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The Theorem of Total Probability

Sometimes we are faced with a situation where we do not know the probability of an
eventA, but we know what its probability would be if we were sure that some other
event had occurred.

Example An ice-cream seller has to decide whether to order more stock for the Bank
Holiday weekend. He estimates that, if the weather is sunny, he has a 90% chance of
selling all his stock; if it is cloudy, his chance is 60%; and if it rains, his chance is
only 20%. According to the weather forecast, the probability of sunshine is 30%, the
probability of cloud is 45%, and the probability of rain is 25%. (We assume that these
are all the possible outcomes, so that their probabilities must add up to 100%.) What
is the overall probability that the salesman will sell all his stock?

This problem is answered by thheorem of Total Probabilitywhich we now
state. First we need a definition. The evelBiSE,, ..., E, form apartition of the
sample space if the following two conditions hold:

(a) the events are pairwise disjoint, that 5,01 Ej = 0 for any pair of eventsE
andE;j;

(b)ErUEU---UER=S.

Another way of saying the same thing is that every outcome in the sample space lies
in exactly one of the eventsy, Ey, ..., E,. The picture shows the idea of a partition.




Now we state and prove the Theorem of Total Probability.

Theorem of Total Probability Let Ei, Ep, ..., Ey form a partition of the sample
space withP(E;) # O for all i, and letA be any event. Then

(i) P(A)=P(E1) x P(A|E1)+P(E2) x P(A|E2) +---+P(En) x P(A| En).
(i) Furthermore, ifP(A) # 0 then

P(Er|A)+P(Ex|A)+---+P(En |A) =1

Proof Consider the eventANE;, ANEy, ..., ANE, These events are pairwise
disjoint; for any outcome lying in bothN E; and AN E; would lie in bothE; and

Ej, and by assumption there are no such outcomes. Moreover, the union of all these
events isA, since every outcome lies in one of the So, by Axiom 3a, we conclude

that

n

P(A) = ZP(AH Ei). (%)

i=
But P(ANE;) = P(E) x P(A| Ej). Substituting into £x) gives

n

P(A) = ZP(Ei) x P(A[Ei),

which is (i).

(Hi

Ei| E2| ...| En

Now, dividing (xx) by P(A) gives
n n
1— PAQE' =Y PEIA.
i=
giving (ii). =

One special case of the Theorem of Total Probability is very commonly used, and
is worth stating in its own right. For any eveitthe event#\ andA’ form a partition
of . To say that botth andA’ have non-zero probability is just to say tR{A) # 0, 1.
Thus we have the following corollary:



Corollary 1 Let A andB be events, and suppose tiR4#\) # 0,1. Then

P(B) =P(A) x P(B|A)+P(A) x P(B| A)).

You will now realise that the Theorem of Total Probability is really being used
when you calculate probabilities by tree diagrams. It is better to get into the habit of
using it directly, since it avoids any accidental assumptions of independence.

More about conditional probability

Example (Ice-cream: part 2) Consider the ice-cream salesman in our example. Let
A1 be the event ‘it is sunny’A, the event ‘it is cloudy’, and\3 the event ‘it is rainy’.
ThenAs, A, andAgz form a partition of the sample space, and we are given that

P(A;) =0.3, P(A) =0.45 P(A3) =0.25.

Let B be the event ‘the salesman sells all his stock’. The other information we are
given is that

P(B| A1) =09, P(B|A2) =06, P(B|A3) =02
By the Theorem of Total Probability,
P(B) = (0.9x0.3) + (0.6 x 0.45) + (0.2 x 0.25) = 0.59.

Example (Eye-colour: part 2) We know thatP(D) = 1/3 andP(D’) = 2/3, where
D is the event ‘John’s genes are BB’. Now John marries Jill, who has blue eyes. What
is the probability that their first child has brown eyes?

Solution Jill's genes must be bb, so the gene that the child gets from Jill must be b.
If John’s genes are BB then the child will get a B gene from him, so the child will be
Bb and have brown eyes. If John is Bb then the gene that the child gets from him is
equally likely to be B or b, so the child is equally likely to be Bb or bb; in the first case
the child has brown eyes, in the second case blue. Thus if W& putthe child has
brown eyes’ thed?(C | D) =1 andP(C | D') = 1/2. Now

P(C) = P(D)P(C|D)+P(D')P(C|D’)
= —><1+—><—::—23.



Example A shop buys loaves of bread from three bakeries:

30% from bakenA 10% of A's loaves are underweight
50% from bakeryB 2% of B's loaves are underweight
20% from bakenC 15% ofC'’s loaves are underweight

A loaf is chosen at random in the shop. What is the probability that the loaf is under-
weight?

Solution LetU be the event that the loaf is underweight. Then

PU) = PAPWU |A)+PB)PU |B)+PC)PU |C)
= 0.3x0.14+05x%x0.0240.2x0.15=0.07.

Sampling revisited

Suppose that we sample frddobjects without replacement, and thaof the objects
are red. LetA be ‘first object is red’ and be ‘second object is red’. Some people
think thatP(B) is obviously the same @A), while others are very suspicious about
it. Here is the argument, using the Theorem of Total Probability.

m N—m

P(A) = — PA)= ——
W=y PR)==
m—1 m

P(B|A) = —— PB|A)= ——

BIA=—; PBIA)=

So

P(B) = P(A)xP(B|A)+P(A)xP(B|A)

- () () ()

= ———[mM—-1+N-m|




Bayes’ Theorem

There is a very big difference betweB(A | B) andP(B | A).

For example, in a murder trial, an expert witness who has carried out a DNA test
is called. He testifies that, given that the suspect is innocent, the chance of getting
a positive test result is one in a million. Rather than say ‘he must be guilty then’,
we have to realise that we are not interested in this value, but in the probability that
the suspect is innocent given the positive test result, which is completely different.
[Regrettably, the House of Lords has ruled that juries are unable to understand this
difference, and it must not be explained, for fear of confusing them.]

Another place where the difference occurs is in medicine. Suppose that a new test
is developed to identify people who are liable to suffer from some genetic disease in
later life. Of course, no test is perfect; there will be some carriers of the defective gene
who test negative, and some non-carriers who test positive. So, for exampldydet
the event ‘the patient is a carrier’, aBdhe event ‘the test result is positive’.

The scientists who develop the test are concerned with the probabilities that the
test result is wrong, that is, witA(B | A') (the probability of a false positive result on
someone who doesn’t have the gene) BB | A) (the probability of a false negative
result for someone who does have it).

However, a patient who has taken the test has different concerns. If | tested posi-
tive, what is the chance that | have the disease? If | tested negative, how sure can | be
that | am not a carrier? In other word¥A | B) andP(A’ | B').

These conditional probabilities are relatedBgyes’ Theorem

Bayes’ Theorem Let A andB be events with non-zero probability. Then

A|B) x P(B)
P(A)

P(B|A) = 1\

The proof is not hard. We have
P(B|A) x P(A)=P(ANB) =P(A| B) x P(B),

using the definition of conditional probability twice. (Note that we need BodindB
to have non-zero probability here.) Now divide this equatiofPb¥) to get the result.

If P(B) # 0,1 andP(A) # 0, then we can use the corollary to the Theorem of Total
Probability to write this as

P(A|B) x P(B)
(A|B)xP(B)+P(A|B)xP(B)

P(B|A) =
(BIA)= 5
Bayes’ Theorem is often stated in this form.
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Example (Ilce-cream: part 3) Consider the ice-cream salesman. Given that he sold

all his stock of ice-cream, what is the probability that the weather was sunny? (This
guestion might be asked by the warehouse manager who doesn’t know what the weather
was actually like.) In the notation that we used befdyeis the event ‘it is sunny’ and

B the event ‘the salesman sells all his stock’. We are aske&(af | B). We were

given thatP(B | A1) = 0.9 and thatP(A;) = 0.3, and we calculated th&B) = 0.59.

So by Bayes’ Theorem,

B|A)P(A1) 09x03

= =04
P(B) 050 040

P(AL | B) =

to 2 d.p.

Example (Bakery: part 2) If a randomly chosen loaf is found to be underweight,
what is the probability that it came from bakeZ®
This is justP(C |U), and Bayes’ Theorem gives
PU|C)xP(C) 015x02 3

PICIV) = P(U) - 007 T

Example (Eye-colour: part 3) Now suppose that John and Jill have four children,
all brown-eyed. What is our new assessment of the probability that John’s genes are
BB?

Solution Let F be the event that all four children are brown-eyed. The children
inherit genes independently of each other, so

P(F|D)=1

P(F | D) = (%)4:%.

The Theorem of Total Probability gives:

and

P(F) = P(D)P(F | D)+ P(D)P(F |D) = 2 x 1+ 2x = o

Then Bayes’ Theorem gives

P(F|D)P(D) 1/3 8
P(D|F)= =" ="
(BIF) P(F) 3/8 9
We can interpret this conditional probability as a measure of our belief that John is BB
given all the information available.




Example Consider the clinical test described earlier. Suppose that 1 in 1000 of the
population is a carrier of the disease. Suppose also that the probability that a carrier
tests negative is 1%, while the probability that a non-carrier tests positive is 5%. (A
test achieving these values would be regarded as very successfulokdhe event

‘the patient is a carrier’, anB the event ‘the test result is positive’. We are given that
P(A) = 0.001 (so thaP(A’) = 0.999), and that

P(B|A) =099, P(B|A)=0.05

(a) A patient has just had a positive test result. What is the probability that the patient
is a carrier? The answer is
P(B|A)P(A)
P(B|AP(A)+P(B|A)PA)
0.99x 0.001
(0.99x 0.001) + (0.05x 0.999)
0.00099

= 005004 00194

P(A|B) =

(b) A patient has just had a negative test result. What is the probability that the patient
is a carrier? The answer is
P(B'| A)P(A)
P(B'| A)P(A)+P(B" | A)P(A)
0.01x 0.001
(0.01x 0.001) 4 (0.95x% 0.999
0.00001

= D.9a90s 200001

PA|B) =

So a patient with a negative test result can be reassured; but a patient with a posi-
tive test result still has less than 2% chance of being a carrier, so is likely to worry
unnecessarily.

Of course, these calculations assume that the patient has been selected at random
from the population. If the patient has a family history of the disease, the calculations
would be quite different.

Example 2% of the population have a certain blood disease in a serious form; 10%
have it in a mild form; and 88% don't have it at all. A new blood test is developed,;
the probability of testing positive is 9/10 if the subject has the serious form, 6/10 if the
subject has the mild form, and 1/10 if the subject doesn’t have the disease.

| have just tested positive. What is the probability that | have the serious form of
the disease?



Solution Let A; be ‘has disease in serious forn&; be ‘has disease in mild form’,
andAgz be ‘doesn’t have disease’. LBtbe ‘test positive’. Then we are given th&i,
Az, Az form a partition and

P(A1) =0.02 P(A))=01 P(A3)=0.88
P(B|A) =09 P(B|A) =06 P(B|As)=0.1

Thus, by the Theorem of Total Probability,
P(B) =0.9x0.024+0.6x0.1+0.1x 0.88=0.166

and then by Bayes’ Theorem,

P(B|A1)P(A1)  0.9x0.02

= —0.108
P(B) 0.166

P(AL|B) =

to 3 d.p.

Proposition 6 Let E;, Ep, ..., E, be pairwise disjount events whose union is the
whole sample space. LétandB be events witiP(BNE;) > 0fori =1, ...,n. Then

>

P(A|B)=$ [P(A| BNE) xP(E; | B)].
i=
Proof
P(A|B) = P(QE)B), by the definition of conditional probability,
n . N
= PANBE) x P(E'), by the Theorem of Total Probability féxN B,
= P(B)
" [P(ANBNE) P(Ei)} . iy -
= X , by the definition of conditional probability,
2 rE) Crel Y propabiity
e 'P(AmBmEi)}
- i; . P(B)
_ « [P(ANBNE) P(BNE) o i
= i;  PE) X P(BN Ei)] , because multiplication by 1 changes nothing!
<« [P(ANBNE) y P(BmEi)]
i; | P(BNE) P(B) |’
n

= [P(A|BNE) xP(E |B)]. =



Example Two channelsC andD, are used to send electronic information as a sequence
of Os and 1s. The probability of correct transmission is

C D
1sent| 0.95 099
Osent| 098 091

In each channel, /B of the signals are 1s. Also, chani@kends 35 of the traffic.
Find the probability that a 1 is received when a single item is sent.

Solution Put _ _
S ="lissent’ S ="0is sent”

R ="l is received” Ry = "0 is received”

Then we wanP(Ry).
UseS andS, as the partition. Then

P(RI|C) = P(Ri|SINCIP(S|C)+P(R| SHNC)P(S|C)
= O.95><§—|—0.02><}:0.64

3 3
and
P(Ri|D) = P(Ri|SND)P(S|D)+P(Ri|SND)P(S|D)
2 1
= 0.99x 3 +0.09 x 3= 0.69,
SO

P(R1) = P(Ri|C)P(C)+P(Ry|D)P(D)

3 2
= 0.64x c +0.69x = 0.66.

Can you find what is the probability that the signal is sent correctly if a 1 is re-
ceived?



