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Series

A series is just an extended sum, where we may want to add up infinitely many
numbers. In general it does not make sense to add up infinitely many things, so
we have to be careful.

For example, a geometric series

a+ar+ar®+ar®+ - +ar" + -

can be continued indefinitely, but does the sum make sense? If a =1 and r = 2,
we get a sum 1+244+ 8+ --- which obviously “tends to infinity”—in the sense
that it gets bigger and bigger indefinitely. In this case, we say the series diverges,
or that the series does not have a sum (infinite numbers should never occur in
engineering applications, or else something has gone seriously wrong!).

1
On the other hand if r = 3 the sum is

U
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Does this have a sum? Well, we can sum the series to n terms, and we get

1—(3H)n \"
2

and as n gets larger, the last term tends to 0. (In other words, it gets so small
that eventually we can ignore it.) So we can say that in the limit, as n tends to
infinity, the sum tends to 2. We write this as

1+1+1+1+ =2
2 4 8 7
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or in mathematical shorthand notation
=1
E — = 2.
2n
n=0

Here the > just stands for “the sum of”, and the limits n = 0 and oo just
mean we take all integer values of n from 0 upwards.
More generally, if
CL1+CL2+CL3+"'

is a series, we write the “partial sums”
Sp=a;+ay+--+ay

of all the terms up to a,, and write

x

E a, = lim S,
n—oo

n=1

for the infinite sum if it exists.

The geometric series gives a model for how all series behave: if the common

a
ratio r is between —1 and 1, then the series converges, and the sum is ] ,
—r
whereas if the common ratio is 1 or bigger, or —1 or smaller, then the series
Ap41

diverges. In this series, a,, = ar™ and so r = for every positive integer n.

In general of course, a series doesn’t have a common ratio, but it still has the
ratios a,41/a,, which may vary according to the value of n. If these ratios are
all bigger than 1, then the series diverges. If they are all significantly less than 1,
then the series converges: we need actually that the limit as n tends to infinity
of a,y1/a, must be between —1 and 1, but not equal to —1 or 1. This is called
D’Alembert’s Ratio Test, and has its most important application to power series
(see below).

An even more obvious test is the divergence test (sometimes called the non-
o0

null test): if the individual terms a, do not tend to 0, then the series an,

n=0
cannot possibly converge.

On the other hand it is quite possible for the terms a,, to tend to 0, but for

[e.e]
the series Z a, to diverge. For example

n=0

il — 1+1+(1+1>+<1+1+1+1)+...
i 2 \3 4 56 7 8
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1.1 1
= 1442 44+
+5 2 tAgt

= 1+1+1+1+
a 2 22

which obviously diverges!

Power series

These are series where you introduce a variable x. They are of the form

anx":b0+b1x+b2x2+63x3+~--

n=0

You will come across many series like this as solutions to engineering problems,
and the trick is to figure our how many terms you need to take in order to get a
good enough approximation for engineering purposes. Of course, this will depend
both on the series and on the application: generally in civil engineering you won’t
need many terms, but you do need to know how many terms you need to get an
accurate enough answer.

In mathematics, however, we are much more demanding—we demand in-
finitely many terms.

The ratio test tells you when these series converge: you need lim b, 112/b, to
be between —1 and 1, which means you need x to be between —limb,,/b,,+1 and
limb,,/b,+1. Thus we call this latter number the radius of convergence, because
if z is within this distance of 0, then the series converges, and if x is outside this
distance form 0, then the series diverges.

There are many important examples, which describe functions we have already
met. In addition to the binomial theorem

A+2)° = Sala—1)(a—n+1)

=0

n!
2 3

= 1+a$+&(a—1)%+a(a—1)(a—2)%
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we have the following standard series which you should know:

e’ = 22—7 = 1+x+%2+%3+;—1+'”
coshz = g;(g:;' = 1+%2+;_1+...

sinh = g% = $+%3+%+...

Cos = i% = 1_%2+£_

sin @ = ;% = _%3+1x_250_

In(l14+2z) = i# = x—%2+%3—%4+

3
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Limits and continuity

sinx

Consider the function f(z) = . This function is only defined when x # 0.

When x = 0 it reduces to the “formula” —, which is meaningless. But as = gets

very close to 0, the function is actually very well behaved. If we use the series
expansion for sin x, then we can see what happens as x gets very small:

sine x—a®/3l+a2°/50 —- -
r x
z? a2t
= 1_54_5_...

and as x gets smaller, all the terms except 1 become insignificant. And ‘in the
limit’ as x approaches 0, the value of the function approaches 1.
We express this by writing

sinx

lim =1
z—0

sin x

or: — 1 as x — 0. So one way to think of such a limit is as the value the
x
function ‘should’ take if it behaved properly.
A more formal definition, as used by mathematicians to make things rigorous,
is as follows. We say lim,_,, f(z) = ¢ if for every real number € > 0 there is a

real number ¢ > 0 with the property that if [z — a| < § then |f(x) — {| < e.



(In this definition, ¢ measures how close you want the value of the function
to get to £, and 6 measures how close you need x to be to a in order to make this
approximation close enough.)

In general you can do algebra with limits in the same way you can with
functions. The only problem is you must make sure you NEVER DIVIDE BY
ZERO. So if glgr(ll f(z) = and lin% g(x) = m then

limk.f(z) = kJt for any constant k
Im(f +9)@) = (+m
hm(fg)(x) = {m
tim L

r—a g

14
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Sometimes you will find a function which tends to one limit as you approach
x = a from the left, and a different limit as you approach from the right. For

example, if f(x) = for x # 0, then when z tends to 0 through positive

x

1
values, — tends to 400, so 4+ tends to +00, and so f(z) tends to 0. On the other
x

1
hand, when x tends to 0 through negative values, — tends to —oo, so 4= tends to
x

0, and so f(x) tends to 2. In this situation we talk about left and right limits,
and we write

3
Jim f(z) = -

Many, but by no means all, of the functions you will encounter will be contin-
uous, which means that its graph can be drawn without taking your pencil off the
page. More formally, we say that f(z) is continuous at x = a, if lim f(z) = f(a).

3m oT
Examples: tanx is discontinous at z = j:2 j:; +— R but continuous

everywhere else.

The algebra of limits described above implies that if f and g are continuous
functions, then so is kf (k a constant), f+g¢, f.g, and fog at the relevant points.
Also f/g except where g(z) = 0.

Now you have probably used the fact that for a continuous function, if it starts
off negative and ends up positive (or the other way round), then there must be a
root in between. That is to say, if f(z) is a continuous function on the interval
a<x<b and f(a) < 0 and f(b) > 0 (or f(a) > 0 and f(b) < 0), then there
exists a number ¢ with a < ¢ < b and f(c) =0.

This is a form of the Intermediate value theorem (or IVT for short). It can
be stated in a more general form: as the function goes from f(a) to f(b) it must
go through all values in between.



Intermediate value theorem If f(z) is a continuous function from the inter-
val a < x < bto R, and f(a) # f(b), then for every value d between f(a) and
f(b), there is a number ¢ between a and b such that f(c) = d.

Differentiation

If f(x) is a function, we define the derivative

df _
dr

f'(xz) = lim

fla+62) — f @)

520 ox

d )
This is just the same as our earlier informal definition of d—y as the limit of 5_y

as 0z tends to 0.

Xz T

For example, if f(z) = ¥, for any real number k, then we use the binomial
expansion of (z + 6x)* as (2% + k.2*~10z + - --) to calculate

f'(x)

. (2% + ka* 10w + ) — ok

ox—0 (5&3
ka4
lim

dx—0 (51’

lim (k.24 -.)

/f;k—l

since all the remaining terms have a factor dz, so tend to 0.
Similarly, if f(z) = e*, we use the power series expansion for e* to get

f'(x)

However, not all functions have derivatives, as the required limit may not
exist. For example, let f(x) = |z|, and consider what happens near z = 0. We

have

f(02) = §(0) _ Jow
ox ox




which is 1 if dx > 0, and —1 if dx < 0, so

which means the limit does not exist.

Differentiation of power series term by term. This always works, and the

new power series has the same radius of convergence as the old one. For example,
2 n

if f(x)=¢€"= 1+x+%+--~+x—'+-~, then we differentiate term by term to
! n!
get
I2 xn—l
") = 0+14a+=+-+ + -
f'() 2! (n—1)!
—_= eCE

To take another example:

f(z) = sinz
.CE3 .235 . $2n—1
I T A vy TR
332 1,4 x2n—2
! = 11— 4 (=)
so f'(w) ST ) T T
= COST

In the above calculations we have already used the basic rules of differentia-
tion, namely

d
) =
o f@) +g(@) = f2)+d(x)
You also already know the formula for differentiating a product

(@) 9(a) = (@)0(x) + () ()

We can now also derive the Chain Rule for differentiating a function of a
function (i.e. a composite function). Suppose we have y = f(z) and z = g(y).
Then

dz i 0z

dx 52—0 0T



.0z .y
= lim —. lim =
dy—0 (Sy 5z—0 Ox
dz dy
dy dz
This can also be written in our other notation as

(go f)(z) = ¢'(y).f'(x)
= ¢(f(2).f'(x)

For example, if y = f(z) = 32> + 1 and z = g(y) = \/y then z = V322 + 1,
and we have

dz  dz dy
de  dy'dz
1
= §y_1/2.6l'
B 3z
3241

Now try an example yourself. Differentiate e t25%  (You may want to put
y = 2?4+ 2sinz and z = €Y so that you can follow the same method as above.
With practice you will be able to write down the answer directly.)

Another consequence of the Chain Rule is the formula for differentiating a
quotient: to differentiate 1/f(z), write y = f(x) and z = 1/y, so that

d 1 _dz dy
i () = a
1 >
= —?f()

—f'(z)

(f(2))?

and combining this with the formula for differentiating a product

d [(g(x) d 1
a(m) - a(mm)
s O
(f(@))?  f(x)
f(x).g'(x) — g(z).f(x)
(f(x))?




Implicit differentiation Often the relationship between two variables, such as
x and y, is not so easily expressed in the form y = f(x). Perhaps the relationship
is only expressed in an implicit form, such as 2® + y?> + 2y = 1. How do we

determine <2 in such a situation? Well, we can differentiate the whole equation

x
with respect to x, using the chain rule carefully, to get:

d, 5, !
a(ag +y'+ay) = a(0)
dy dy B
2z + 2ya + (:Ea +1ly) = 0
dy
2 2 A
(22 +y) + 2y +a) 0
% _ 2z+y
de 2y +=z

Of course, when we do this, the answer is expressed in terms of x and y, rather
than just x.

Differentiation of inverse functions Inverse functions can be differentiated

by using implicit differentiation as above. For example, if y = sin~'z then
: dy dy . :
xr = siny, so 1 = cosy.o—, S0 o = secy. Also, since siny = x, we have
x x
cosy = +4/1 —sin?y = ++/1 — 22, and looking at the graph of sin™'z shows

that the slope is always positive, so

(s a) = VI 2

As an exercise, find the derivative of y = tan=! z.

d
Example If x = €Y, then 1 = eyd—y and the inverse function is given by y =
x
log, , and so
dy 1
—~ =e¥=—.
dx x

This justifies our earlier assertion that

d 1
— —_——
dx(oge:ﬂ) .

[However, it still depends on the power series exapnsion for e”, which we have
not justified.]



Logarithmic differentiation Certain functions, such as z®, cannot be differ-
entiated directly by the methods we have used so far. There is a trick, which is
to take the logarithm first, and then use implicit differentiation. So, if y = x”,
then taking the log of both sides gives Iny = zIn z, and then differentiating both
sides with respect to x gives

1d
=& =z.—+1.Inz
ydx x

SO
dy
dr
This method works whenever you have a function of the form y = f(z)9®.
So for example, if y = (cos z)*™* then

y(1+Inz) =21+ Inxz).

Iny = sinz.(Incosx)
-—= = sinz. (—sinz) + cosz.(Incos x
ydx cos T
d .
d_y = (cosx)*™*.(—sinz.tanz + cosz.(Incosx))
x
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