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(a) [12 marks| Define the term composition series of a finite group. State and prove
the Jordan-Holder theorem.

(b) [5 marks] Write down a composition series for the cyclic group of order 63, and
deduce a composition series for the dihedral group of order 126.

(c) [8 marks] Compute a composition series for GL3(7). [You may assume that
PSL3(7) is simple.]

(a) [10 marks| State and prove Iwasawa’s Lemma.
(b) [5 marks] Define the projective special linear groups PSL,(q).

(c) [10 marks] Prove that PSL,(q) is simple whenever ¢ > 3. Where does your proof
break down if ¢ < 37

(a) [10 marks] Define the terms k-transitive (where k is a positive integer) and prim-
itive, as applied to permutation groups. Prove that every 2-transitive group is
primitive, and every primitive group is 1-transitive.

(b) [5 marks] Prove that a transitive permutation group G is primitive if and only if
the stabilizer of a point is a maximal subgroup of G.

(c) [10 marks] Let G be the group S, acting on the set §2 of unordered pairs of integers
from {1,2,3,...,n}. Describe the stabilizer of a point in €2, and calculate its order.
Prove that the action of G on (2 is primitive if n > 4.

(a) [3 marks| Show that every finite field has order a power of a prime p.
(b) [2 marks] Give an example of a finite field whose order is not a prime.

(¢) [10 marks] Let Fj, be a finite field of order ¢q. Define the projective line over Fy,
and explain how PSL,(q) acts on it. Prove that this action is 2-transitive.

(d) [10 marks] Prove two of the following isomorphisms:
(i) PSLy(3) = A4
(i) PSLs(5) =
(ili) PSLy(9) = A
(iv) PSLy(7) = PSLg( )
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