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Question 1 Let Y; ~ N(u,0%), i =1,...,n, be a random sample. Consider the
K42

following estimators of u:

- 1
n1 = i(Yl +Y3)
~ 1 Yot+...+Y,1 1
% Zy,

1 n

i3 = n Z Y
i=1
(a) Show that each of the three estimators is unbiased. 4]

(b) Calculate the variance of each estimator and check the estimators’ consistency. [7]

(c) Give the definition of the efficiency of an estimator and check which of the
three estimators is efficient. [13]

Question 2 Suppose that Y7,Ys,...,Y,, are independent random variables with
probability density function

2y { yz}
—~exp —= 5, fory>0;
fyle) =4 o ¢
0, otherwise,
where ¢ > 0.
(a) Find a sufficient statistic for ¢. (5]
(b) Obtain the maximum likelihood estimator of ¢ and show that it is a function
of the sufficient statistic. [7]
Question 3 Suppose that Y7,Y5,...,Y, are independent random variables with

probability density function

0, otherwise,

where 6 > 0.
(a) Show that the distribution belongs to the exponential family of distributions. [9]
(b) Give a complete sufficient statistic for 6. 2]

(c) Use integration by parts to find the expectation of this complete sufficient
statistic and hence obtain an unbiased estimator of 6. [11]

(d) What can you conclude about this estimator’s properties? 2]
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Question 4 Suppose that Y; ~ Bernoulli(py),7=1,...,n; and X; ~ Bernoulli(ps),
(A2

(A3
i=1,...,n9, are two independent random samples.

(a) Knowing that, for j = 1,2 independently, the MLE(p;) is

~ pi(1 —pj)
pj ~ AN (pyw ’ ’
nj
obtain the approximate pivot for the difference of the two parameters, p; — po.
Here AN means “asymptotically normal”.

(b) Derive a 95% confidence interval for p; — po.

(¢) In a political campaign one candidate has two polls taken at random: one
among the voting population in Ohio State and one among the voting popu-
lation in Texas. The question was “Will you vote for me?” Possible answers
were “Yes” or “No” in each state. The results are: In Ohio State 350 out of
n1 = 560 answers are “Yes” and in Texas 290 out of no = 510 answers are
“Yes”. Calculate 95% confidence interval for the difference in the proportions
of positive answers in the two states. Is there evidence that the candidate is
more popular in one of the two states? Explain your answer.

Question 5 Suppose that Y7,...,Y,, are independent Bin(20,p) random variables
and consider testing Hy : p = pg against Hy : p = p1, where p1 > po.

(a) Write down the likelihood, L(p;y), and hence find the likelihood ratio given by
L(po; y)
My =7
(p1;y

(b) Show that

(c) Use the Neyman-Pearson lemma to obtain the general form of the critical
region of the most powerful test of Hy against H;. For large samples, find the
form of the critical region for a test at the significance level o = 0.01.

(d) Show that a uniformly most powerful test of Hy : p = pg against Hy : p > pp
exists and write down its critical region when the significance level is .

End of Paper
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