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Question 1 (20 marks) Let x1, . . . , xn and y1, . . . , yn be data collected on the
same n items.

(a) Define the sample covariance sxy and the sample correlation coefficient r. [5]

(b) There were 17 entrants in a beauty contest in a small town in the United States.
Their weights and heights were recorded: xi is the height of contestant i in
inches, and yi is the weight of contestant i in pounds. For these data,

17∑
i=1

xi = 1135.5,

17∑
i=1

yi = 2035,

17∑
i=1

x2
i = 75870.75,

17∑
i=1

y2
i = 244135 and

17∑
i=1

xiyi = 136007.

Calculate the sample correlation coefficient. [6]

(c) The data for weight and height are plotted on one of the following three scatter-
plots. State which scatterplot is the correct one. For each of the other two
scatterplots, explain briefy why it cannot be correct. [5]

(i)

(ii)

c© Queen Mary, University of London (2010)



MTH4106 (2010) Page 3

(iii)

(d) How would the sample correlation coefficient change if the weights had been
measured in kilograms rather than pounds? Justify your answer. [4]

Question 2 (15 marks) Let X be a discrete random variable all of whose values
are non-negative integers. Let G(x) be the probability generating function of X.

(a) Prove that
dG(x)

dx

∣∣∣∣
x=1

= E(X)

and
d2G(x)

dx2

∣∣∣∣
x=1

= E(X2)− E(X).

[8]

(b) If 0 < p < 1 and X ∼ Geom(p) then

G(x) =
px

1− qx
,

where q = 1− p. Find E(X) and Var(X). [7]

Question 3 (10 marks) Using Minitab, a student enters the numbers 1–200 in
order into column C1. He simulates 200 values from the distribution Exp(0.25) and
puts them in column C2. Call these values x1, . . . , x200. He uses the calculator to
find Partial Sum(C2) and store it in column C3, and then to calculate C3/C1 and
store it in column C4. Finally he creates a scatterplot of C4 against C1.

(a) Write down the entries in row 4 of columns C1, C2, C3 and C4. [4]

(b) Describe the important features of the scatterplot, either in words or with a
labelled sketch. [4]

(c) What theorem does this scatterplot illustrate? [2]
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Question 4 (20 marks) Consider the population of all people who are ordinarily
resident in the London borough of Tower Hamlets. Let p be the proportion of
these who have ever been prescribed glasses or contact lenses. An optician wants to
estimate p, so she chooses a random sample of 512 residents and asks each one if
they have ever been prescribed glasses or contact lenses. Let X be the number who
answer “yes”.

(a) State the distribution of the random variable X. Hence write down the expect-
ation and variance of X. [4]

(b) Find P(X ≤ 200) if p = 1/3. [6]

(c) Let Y = X/512. Show that Y is an unbiased estimator of p. [4]

(d) Find the mean squared error of Y as a function of p. [4]

(e) Suppose that 157 residents in the sample answer “yes”. Estimate the value
of p, giving your answer to two decimal places. [2]

Question 5 (10 marks) Let X1, . . . , Xn mutually independent random variables
which all have the same distribution with expectation µ and variance σ2. Let

X̄ =
X1 + · · ·+ Xn

n
.

(a) Prove that E(X̄) = µ. [3]

(b) Find the variance of X̄. [4]

(c) State the distribution of X̄ when Xi ∼ N(µ, σ2) for i = 1, . . . , n. [3]

Question 6 (15 marks) A manufacturer of soft drinks sells them in bottles which
are labelled as containing 350 ml each. A new manager thinks that the firm is putting
slightly too much drink into each bottle, and therefore spending too much money.
He assumes that the distribution of the volume (in ml) of drink in the bottles is
N(µ, 4), and thinks that if µ > 355 then the firm should adjust the machines that
fill the bottles.

He takes a random sample of twelve filled bottles, and measures the volume of
drink they contain, as follows (all data are in ml).

353 357 356 357 360 357
356 359 355 358 356 358

(a) State the manager’s null and alternative hypotheses. [3]

(b) Find the sample mean and the sample standard deviation of the data. [4]

(c) Carry out the appropriate hypothesis test at the 10% significance level, and
report the conclusion. [8]
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Question 7 (10 marks) (a) Explain what is meant by a 99% confidence interval. [3]

(b) A forester is studying the growth rate of red pine trees at an early stage. He
measures the heights xi (in cm) of 40 red pine seedlings one year after they
were planted. He finds that the sample mean is 1.715 and the sample variance
is 0.2252.

He assumes that he can regard these as a random sample of all such seedlings,
and that the population heights are normally distributed, with unknown mean µ
and unknown variance σ2.

Find a 99% confidence interval for µ. [7]

End of Paper
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