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What do you want to do?

I Prove the Riemann Hypothesis.
I Prove that any even number bigger than 2 is the sum of

two primes.
I Prove that any prime number bigger than 2 is the sum of

two even numbers.
I Design an efficient way to pack pears into a box, to

enhance their value.

Then you should be a mathematician (unless you chose the
third item!)

What is mathematics?

Chambers’ Dictionary says,

mathematics n sing or n pl the science of magnitude and
number, the relations of figures and forms, and of quantities
expressed as symbols.

That tells us something of what mathematics is about, but
doesn’t give a clue about how to do mathematics.
Paul Erdős said,

The purpose of life is to prove and to conjecture.

This captures the fact that mathematics has both a rigorous
logical side and a creative intuitive side. We make guesses; we
find proofs of our guesses by insight and intuition; and then we
write down proofs which are completely convincing.

Sheep and goats

Question
There are 26 sheep and 10 goats on the boat. How old is the captain?
I am sure you were not fooled by this question. However, the
European Mathematical Society Newsletter reported that this
question was given to 97 primary-school students in Grenoble.
76 of them did a calculation based on the data provided and
gave an answer.
They may have thought along these lines: “Sheep and goats,
the boat was probably Noah’s Ark. Noah lived to a great age,
and was quite old when he set sail; so 10 × 26 = 260 sounds
about right.” What sort of argument is that? It is not a
mathematical argument.

A party problem

Question
Is it possible to have a party at which no two people have the same
number of friends as each other?
There are two difficulties here. First, we have to make some
assumption about friends; let us assume that nobody can be
their own friend, and that if I am your friend then you are my
friend. (Mathematicians say that the relation of friendship is
irreflexive and symmetric.)
Second, you have to decide whether you think the answer is
yes or no. If it is yes, then you have to show how to arrange
such a party; if it is no, you have to explain why not.

Another party problem

Question
Show that, if there are six (or more) people at a party, then there will
be either three people who are mutual friends, or three people who are
mutual strangers.
We make the same assumptions about friendship as before.
This is a famous question, because it led to an entire are of
mathematics known as Ramsey theory. The slogan of Ramsey
theory is “Complete disorder is impossible”. In any party, no
matter how strangely the friends are distributed, we can find a
smaller group of people where much more order prevails
(either three mutual friends or three mutual strangers).

A card problem

Question
Each card in a pack has a number on one side and a letter on the other.
Four cards are placed on the table:�
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You have to test the following hypothesis:

A card which has an even number on one side has a vowel
on the other.

You are allowed to turn over two cards. Which cards should you
turn? Why?



Another card problem

Question
You are given a card, with a statement on each side, as shown.
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The statement on the
other side of this card
is true

The statement on the
other side of this card
is false

Which of the two statements is true, and which is false?
If the first statement is true, then the second is also true, but this
implies that the first is false. If the first is false, then the second
is also false, which means that the first is true. No way out?

Ants

Question
Four ants, A, B, C, D, are at the corners of a square of side length 1.
At time t = 0, they begin to crawl at the same speed towards each
other so that A always crawls towards B, B crawls towards C, C
crawls towards D, and D crawls towards A. Eventually they meet in
the middle of the square. How far have they crawled?
This seems like a more traditional mathematical problem; you
can write down some differential equation for the motion of an
ant, solve it, compute some more or less complicated integral,
and find the answer.
But there is a much easier solution; can you spot it?

More ants

Question
A number of ants are at random positions on a 1-metre rod, some
facing one way, some the other. At a certain moment, they all start to
crawl at a speed of 1 centimetre per second. When an ant reaches the
end of the rod, or when it collides with another ant, it instantly
reverses its direction and continues to crawl with the same speed.
Is there a moment when the ants are back in the starting positions?
(Not necessarily the same ant as before in each position.) If so, how
long does it take before this happens?
This is another question which looks hard but can be easily
solved with a bit of clever thinking.

Two quick questions

Question

Time flies like an arrow, but fruit flies like a banana.

I like bananas; does that make me a fruit fly?

Question
A commentator on the BBC World Service said,

You can’t square the circle unless everyone is singing from
the same sheet.

Is this true? (“Squaring the circle” is a metaphor for something that
can’t be done.)

Implication

Let’s think about the last question. It depends on the meaning
of the word “unless”.
Suppose I say to you:

Unless it rains tomorrow, I will take you to the Zoo.

“It rains” “We go to Zoo” my statement
true true true

true false true

false true true

false false false

The statement can be translated as an implication: “If it doesn’t
rain tomorrow, I’ll take you to the Zoo”.

0.999 . . . = 1?

Question
Non-mathematicians often have a lot of trouble with the assertion

0.999 . . . = 1.

I Is the assertion true or false?
I Someone taking the opposite view to yours accosts you at a

party. What argument would you use to convince them that you
are correct?

To answer the first question we have to figure out what
0.999 . . . means. The second question is asking for something
different. Here are two possible answers:

I OK, show me a number between 0.999 . . . and 1.
I You agree that 1

3 = 0.333 . . ., yes? Multiply both sides by 3.



Better than nothing?

Question
Consider the argument

Nothing is better than happiness; a cheese sandwich is
better than nothing; so a cheese sandwich is better than
happiness.

I Is this a valid logical argument?
I If not, why not?
I If A is better than B, and B is better than C, is A better than C?

The problem here is that we are treating “nothing” as if it was
an actual thing.

A counting problem

Question
How many squares are there on a standard chessboard? (I mean the
total number of squares, not just the 64 single black and white
squares.)
What is the answer for an n × n chessboard?
The numbers of squares of size 1 × 1, 2 × 2, . . . , 7 × 7, 8 × 8 are
82, 72, . . . , 22, 12.
So we have to sum the squares of the numbers from 1 to 8 (or,
in general, from 1 to n). Can you do that?

The Party Problem

Suppose that there are n people at the party, and all have
different numbers of friends. Nobody can have more than n − 1
friends, according to our assumption; so there must be one
person with each possible number of friends (0, 1, . . . , n − 1).

Now consider the person P with 0 friends, and the person Q
with n − 1 friends. Are they friends?

Since P has no friends, and Q is friends with everyone else at
the party, we have a problem either way. So such a party
cannot be arranged.

In fact, there is one case that we forgot in this argument. Can
you spot what it is?

The other party problem

Take any six people, say A, B, C, D, E, F. Now consider the
person A. We divide into two cases:

I Case 1: A is friends with at least three of B, . . . , F;
I Case 2: A is friends with at most two of B, . . . ,F.

In Case 1, we can suppose that A is friends with B, C and D.
Now if any two of B, C, D are friends with one another (say B
and C), then A, B and C are mutual friends. However, if no two
of them are friends, then B, C, D are mutual strangers.

Case 2 is very similar, and I leave it to you.

Ants

By symmetry, at each moment the four ants are at the corners of
a square (though the square gets smaller as time passes).
Ant A is always walking directly towards ant B at constant
speed (of, say, 1). Ant B, on the other hand, is walking at right
angles to the line joining it to ant A. So the distance between
the two is decreasing at a rate of 1.
Since the distance starts off as 1, we see that it takes 1 unit of
time for A to meet B, and A has crawled 1 unit of distance by
this time.
By symmetry, it is the same for the others.

More ants

The difficulty in the second ant problem is all the reversals. It
would be easier if the ants simply kept going at the same speed.
We can arrange this at the end of the rod by imagining that
there is a mirror at the end of the rod; the image of the ant in
the mirror just keeps on.
Also, when two ants meet, instead of each one reversing
direction, let us suppose that they pass and continue in the
same direction. (This is OK since we don’t care which ant is
which.)
After 100 seconds, the ants will be at the mirror images of the
positions where they started (since their mirror images will be
in the same positions but in the reflected rod). Since two
reflections cancel out, after 200 seconds they will be back in
their starting positions.


