
MTH714U Group theory

Notes 1 Autumn 2008

1 Review of basic group theory

Almost all of the material in this chapter is in the syllabus for the level 3 course
MAS305 Algebraic Structures II, and will therefore be treated mainly as revision.
However, in practice not all of it may have been covered thoroughly in Algebraic
Structures II, so please let me know how much detail you require me to give in the
lectures as we go along. Also let me know if there are significant parts you have not
seen before, that you need me to cover in more detail.

Groups, subgroups and cosets A groupis a (finite) setG with anidentityelement 1,
a (binary)multiplication x.y (or xy) and a (unary)inverse x−1 satisfying theassociative
law (xy)z= x(yz), theidentity laws x1 = 1x = x and theinverse laws xx−1 = x−1x = 1
for all x,y,z∈G (and theclosure laws xy∈G andx−1 ∈G which we take for granted).
It is abelianif xy= yx for all x,y∈ G, non-abelianotherwise. Asubgroupis a subset
H closed under multiplication and inverses. (It is sufficient to checkxy−1 ∈ H for all
x,y ∈ H.) Left cosetsof H in G are subsetsgH = {gh | h ∈ H} andright cosetsare
Hg = {hg | h∈ H}. The left (or right) cosets all have the same size, and partitionG,
so that|G| = |H||G : H| (Lagrange’s Theorem), where|G| is theorder of G (i.e. the
number of elements inG) and|G : H| is the indexof H in G, i.e. the number of left
(or right) cosets. Theorder of an elementg ∈ G is the ordern of the cyclic group
〈g〉 = {1,g,g2, . . . ,gn−1} it generates, and theexponentof G is the lowest common
multiple of the orders of the elements, that is the smallest positive integere such that
ge = 1 for all g∈ G.

Homomorphisms and quotient groups A homomorphismis a mapφ : G → H
which preserves the multiplication,φ(xy)= φ(x)φ(y) (from which it follows thatφ(1)=
1 andφ(x−1) = φ(x)−1). Thekernelof φ is kerφ = {g∈ G | φ(q) = 1}, and is a sub-
group which satisfiesg(kerφ) = (kerφ)g, i.e. its left and right cosets are equal (such a
subgroupN is callednormal, writtenNEG, or NCG if alsoN 6= G). An isomorphism
is a bijective homomorphism, i.e. one satisfying kerφ = {1} andφ(G) = H: in this
case we writeG∼= H.
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If N is a normal subgroup ofG, the quotientgroup G/N has elementsxN (for
all x ∈ G) and group operations(xN)(yN) = (xy)N, and(xN)−1 = x−1N. The first
isomorphism theoremstates that ifφ : G→H is a homomorphism then the image ofφ,
φ(G)∼= G/kerφ (and the isomorphism is given byφ(x) 7→ xkerφ).

The normal subgroups ofG/N are in one-to-one correspondence with the nor-
mal subgroupsK of G which containN, and thesecond isomorphism theoremis
(G/N)/(K/N) ∼= G/K. If H is any subgroup ofG, andN is any normal subgroup
of G, thenHN = {xy | x∈ H,y∈ N} is a subgroup ofG andN∩H is a normal sub-
group ofH, and thethird isomorphism theoremis HN/N ∼= H/(N∩H).

Simple groups and composition series A group S is simple if it has exactly two
normal subgroups (1 andS). In particular, an abelian group is simple if and only if it
has prime order. A series

1 = G0 CG1 CG2 C · · ·C Gn−1 CGn = G (1)

for a groupG is called acomposition seriesif all the factorsGi/Gi−1 are simple (and
they are then calledcomposition factors).

The fourth isomorphism theorem(or Zassenhaus’s butterfly lemma) states that if
X CY ≤ G andACB≤ G then

(Y∩B)X
(Y∩A)X

∼=
(Y∩B)

(Y∩A)(X∩B)
∼=

(Y∩B)A
(X∩B)A

.

(We shall give two proofs of this in a moment.) Hence (see below) any two series
for G have isomorphicrefinements, and by induction on the length of a composition
series, any two composition series for a finite group have the same composition factors,
counted with multiplicities (theJordan–Ḧolder Theorem). A normal seriesis one in
which all termsGi are normal inG, and if it has no proper refinements it is called a
chief series, and its factorsGi/Gi−1 chief factors.

Zassenhaus’s butterfly lemma A proof of Zassenhaus’s butterfly lemma goes as
follows. Define the mapφ : Y∩B→ (Y∩B)X/(Y∩A)X by φ(y) = y(Y∩A)X. This is
easily seen to be a group homomorphism (exercise: where does this use the fact that
X CY? Where does it use the fact thatAC B?). Moreover, sinceY∩A⊆Y∩B, it is
easy to see that the image ofφ is (Y∩B)X/(Y∩A)X. The tricky part of the proof is
to identify the kernel ofφ: we need to prove that kerφ = (Y∩A)(X∩B). On the one
hand, ify∈Y∩A thenφ(y) is the identity coset(Y∩A)X. Similarly, if y∈ X∩B then
φ(y) = y(Y∩A)X ⊆ X(Y∩A)X ⊆ (Y∩A)X sinceX CY. Therefore(Y∩A)(X∩B)⊆
kerφ. Conversely, ify∈ kerφ theny∈ (Y∩A)X, so we can writey= axwith a∈Y∩A
andx∈X. But nowy∈B anda∈B sox∈B and thereforey∈ (Y∩A)(X∩B), showing
that kerφ ⊆ (Y∩A)(X∩B). So we have kerφ = (Y∩A)(X∩B) and the result follows
from the first isomorphism theorem.
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Figure 1: Zassenhaus’s butterfly

In Figure 1, single lines represent subgroups, and double lines represent normal
subgroups. For example,X is normal in(Y∩A)X, sinceX is normal inY, but X∩B
is not necessarily normal inX. More accurately, the double lines representquo-
tient groups, and any two parallel double lines represent isomorphic quotient groups.
The isomorphisms of the vertical lines are given by Zassenhaus’s butterfly lemma.
The bottom two parallelograms consist of two instances of isomorphisms of the form
PQ/Q∼= P/(P∩Q). Indeed, so do the top two parallelograms, although this is not so
easy to see.

To prove the last statement (and hence get an alternative proof of Zassenhaus’s
lemma using the third isomorphism theorem) use the so-calledDedekind modular law:
if P, Q, andRare subgroups of a groupG, andR⊆P, thenP∩(QR) = (P∩Q)R. Proof:
if x∈ (P∩Q)R thenx= yzwith y∈P∩Q⊆P andz∈R⊆P, sox∈P; clearlyx∈QR,
sox∈ P∩ (QR). Conversely, ifx∈ P∩QRthenx = qr with q∈Q andr ∈ R⊆ P, and
thereforeq = xr−1 ∈ P, sox∈ (P∩Q)R.

Now to deduce Zassenhaus’s lemma, observe that by Dedekind’s law,(Y∩B)∩
A(X ∩B) = (Y∩B∩A)(X ∩B) = (Y∩A)(X ∩B). Then the result follows from the
third isomorphism theorem.

The Jordan–Hölder Theorem We use Zassenhaus’s lemma to prove the Jordan–
Hölder theorem. If

1 = G0 CG1 CG2 C · · ·C Gn−1 CGn = G
1 = H0 CH1 CH2 C · · ·C Hm−1 CHm = G (2)
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are two composition series ofG, then we use the second series to refine the first: in the
gap betweenGi andGi+1 we put the series

Gi = (Gi+1∩H0)Gi E (Gi+1∩H1)Gi E (Gi+1∩H2)GiE
· · ·E (Gi+1∩Hm−1)Gi E (Gi+1∩Hm)Gi = Gi+1 (3)

Similarly, we use the first series to refine the second: in the gap betweenH j andH j+1

we put the series

H j = (H j+1∩G0)H j E (H j+1∩G1)H j E (H j+1∩G2)H jE
· · ·C (H j+1∩Gn−1)H j E (H j+1∩Gn)H j = H j+1 (4)

Then Zassenhaus’s lemma says the quotients in the refinement of the first series are
equal (in some order) to the quotients in the refinement of the second series. Most
of these quotients will be the trivial group: deleting repetitions gives back the two
composition series.

Soluble groups A group issolubleif it has a composition series with abelian (hence
cyclic of prime order) composition factors. Acommutatoris an elementx−1y−1xy,
denoted[x,y], and the subgroup generated by all commutators[x,y] of elementsx,y∈
G is thecommutator subgroup(or derived subgroup), written [G,G] or G′. Writing
G(0) = G and G(n) = (G(n−1))′, it follows that G is soluble if and only ifG(n) = 1
for somen. Also G/N is abelian if and only ifN containsG′, soG/G′ is the largest
abelian quotientof G.

Group actions and conjugacy classes Theright regular representationof a groupG
is the identification of each elementg∈G with the permutationx 7→ xgof the elements
of G. This shows that every finite group is isomorphic to a group of permutations (Cay-
ley’s theorem). If G is a group of permutations on a setΩ, anda∈Ω, thestabilizerof a
is the subgroupH of all permutations inG which mapa to itself. Then Lagrange’s the-
orem can be re-written as theorbit–stabilizer theorem, that|G|/|H| equals the number
of images ofa underG (i.e. thelengthof theorbit of a).

More generally, we say a groupG acts ona setΩ if there is a homomorphismφ
from G to a subgroup of SymΩ. If kerφ = 1 we say the action isfaithful; in this case
G is isomorphic to the image ofφ, and we might as well sayG = imφ.

Now let G act on itself by conjugation,g : x 7→ g−1xg, so that the orbits are the
conjugacy classes[x] = {g−1xg | g∈ G}, and the stabilizer ofx is thecentralizerof x,
CG(x) = {g∈G | g−1xg= x}. In particular, the conjugacy classes partitionG, and their
sizes divide the order ofG. An elementx is in a conjugacy class of size 1 if and only if
x commuteswith every element ofG, i.e. x∈Z(G) = {y∈G | g−1yg= y for all g∈G},
thecentreof G, which is a normal subgroup ofG. Indeed, the centre ofG is exactly
the kernel of the given action.
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p-groups and nilpotent groups A finite group is called ap-group if its order is a
power of the primep (and so by Lagrange’s Theorem all its elements have order some
power of p). Every conjugacy class inG haspa elements for somea, and{1} is a
conjugacy class, so there are at leastp conjugacy classes of size 1, andZ(G) has order
at leastp. DefineZ1(G) = Z(G) andZn(G)/Zn−1(G) = Z(G/Zn−1(G)), so that ifG is
a p-group thenZn(G) = G for somen. A group with this property is callednilpotent
(of classat mostn), and the series

1 = Z0(G)CZ1(G)CZ2(G)C · · ·

is called theupper central series.
Thedirect product G1×·· ·×Gk of groupsG1, . . . ,Gk is defined on the set{(g1, . . . ,gk) |

gi ∈Gi} by the group operations(g1, . . . ,gk)(h1, . . . ,hk)= (g1h1, . . . ,gkhk) and(g1, . . . ,gk)−1 =
(g−1

1 , . . . ,g−1
k ). A finite group is nilpotent if and only if it is a direct product ofp-

groups.

Sylow’s theorems If G is a finite group of orderpkn, wherep is prime andn is not
divisible by p, then theSylow theoremsstate that

(a) G has subgroups of orderpk, calledSylow p-subgroups;

(b) these Sylowp-subgroups are all conjugate; and

(c) the numbersp of Sylow p-subgroups satisfiessp ≡ 1 modp. (Note also that, by
the orbit–stabilizer theorem,sp is a divisor ofn).

To prove the first statement, letG act by right multiplication on all subsets ofG of size
pk: since the number of these subsets is not divisible byp, there is a stabilizer of order
divisible by pk, and therefore equal topk. To prove the second statement, and also to
prove that anyp-subgroup is contained in a Sylowp-subgroup, let anyp-subgroupQ
act on the right cosetsPgof any Sylowp-subgroupP by right multiplication: since the
number of cosets is not divisible byp, there is an orbit{Pg} of length 1, soPgQ= Pg
andgQg−1 lies insideP. To prove the third statement, let a Sylowp-subgroupP act
by conjugation on the set of all the other Sylowp-subgroups: the orbits have length
divisible by p, for otherwiseP andQ are distinct Sylowp-subgroups ofNG(Q), which
is a contradiction.

An important corollary of Sylow’s theorems is theFrattini argument: if NCG and
P is a Sylowp-subgroup ofN, thenG = NG(P)N.

Automorphism groups An automorphismof a groupG is just an isomorphism of
G with itself. The set of all automorphisms ofG is easily seen to form a group under
composition, and is denoted Aut(G). Theinnerautomorphisms are the automorphisms
φg for g∈ G, defined byφg : x 7→ g−1xg. These form a subgroup Inn(G) of Aut(G).
Indeed, ifα ∈ Aut(G), then it easy to check thatφα

g = φgα (whereφα
g = α−1φgα, read

5



from left to right for conformity with our notation for permutations), so that Inn(G) is
a normal subgroup of Aut(G).

Now it is easy to check thatφgh= φgφh, and thatφg = φh if and only if gh−1∈Z(G),
so the mapφ defined byφ : g 7→ φg is a homomorphism fromG onto Inn(G) with kernel
Z(G). Therefore Inn(G) ∼= G/Z(G) and, in particular, ifZ(G) = 1 thenG∼= Inn(G).
In this case, we can therefore identifyG with Inn(G), and thus embedG as a normal
subgroup of Aut(G).

We define Out(G) = Aut(G)/Inn(G), called theouter automorphism groupof G.
Note that, despite its name, its elements are not automorphisms! It is a quotient group,
not a subgroup, of Aut(G).
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