = E
2[6[11]12 216 [11]12[15]
419017 419017
P(w)s = (13 P(w)g = P(w)= 13

The corresponding Q(w); tableaux are,

Q(w)r = Q(w)> = Q(w)s = Q(w)s =
2

1[2]3]4] 1[2]3]4]
1[2[3]4] 5 5(7
Q(w)s =15 Q(w)s =L6] Q(w); =16/
1/2[3]4] 1/2[3/4]9]
5718 5718
Qw)s =16 Q(w)y = Q(w)= L6

We saw in Chapter 2 that the Schensted bumping algorithm was invertible if we knew
the position in which the last box was added. So by reversing the steps in the Schensted
algorithm we can recover the original word w from the pair (P,Q). It is very easy to go from
the pair of tableaux (P;,Q;) to the pair (P;—1,Q;—1)- Note which box the largest element of
Q; is in, and then apply the reverse bumping to the corresponding box in P;. The reverse
bumping will bump an integer out of the tableau, this is the letter x; of the word w. Now
we remove the it" letter from Q and we have a pair of tableau (P;_1,Q;_1) and the it" letter
of w. We can carry on with this procedure to get the word w. What is useful is that we
can use any pair of tableaux with the same shape so long as one of them has entries with
no repeats, i.e. a standard tableau. We can find the word w from which P was formed, in
the canonical procedure, by using the method that was described above. What we have is a
bijective correspondence between words w ( letters from 1,2, ..., m of length ¢) and ordered
pairs (P,Q) of tableaux (entries from 1,2,...,n of the same shape A and i boxes) with Q

being standard. This is called the Robinson-Schensted Correspondence.
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5.2 Robinson Correspondence

If we consider the special case of when ¢ = n and when the letters of w are from the set
1,2,...,n each occurring once then we get the Robinson correspondence. We have a bijective
correspondence between standard tableaux (P,Q) and the Symmetric Group S,, when w is
considered as the permutation which takes i to the i** letter of w. Consider the Symmetric

group S3 then the corresponding tableaux to the elements of S3 are as follows.
Example 5.2 The elements of S5 are,

7T1:].23 7T2:2].3 7T3:231

=312 =321 e =132

P(m) = Q(m) =

1[3] 1]3]
P(my) = 2] Q(my) = L2
1]3] 1]2]
P(Trg) = l Q(W3) = i
1]2] 1]3]
P(mq) = 3] Q(m) =12
1] 11
12 12
P(7r5) = i Q(W5) = i
1]2] 1]2]
P(mg) = (3] Q(me) =13

An interesting point to make here is that when we have an element 7; which is an involution
(i.e. a permutation such that # = 771) in S, then the tableaux P and Q that are formed are
identical to each other. The reason for this will become apparent when we have considered

the symmetry theorem and the matrix of an array.
5.3 Robinson-Schensted-Knuth Correspondence

Knuth [5] generalized the Robinson-Schensted correspondence to an arbitrary ordered pair

(P,Q) of the same shape, where P has entries from 1,...,n and Q has entries from 1,...,m.
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The same reverse bumping procedure can be used as before to give us a two-rowed array
U U2 ... Uj . .
o v v where v; is the entry that is bumped from the top row of P; and u;
1 2 ... '
is the corresponding entry in Q.
In the case of the Robinson correspondence we had Q had n distinct entries from 1,...,n.
In this case the set of integers u;, from the array above, would just be j so we have the
1 2 ... n . . . .
array which carries the same information as the word w = vivs ... v;.
Vi V2 ... Up
We can treat this array as a word so long as its top row consists of the numbers 1,2,....n
in order and the v; are also distinct integers from 1,2,...,n. We can write our permutations
L . 1 2 3
that we looked at earlier in this way. For example 73 = 2 3 1
Before we can look at Knuth’s correspondence a little closer we need to define what
we mean by lexicographic order. If we are given two tableau P and Q and we do reverse

bumping to get an array, then what properties does this array have? An easy property to

spot first of all is that the w;’s are in weakly increasing order, so we have:

(1) U/1SUQS...<UJ'

Another property of the array can be obtained if we look at lemma 2.6 about the row-
bumping route of an integer. This describes the bumping routes of two successive row-
insertions. If we have that u; 1 = w;, the we would have that the box B’ that is removed
from P; lies strictly to the right of the box that is removed from P;_; in the next step of the
reverse bumping. So now we are in the situation described in case one of lemma 2.6 This

tells us that the entry v; is at least as large as v;_1, so we also have:

(2) vi1 < if Ui 1 = Ug

Uy U2 ... Uy

s in lexico-
U1 V2 e Uy

Definition 5.3 We say that a two-rowed array v = (

graphic order if our conditions (1) and (2) hold.
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Lexicographic ordering is the way in which words are ordered in a dictionary. When we
compare two words in a dictionary we order them first by their first letters and if these are the
same we move on to the second letters and so on. Given an array in lexicographic order we
can construct a pair of tableaux with the same shape (P,Q). For ¢ < j let P; be the result of

. . Uy Uz ... Uy
the canonical procedure from using letters v; ... v; from an array ( vl U2 UJ ) . The
1 2 ... '

uyp U2 ... Uj

tableau P corresponding to the array ( v ) is formed from the canonical

vy ... Y
procedure

(- .((v1 = v2)  v3) ... ¢ Vj)

The tableau Q; corresponding to the same array is the tableau which is obtained by
putting u; in the square which is added to the shape of P; when v; is inserted into P;_;. It
is easy to see that P; is a tableau as it is formed from the canonical procedure. To show
that Q; is a tableau we use induction. Q; is a tableau with entry u;. To see that Q; is a
tableau, we show that if u; is placed under an entry u; in Q;_; then w; is strictly larger
than u;. We do this by considering the case when u; = w; as it is impossible for u; < u; as
we have the array in lexicographic order. If w; = u; then u; = wj41 = ... = uj—1 = u;, from

(1). So from (2) we have v; < vy < ... < v;. From lemma 2.6 we have that the box added

for u; will not be in the same column as u; and so we have a contradiction.

Theorem 5.4 R-S-K The operations defined in this chapter set up a bijective correspon-
dence between two-rowed lexicographic arrays v and ordered pairs of tableauz (P,Q) with the
same shape. Under this correspondence:

(1) v has j entries in each row <= P and @ have j boxes each. The entries of P are
the elements of the bottom row of v and the entries of Q) are the elements of the top row of
y

(2) v is a word <= (@ is a standard tableau.

(3) v is a permutation <= P and Q are standard tableau.
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In fact if we are given any two-rowed array then we find the unique lexicographic array by
putting its vertical pairs in lexicographic order. Two arrays are considered the same if they
have the same pairs (u;,v;) each occurring the same number of time in each array. We could
also say that their corresponding lexicographic arrays are the same. So to conclude we can
associate an ordered pair (P,Q) to an arbitrary two-row array.

When we construct P and Q we treat the two rows of the array very differently. For the
entries in the bottom row we bump them into a tableau P and for the first row we just place
them in the tableau Q. The interesting fact is that these two operations are more closely

related then we would expect. This is illustrated in the following theorem.

5.4 Symmetry Theorem

corresponds to the

Theorem 5.5 Symmetry Theorem If an array ( Zl U2 ... Uy

1 (%) cee U5
v1 V2 ... V5

pair of tableauz (P,Q), then the array ( w "
1 2 ... j

) corresponds to the pair (Q,P).

2 3 4 5 6

Example 5.6 As an illustration of this theorem consider the array; ( 49 13 17 11 2

we showed earlier that this array corresponds to the pair of tableaux

1/2]3]4]9] 2] 6 [11]12]15]
5|78 41917
Q(w)= 6] and P(w)= 13|
. 4 9 13 17 11 2 6 12 15 . .
If we consider the array ( 1 2 3 4 5 67 8 9 ) then by putting this in
. . 2 4 6 9 11 12 13 15 17
lexicographic order we get the array z _( 6 172 5 8 3 9 4 ) then the

tableaux constructed by the bumping procedure are

Pw), =6 Pw), =6 Pw);=.6 P(w)s = 617

1]2]3]8]
1]2]5] 1]2]5]8] 5|7
P(w); = 617 P(w)s =617 P(w); = 6]
1/2[3]8]9] 1/2]3]4]9]
5[7 5[718
P(w)s =6/ P(w)y = P(w)= 6/

The corresponding Q(w); tableaux are,
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2[6] 216
Q) =121 Q) =[4] Q) =[4] Q(w), = 4]9

2]611]12
2[6]11] 2[6 1112 49
Q(w)s = 419 Q(w)g = 419 Q(w)7 = 13]
2[6 111215 26 11[12]15)
419 419117
Q(w)g =13 Q(w)y = Q(w)= 113

Here we can see that we have the same pair of tableaux that we got earlier in example 5.6.
We will look at the proof of the symmetry theorem in the next chapter through the Matriz-
ball construction. Before the introduction of this construction we will look at matrices and
show how the information in a two-rowed array may be converted into a simple m x n
matrix. An equivalence class of two-rowed arrays can be identified with a collection of pairs
of elements (,§), i in [m], j in [n], each occurring with some nonnegative multiplicity. We
can represent this data in an m x n matrix A whose (4,j) entry is the number of times

( ; > occurs in the array.

. 11122 2 233333 44 4
Example 5.7 Ifwecon51derthearray( 92 3112311133133
then it can be identified with the matrix
0 2 1]
2 11
A= 3 0 2
10 2|
with the tableaux P and Q being
1[1]1]1]1]1]3][3]3] 1[1]1]2[3][3]3][4]4]
212[(2]3]3 21212134
P =13 Q=13

We will be looking at example 5.7 very closely in the next chapter. Now we can restate the
R-S-K correspondence in a different form. We can say that the R-S-K correspondence is
then a correspondence between matrices with nonnegative integer entries and ordered pairs
of tableaux (P,Q) of the same shape. We can see that if we have an m x n matrix, then

P has entries in [n] and Q has entries in [m]. For the matrix in example 5.7 we see that P
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would have entries in [3] and Q would have entries in [4] as we have a 3 x 4 matrix. Looking
even closer at the matrix we can tell even more about P and Q. The ith row sum is the
number of times ¢ appears in Q. By looking at A we see that its first row sum is 3 which
is exactly the number of times 1 occurs in Q. Similarly the j column sum is the number of
times j occurs in P. By looking at A we see that the third column sum is 6 which is exactly
the number of times 3 occurs in the tableau P. There are other properties that can be found
also. Consider the case when we have exactly one 1 in each row with the other entries being

zero, this is the matrix of a word.

Example 5.8 For the word w = 4 9 13 17 11 2 6 12 15 the corresponding array is

(123456789

49 13 17 11 2 6 12 15)andthlshasthema,tr1x

00010O0O0OO0OO0OO0OO0OOO0OOO0OO0OTGO
0000OO0OO0OO0OTLI OO0OO0OOOOTGO
0000OO0OO0OO0OO0OOOO1O0O0O0O0OTGO 0
000O0OO0OO0OO0OOOOOOOS®O0OTGO0T1
000O0OO0OO0OO0OO0OO11IO0O0OOO0OO0OTG O
0100O0OO0OO0OO0OO0OOOOOO®OO®O0
0000O0O1O0O0O0OO0OO0OOO0OOOOGO0
0000OO0OO0OO0OO0OOO0OT1IO0O0OO0OO0OG® 0
100 00O0O0O0O0OO0O0OO0OO0OO0OO0OT1O0 O]

A natural operation on a matrix could be to take its transpose. This transpose would cor-
respond to the array turned upside down. We can therefore restate the Symmetry theorem
again. If a matrix A corresponds to the tableau pair (P,Q) then the transpose A! corre-
sponds to the pair (Q,P). If we consider symmetric matrices then we notice that A = At

and therefore we can say that symmetric matrices correspond to pairs of the form (P,P).
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Chapter 6

Matrix-ball Construction

To go from an array to a pair of tableaux means that we have apply the bumping procedure
several times to a tableau, which requires, especially for large tableaux, successive rewriting
of tableaux. In this chapter we shall look at a geometric construction which will allow
us to go from an array to a pair of tableaux much quicker as we will not have to keep
rewriting tableaux. The motive for looking at this construction though will be to prove the
Symmetry theorem given at the end of chapter 5. At the end of the chapter we will look
at a construction which will allow us to go from a pair of tableaux (P,Q) to the original
array w without having to do any reverse bumping. We shall give a recipe for assigning to
an m x n matrix A a pair (P,Q) = (P(4),Q(A)) of tableaux which we call the matriz-ball

construction.
6.1 Matrix of Balls

Let A be an m x n integer matrix, we will associate a diagram to A as follows, for example,

consider the matrix A discussed at the end of the last chapter in example 5.7.
0 2

1

11

A= 0 2
0 2

o V]

Construct a table with 2 vertical lines and 3 horizontal lines as below. For the general m

x n matrix we would have n — 1 vertical lines and m — 1 horizontal lines. To fill the table
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Figure 6.1: The empty table for A

consider the (4,j) entry of A. Place this many balls in the (i,5) position of the table. If there
is more than one ball in a position then place them diagonally from top left to bottom right.
In matrix A there is a 3 in position (3,1). In the table there will be three balls in the (3,1)

position. Consider the table given in figure 6.2 for the matrix A . It is therefore quite easy

O
O

O] 0O

O

Figure 6.2: Matrix of balls for A before numbering

to go from a matrix A to the table with balls in the corresponding positions. What we are

going to do now is number each of the balls with a positive integer. This is done as follows.

Definition 6.1 We say that a ball is in a position upper left to another if it is weakly above

and weakly to the left of it.

We number the balls starting from upper left to lower right. We give a ball the smallest

number that is larger than all the numbers which number balls to the upper left. If there is
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more than one ball in a position in the table then we number them with consecutive integers
with the ball to the top left getting the smallest numbering. A ball is numbered 1 if there
are no balls to the upper left of it. A ball is numbered %k if £ — 1 is the number of the
upper left ball in the same position, or if the ball is the first one in a given position, and
k —1 is the largest number occurring in a ball to the upper left. This numbering may sound
complicated but it isn’t really and it is best shown by an illustration. Start with the first
row and first column of the table. Number a ball 1 if it is the first one in its row or column.
Now label the next one in the column or row 2 and the next 3 etc. For our matrix A given
in example 5.7 we have numbered the first row and column of the corresponding table in

figure 6.3. Now we consider the second row and second column. The ball in the second row

O]
®

OO0

®

Figure 6.3:

and second column must be numbered so that it is one more than any ball to the upper left.
Note that in this example there is a ball numbered 2 to the left and above. We therefore
number our ball 3, as 3 is the smallest integer which is larger than all the numbers which
number balls to the upper left. The ball in the third column and second row is numbered
4, as there is a 3 above it and a 3 to the left. Now we look at the third row and column.
The first ball in this column must be numbered 6 as there is a ball in a position to the left
which is numbered 5. The next ball may be numbered 7, and the next two 8 and 9. The

resulting table is given in figure 6.4 and we call it A™.
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©) © — AW

©)

Figure 6.4:

6.2 Forming Tableaux from the Matrix of Balls

In this section we are going to see how the matrix ball construction allows us to form two
tableaux P and Q of the same shape from the matrix A and we shall denote these tableaux
by P(A) and Q(A). This will be done a row at a time starting with the first rows of the
tableaux P(A) and Q(A). To get the first row of P(A) we simply list the left most columns
where each number appears in the matrix-ball construction. To get the first row of Q(A)
we just list the top-most row where each number occurs. So the ith entry of the first row
of P(A) is the number of the left-most column where a ball numbered 7 occurs. Similarly
the ith entry of the first row of Q(A) is the number of the upper-most row where a ball
numbered ¢ occurs. For example 5.7 we see that the left most column in which a 1 occurs
in A® is the first column and the upper most row in which a 1 in A™ occurs is the first
row. Therefore the first entry in P(A) is a 1 and the first entry in Q(A) is a 1. We continue
this for each of the i elements in the first row. For our matrix A in example 5.7 this gives
us the first row of P(A) as (1,1,1,1,1,1,3,3,3) and the first row of Q(A) as (1,1,1,2,3,3,3,4,4).

To find the second row of the tableaux P(A) and Q(A) we need to form a new matrix
ball construction which is done as follows. We look carefully at sets of balls in our original
matrix with the same number. Suppose we have a number p, and there are [ > 0 balls with

this number on them in our original matrix. We then put [ — 1 balls in our new matrix as
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follows. The [ balls in A all lie in a string from upper right to lower left with each of then
occurring in a different column and row. Connect all the [ balls by perpendicular lines as
follows. Start from the ball furthest to the bottom of the matrix. Draw a horizontal line
from this ball to the right until you get to the column in which the next ball numbered p is
situated. Now at a right angle draw a vertical line up to the second ball numbered p. Now
repeat the same procedure for the second and third balls numbered p and up to the end

so that you reach the [th ball. For a general matrix this is shown in figure 6.5. Where the

@
®r1-+

@ PR
@ oo

T

Figure 6.5:

dotted lines meet at right angles we place our [ — 1 balls in these positions reordering within
a position to get them in a diagonal string from the top left of a position to the bottom
right. We discard what was in A(") before and we end up with a new matrix with [ — 1
balls. For the string of balls in figure 6.5 we get the new diagram as given in figure 6.6.
For each number p we repeat the process and we put all of the new balls in the matrix.
For our example 5.7 we get the matrix of balls given in figure 6.7. We number the new

matrix of balls in the same way that we did before. We therefore get a new matrix called

A®),

Definition 6.2 From the matriz ball construction we define the derived matriz A% to be a
matriz having for its (i,j) entry the number of balls in the (i,7) position of the new matriz

of balls, A®
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Figure 6.6:

Figure 6.7:

For our example 5.7 this would give;

AO{

I
oo oo
O~ N O
== O

®

® O
®

We can now read off the second rows of our tableaux P(A) and Q(A). This is done in the
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same way as before. That is the ith entry of the second row of P(A) is the number of the
left-most column where a ball numbered ¢ occurs. The ith entry of the second row of Q(A)
is the number of the upper-most row where a ball numbered ¢ occurs. This gives us the
second row of P(A) to be (2,2,2,3,3) and the second row of Q(A) to be (2,2,2,3,4).

To get the third row of P(A) we continue with the matrix ball construction to get A®)
which is the matrix of balls corresponding to (A%)®. From A(®) we can easily read off the
third row of P(A4) and Q(A) which in our example we find to be (3) and (3). We get the
same tableaux P and Q that we looked at towards the end of chapter 5 in example 5.7
111222233333444)

whenwecons1deredthewordw:(2 9311231113313 3

corresponding to A.

= A®)
©,
1[1]1]1]1]1]3][3]3] 1[1]1]2]3][3][3[4]4]
212]2[3][3 212]2[3]4
P(A)=P(w)= 3] Q(A)=Q(w)= 3.

For our example we have shown that for our A corresponding to w we have P(A)=P(w)
and Q(A)=Q(w). What we want to prove in general is that the matrix-ball construction

agrees with the construction given in the R-S-K correspondence in chapter 5.

Theorem 6.3 If the matriz A corresponds to a two-rowed array w, then (P(A),Q(A)) =

(P(w),Q(w))

Proof We begin by looking at what happens when there is only one entry in the matrix A.
Suppose this is in position (z,y); this will have come form the array w :( z ) This array

corresponds to the tableaux
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Q(w)=1x] P(w)=Ly]

This tells us that there is one pair in the array and one ball in A®). This ball will be

numbered 1 and it will be in zth column and yth row. Therefore;
Q(a) =x] P(A)=ly.

Suppose we have a matrix A with a number of entries in different positions.

Definition 6.4 Define the last position of A to be the position (x,y) as follows. Pick the
lowest Trow of A which is non-zero. Choose the entry of this row which is furthest to the

right and non empty. This is the last position of A. For example consider the matriz

001 2
0130
12 3 4
B=|56 00
0001
0010
000 0

In B the last position is the position (6,3) which has a 1 in it.

Consider the general matrix A. Suppose we subtract 1 from the last entry in A and leave all
the other entries the same and call our new matrix Ag. Note that Ag is exactly the same

as A except for the fact that in its last position the value is 1 less than that of A. Suppose

Uy U2 ... Uj
U1 V2 ... U5

that w :( ) is the lexicographic array corresponding to A. It is clear

then that the last position ( z ) = ( u].- ) but what is the corresponding word wg of the

Uj
matrix Ag? Consider subtracting 1 from the last entry of A, this means that the length of

up U2 ... Uj-1

the array wg is one less than that of w and wg :( o1 v v
1 V2 ... Uil

>. What we will
do is a proof by induction on the total of entries in the matrix A going from j — 1 entries
to j entries. Assume that to obtain P(Ag) we just bump in the elements v + vy + ...
+ v;_1. Assume also that Q(Ag) is obtained by placing ui,...,u;_; in the new boxes. To

prove theorem 6.3 then we only need to prove the following proposition, since the theorem

will follow by induction on the sum of the entries in A.
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Proposition 6.5 P(4) = P(Ag) + y and Q(A) is obtained from Q(Ag) by placing x in

the boz that is in P(A) but not in P(Ag)

Recall that Ag is obtained from A by taking one away from the last entry. It is therefore
clear to see that the diagram A has one more ball than Agl) which is in the zth row and
yth column of the diagram. Suppose that this extra ball in A(") is numbered p, that is p is
the largest number of a ball in the (z,y) position of A®). Let us first suppose that there are
no other balls in A" numbered p. It is quite clear then that A% = Af. This neatly gives
us that all the rows of P(A) and P(Ag) are the same after the first row. Similarly the same
goes for Q(A) and Q(Ap). It is clear that there are no balls in A(Y) numbered greater than
p as any such balls would be located to the lower right. We need to see how to get from
P(Ag) to P(A) The first row of P(A) lists the left most columns of balls numbered one to
p, with the last entry being y. The first row of P(Ag) lists the left most columns of balls
numbered 1 to p— 1. These numbers can be no larger than y as they are the same numbers
which are in the first p — 1 positions of P(A). Thus if we bump y into P(Ag) then it will
simply be added on to the end. This is where it is in P(A) and so P(A) = P(43) + y.
Similarly, by considering upper-most rows of balls numbered 1 to p, Q(A) is obtained from
Q(Ap) by adding an z to the end of the first row. When there is only one ball numbered p
in A we have proved proposition 6.5.

Suppose there are other balls in A1) numbered with a p. All of these balls must be
strictly above and strictly to the right of our first ball numbered p. Consider the diagram
in figure 6.8, it illustrates in general what sort of situation we are in.

Our first ball numbered p is in the xth row and the yth column. Let the next ball to
the right of the yth column be the second ball numbered p and denote its row by z' and its
column by y'. The fact that the first row of P(A) is the first row of P(Ag)+y is a corollary

to the following claim.
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!

Y Yy

Figure 6.8:

Claim 6.6 When y is row-inserted into the first row of P(Ag), the element y' is bumped

from the pth box.

Proof To get the entries of the first row of P(Ag) we list the numbers of the left-most
columns of Ag) which contain the balls numbered 1,2,3,.... Therefore we can do the reverse
and find the left most columns of Aél) which contain the balls numbered 1,2,3,. .. by listing
the first row of P(Ag). The first p — 1 entries of the first row of P(A) and P(Ag) are the
same and it is only the pth entry which is different. These rows are weakly increasing from
left to right and so in the first row of P(A) the first p — 1 entries are less than or equal to
the pth entry which is y. The first p — 1 entries of the first row of P(Ag) are therefore less
than or equal to y. The pth entry which is y’, is larger than y and so it is therefore this one
which is bumped. ]

To get the rest of P(A) we could consider it row by row, but it is in fact easier to look
at the whole of P(A) below the first row which is P(A%). We can do the same for P(Ag)
and so we look at P(Ag). To prove proposition 6.5 we therefore need to show that P(A%)
=P((Ap)%*) « y'. Also we need to show that the new box in P((43)%) + ¢’ is the box in
Q(A®) that is not in Q((Ag)*). This part follows from the inductive assumption for Ag so

long as we can prove the following claim.
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Claim 6.7 The last position of A* is (x,y'), and (A%)g = (Ap)*

If we look at the diagram given in figure 6.9 we can see that the (z,y') entry of A% does
exist, it will be where the dashed lines meet, and that A% does not have any entries below
the x row. If there is another nonzero entry of A in the x row then it must come from two
balls of A labelled with an [ which is strictly less than p. The first ball must occur in the
row, but weakly to the left of column y, in the area shown by the diagonal lines from upper
left to lower right. The second ball must occur in a position strictly to the upper right of
the first ball. The ball numbered p in the (z',y") position must have a ball numbered [ lying
strictly to the upper left of it, which is shown in the area with the diagonal lines going from
bottom left to top right. Thus the second ball numbered ! cannot lie in a column labelled
larger than ¢'. The entry of A% that arises from these two balls lies weakly to the left of

the position (z,y’). Thus we have shown that the last position of A% is (z,y').

/)

!

Yy Y

Figure 6.9:

To see that (A%)g = (Ag)* we only have to consider balls that are numbered p. The
diagram below in figure 6.10 shows what A% looks like.

To get (A%)s we simply remove the ball in the (z,y') position. To get Ag we just remove
the ball in the (z,y) position from A. To get (Ag)® we just form the new matrix of balls

and we therefore get what is in figure 6.11.
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Yy Yy
Figure 6.10:

It is clear then that (A%*)s = (Ag)®. We have now proved theorem 6.3 which basically
tells us that the matrix-ball construction is well defined and that it can give us the pair of
tableaux P and Q from the array w. The main motivation to looking at the matrix-ball
construction was to prove the symmetry theorem given at the end of the last chapter and

we are now in a position to do this.

!

( Y
Figure 6.11:
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6.3 Proof of the Symmetry Theorem (Theorem 5.5)

Theorem 6.8 Symmetry Theorem
If o matriz A corresponds to the tableau pair (P,Q) then the transpose AT corresponds

to the pair (Q,P).

Proof Let (P',Q)') be the tableaux for A7, What we are going to show is that P’ = @
and that Q' = P. The Matrix-ball construction is symmetric in the rows and columns of
the matrix A. If we have a diagram for a matrix A then the diagram for the matrix A" is
obtained by swapping the rows for columns and vice versa. Consider our matrix A, it is

easy to get A7.

b

S

|
=N O
— =N

=W N O
N O W
N O =

SO+~ N
NN ==

The associated matrix-ball diagram to A7 with balls in the corresponding positions is;

®@ ® — AT

Figure 6.12:

The point here is that the balls are numbered exactly as before, except that the diagram
is now transposed. A ball in A”(") will have the same number of balls to the upper left of it
as the corresponding ball in A®) and so the two balls will have the same numbering. As we
have swapped rows for columns the upper-most row in which a ball numbered p occurs in

A®M is now the left-most column in which a ball numbered p occurs in A™(1). Similarly the
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left-most column in which a ball numbered p occurs in A" is now the upper most row in
which a ball numbered p occurs in A7) . So the first rows of the tableaux correspond, we
have the first row of P’ equals the first row of @), also we have that the first row of Q' equals
the first row of P. It is clear that (A7)® = (A*)™ by considering two balls in a (i1, j1) and
(i2,j2) position in A both numbered p as in figure 6.13. In A® there will be a ball in the
(i1, j2) position and in (A*)7 the ball will be in the (j2,41) position. If we consider A™ then
there will be two balls in the (j1,41) and (ja,i2) positions. In (A7)® there will be a ball in

the (jz,41) position which is the same as (A%)". |

12 @

i1 @

J1 Jo

Figure 6.13:

6.4 Forming a Matrix from Young Tableaux

We will now see how we can go directly from a pair of Young tableaux (P,Q) of the same
shape to its matrix A without using Schensted’s bumping algorithm. What is interesting
is that now through using this method we can work out the R-S-K correspondence without
having to do any bumping of integers in to tableaux.

Earlier we assigned to a matrix A a pair of rows of the same length and a matrix B
= A% This was done for each of the rows of P and ) until we got an empty matrix A%.

Suppose we assigned to A the rows (v1,...,v,) and (ug,---,u,). The matrix B = A% must
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have the property that in B() | all balls numbered p lie weakly below and weakly to the
right of the position in the upth row and the vpth column. The R-S-K correspondence
gives us a bijective correspondence between pairs of tableaux and matrices with integer
entries. The matrix-ball construction allows us to go from a matrix A to a pair of tableaux
(P,Q). We saw in chapter 5 that this could be done though by bumping in integers from the
corresponding array w to form the pair (P,Q). We have seen that the bumping procedure
is reversible, taking us from a pair of tableaux (P,Q) to the array w. We are going to show
in this section how to do something similar with the matrix ball construction. We need
to show that given a pair of rows (v1,...,v,) and (u1,...,u,) and a matrix B with the
property described, then we can recover the matrix A.

Before we assigned a number to each ball in the diagram by considering how many balls
were upper-left of it, now we will do things a little differently. We now number balls in the
diagram that is associated to B in the following manner. A ball in diagram with no ball
lying weakly below it or weakly to the left of it is numbered with the largest integer p such
that the position in the u,th row and the v,th column is strictly above and strictly to the
right of it. As soon as all the balls strictly below or strictly to the right of a given ball have
been numbered, it is numbered with the largest p such that all the balls weakly below or
weakly to the right of it have numbers larger than p, and such that the position in the u,th
row and vpth column is strictly above and strictly to the right of it.

When we numbered our balls in the original matrix-ball construction we found that the
process was much easier to follow if we considered an example and so we shall do the same

here.

Example 6.9 Suppose that the rows of the tableaux are (1,1,1,1,1,1,,3,3,3,) and

(1,1,1,2,3,3,3,4,4) and that the matrix B is

B =

S oo o
O =N O
e =)



For our example we construct a table with two vertical lines and three horizontal lines as
in figure 6.14 below. For the general m x n matrix we would have n — 1 vertical lines and

m — 1 horizontal lines, in our example we have m =4 and n =3 .

Figure 6.14: The diagram associated to B

To fill the table, consider the (i,j) entry of B which we shall denote by B;;. Place this
many balls in the (7,j) position of the table. In addition to this we put the number p in the
(up,vp) position, as this helps us with the numbering of the balls and we call these Tableaux

entry numbers.

[SINT

o
=]

T

Figure 6.15: The matrix of balls before numbering

To number the balls in the diagram we start with the ball which has no other balls
strictly below it or strictly to the right of it. For figure 6.15 the ball in the fourth row
and third column must be numbered with a 6 as this is the largest tableaux entry number

which is strictly left of and strictly above it. The ball in the third row and third column
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is numbered less than 6 as there is a ball numbered with a 6 strictly below it, also the
largest tableaux entry number which is strictly above and to the left of it which is less than
6 is 4. Therefore the ball is numbered 4. The ball in the third row and second column is
numbered less than four as there is a ball numbered with a 4 strictly to the right of it, also
the largest tableaux entry number strictly above and to the left of it which is less than 4 is
3. Therefore the ball is numbered 3. The next few balls are easily numbered in a similar

manner. Therefore we have the diagram given in figure 6.16

2
3

o
|

T

Figure 6.16: The matrix of balls after numbering

We continue with the general case and now that we have numbered our matrix of balls
we still need to go further to recover our matrix A. In our matrix of balls we have several
configurations of the form given in figure 6.17, which are the strings of balls of the same
number p. We now replace these [ — 1 balls with [ balls as follows. We start with the ball
in the lowest row and we draw a vertical dotted line until we get to the row where the next
ball numbered p is. We now draw a horizontal line until we meet the next ball numbered p
this is repeated until we get to the ball numbered p in the highest row. From here we draw
a vertical dotted line until we get to the row in which the tableaux entry number p is. We
now draw a dotted horizontal line to the tableauz entry numberp and then a dotted vertical
line to the lowest row in which there is a ball numbered p. Now we draw a dotted horizontal
line until we meet the ball numbered with a p in this row. The diagram will all be like the

one given in figure 6.18.
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Figure 6.17:

Where the dotted lines meet at right angles we place the [ balls, except at the tableauz
entry number p, and this helps us form the matrix A. If [ = 1 then we just place one ball
in the position of the tableaux entry number p. We number these balls with a p and discard
what was there before and we get a diagram as in figure 6.19.

We do this for each configuration with the balls numbered p and then of course sort the
balls in each position into numerical order top left to bottom right. The result is a matrix of
balls with the numbering that we saw in section 6.1. For our example 6.9 we get the matrix

ball construction in figure 6.20. From here we can read off our matrix A.

0 21
211
A_302
1 0 2

This is the same matrix that we discussed in example 5.7, which means that for our example
the construction allows us to go from the tableaux pair to the matrix A which in turn gives
us our original word w.

In the general case, if we are given a pair of tableaux (P,Q) and we want to find the
corresponding matrix A then we first look at the last rows of P and Q. If these rows are
(v1,...,v,) and (uq,...,u,) then we place a ball numbered p in the uyth row and the v,th

column of a diagram. This is our matrix B and we do the construction shown in this section
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-

Figure 6.18:

Figure 6.19:

with the second to last rows of P and @ to get a matrix A; say. We then take B = A; and
use the third last rows of P and @ to get a new matrix A,. We carry on doing so until we
can’t go any further. Once we have got to this stage we have the matrix A which will in

turn give us the word w corresponding to the pair (P,Q).
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Figure 6.20:
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Chapter 7

Applications of the R-S-K
Correspondence

In this chapter we will be looking at some of the applications of the Robinson-Schensted-
Knuth correspondence between pairs of tableaux and two rowed arrays which was stated
in theorem 5.4. We will see how the Robinson correspondence allows us to count standard
tableaux. We use the fact that | S, | = n! and the bijective Robinson correspondence
between elements of S,, and pairs of standard young tableaux. The hook formula is very
simple to use and we shall look at how we can count standard tableaux of a shape A. We
will then touch on a little representation theory by writing elements of S,, as matrices and
forming a product on pairs of standard tableaux with entries from [n] so that the group

formed is isomorphic to the group S,.
7.1 Counting Tableaux

Definition 7.1 We define f* to be the number of standard tableauz of a given shape X,

where X\ is a partition of n .

We saw in example 5.2 which was given in chapter 5 that when 7 € S3 was an involution
then the corresponding tableaux pair (P,Q) were actually the same. So if 7 = 7! then the

tableaux pair would be (P,P). This can be deduced from the following more general result:
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Corollary 7.2 if 1 € S, corresponds to the tableaux pair (P,Q) the element 7= € S,

corresponds to the tableauz pair (Q,P).

Proof Taking the inverse of a permutation = is the same as turning the corresponding array
w upside down. The result therefore follows from the symmetry theorem 5.5. |
Now we can see why in example 5.2 the elements which were involutions corresponded

to tableaux pairs of form (P,P). This fact will allow us to count tableaux.

Corollary 7.3 Let Inv,, denote the set of involutions of S,,. We have a bijection between
Inv, and the set of standard tableaux of shape X\ , where A runs over all partitions of n.

Counting either side gives:

Zf)‘ =| Invy, |

AFn

Counting the number of involutions in the group S, is easier than at first seems as the

following theorem shows.

Theorem 7.4 Letne N

(%] nl

_ .2k
£ (n — 2k)! - 27!

=| Inv, |

Proof If 7 € S, is an involution then it must have the form 7 = (a1b1) - (azbs) - . .. - (agby)
where the a; and b; are distinct in [n]. There are n choices for a; and then (n—1) choices for
b; and (n —2) choices for as and then so on until we get to aj which there are (n —2(k —1))
choices for. There are (n — 2k + 1) choices for by and so there are (H_L;k), choices in total.
What we have to remember though is that these transpositions (a;, b;) may be re-ordered,
for example the two involutions m; = (34)(12) and 7 = (34)(12) are the same element in
Sp. Also we have that the transposition (a;,b;) is the same as the transposition (b;,a;) in

Sy. For an involution 7 € S, as above there are k! different ways of writing it down in the

above form due to reordering of the pairs (a;, b;). There are 2F different ways to write each
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of these due to the reordering within the transpositions. So the number of involutions made

from k transpositions is 0 We can do this for k¥ running from zero (the identity

n!
n—2k)l-2F k1"
element) up to [Z]. We only go up to [%] as if n is an odd number then we can only form 7

from 23! transpositions. |

Lemma 7.5 Since the number of permutations of n elements is n!;

SN2 =] S, = n!

AFn

Proof This follows from the Robinson correspondence for standard tableaux given in chap-
ter 5. |}

The Robinson correspondence restricts us to standard tableaux but thankfully we can
look at non standard tableaux through the Robinson-Schensted correspondence. The Robinson-
Schensted correspondence sets up a bijective correspondence between words w ( letters from
1,2,...,m of length i) and ordered pairs (P,Q) of tableaux (entries from 1,2,...,n of the

same shape A and ¢ boxes) with Q being standard.

Definition 7.6 We define dx(m) to be the number of tableauz on the shape A whose entries

are taken from [m).

Theorem 7.7 From Fulton [1] Let n,m € N

S da(m) - fF =m"

AFn

Proof The number of words with n letters taken from the set [m] is m™, thus the proof
follows from the Robinson-Schensted correspondence. |

The Robonson-Schensted-Knuth corrsespondence is concerned with pairs of tablaeux
(P,Q) of the same shape A but without the restriction that either tableaux had to be
standard. If we look back to the end of chapter 5 just before example 5.8 we discussed
what this meant for the matrix A which corrrespnds to the tableaux pair (P,Q). The
Robinson-Schensted-Knuth correspndence tells us that the number of m X n matrices with

non negative integer entries that sum to ¢ is the sum of dy(m) - dx(n) over partition of i.
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Theorem 7.8 From Fulton [1]

> da(m)-dr(n) = ( i+rr;n—1 )

AFd

Proof(Fulton [1]) The number of k—tuples (a1, ...,ar) of non negative integers that sum
to i is ( ! —Z ]i; 1 ) = ( vt ]z -1 ) This is shown by considering each subset {b<bs <
co. <bg_1}of [k +1i-1]. We set bp = 0 and by = k+1, and construct (a1, ..., ax) by letting

aj:bj—bj_l—l. I
7.2 Hook Length Formula

There is a very simple product formula for f*, the number of standard tableaux of shape A
and it involves objects called hooks. For a Young diagram of shape A, each box determines
a hook, which consists of that box and all boxes in its row to the right of the box or in its
column below the box. For a box in the i, j position we define its hook to be this collection
of boxes and we denote it by H; ;. The corresponding hooklength is the size of H; ; so that

| Hij | = hi;

Example 7.9 Consider the tableaux below

H, 5 is the set of the boxes with dots in and the number of boxes with dots in is

| H2o |= h22 =6.

Theorem 7.10 (Hook Formula [2])

If A\ n, then

f)\ — n!
Hjexhis)
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Suppose we want to calcualte the number of standard Young tableaux of shape A =
(4,4,3,2,2,1) which is a partition of 16 as given in example 7.9. The hook lengths are

given below in the table which we call H(4,4,3,2,2,1)

97142
816/3]|1
H(4,4,3,2,2,1)= 6141

4|2

31

1]

Therefore
! _
f(4’4’3’2’2’1) = 9.3.6.4.3.1.7.é§4~2~1-4-3-1-2-1 = 500500

Thus there are 500500 different standard young tableaux of shape A = (4,4,3,2,2,1)

7.3 An Interesting Product

In this section we are going to show how we can form a product on pairs of tableaux. Given
two pairs of standard tableaux (P, Q1) and (P2, Q2) with entries from [n] then we can
form their product (Pr,Q1)*(P2, Q2) which will be a new pair of tableaux (P3,@3). This
is done by considering the n X n square matrix A; which corresponds to the tableaux pair
(P1,Q1). To form the product (Pr,Q1)*(P2,Q2) we simply take the product of the two
square matrices which correspond, A; and A,, to give a matrix Az which corresponds to

the tableaux pair (P3,Qs3).

Example 7.11 Consider the group S3 that was looked at in example 5.2. Here we found
the corresponding tableaux pair (P,Q) for each element in S3 and they are repeated below.

The elements of S3 are,

m =123 m =213 mg =231

T4 =312 =321 e =132
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[0

1[3] 1]3]
P(my) = 2] Q(my) =2
1]3] 1]2]
P(Trg) = l Q(W3) == i
1]2] 1]3]
P(mq) = 3] Q(m) =12
1] 11
2] 12
P(7r5) = i Q(W5) = i
1]2] 1]2]
P(me) = 3] Q(me) = |3

The corresponding matrices A; to the element m; and the tableux pair (P;, Q;) are found
easily from 7; by writing each m; as a word. If we consider the element 74 = 3 1 2 the we

can write this as the word wy = ( :1,) i g ) To get the matrix A4 we simple form a 3 x 3

matrix whose ( j ) entry is the number of times ( j ) occurs in the array ws. Thus we

have that for each of the elements 7; we have the matrices given below.

1 00 010 010
0 01 0 01 1 00
0 01 0 01 1 00
A4 = 1 0 0 A5 = 010 Ae = 0 0 1
010 1 00 010
The nice thing about these matrices is that they have an entry in every row and every

column which means that they are all nonsingular. Furthermore as each entry is 1 then the
determinant will also be 1 which means that if we invert the matrices we will get another

matrix back, ie A;' = A;' for some j € [n]. For our group Ss the inverse of each of the

elements are given below.

100 010
AT'=A4,=10 1 0| A'=4,=|1100
001 00 1
010 00 1
A7'=A43=10 0 1 A7l =A4=|1 0 0
100 010
00 1 100
A'=A45=10 1 0 Ag'=46=10 0 1
100 010
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As matrix multiplication is associative we have a group of matrices A; with entries from
[n] which is isomorphic to the group S,, by the bijective Robinson correspondence. For the
moment though we will denote our group by Ag, For our example 7.11 we have the Cayley

table given below in figure 7.1

As, | A1 | Ax | As | Ay | As | Ag
Ay | A | Ay | A3 | Ay | A5 | A
Ay | Ay | Ay | A5 | Ag | A3 | Ay
As | A3 | Ag | Ay | AL | Az | As
Ay | Ay | As | Ay | A3 | Ag | A
As | As | Ay | Ag | Az | A1 | As
As | Ag | Az | Ax | As | Ay | Ay

Figure 7.1: The Cayley table for Ag,

Now we are in a position to find what the product of two standard tableaux pairs with
(P, Q) with entries from [n] are. We simply look at the corresponding matrices in figure 7.1.
For example consider the tableaux pair ( ) and the tableaux pair ( ). We
can now form the product ( ) * ( ), which can be found by looking at the
product A, - Ay = Ag. Thus we know that ( ) * ( ) = ( ). We
can continue this for all of the possible pairs of standard Young tableaux with entries from

[n] and for our case where n = 3 we have the Cayley table in figure 7.2

1(/1
2
* 3][3]
1(|1
2| 2]
31 [3]
(2] [172[3] [1]2]3] (2]

1 [A]

[1]2] [1]2] 1 2]

Figure 7.2: The Cayley table for pairs of standard tableaux with entries from [3]

r
1231 A2[3]
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