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Abstract

A random preorder om elements consists of linearly ordered equiva-
lence classes callddocks We investigate the block structure of a preorder
chosen uniformly at random from all preordersroalements ag — .

1 Introduction

Let R be a binary relation on a s&t. We sayR is reflexiveif (x,x) € R for all

x € X. We sayR is transitiveif (x,y) € Rand(y,z) € Rimplies (x,z) e R A
partial preorderis a relationR on X which is reflexive and transitive. A relatid®

is said to satisfyrichotomyif, for any x,y € X, one of the casex,y) € R, x=Yy, or
(y,X) € Rholds. We say thaR is apreorderif it is a partial preorder that satisfies
trichotomy. The members of are said to be thelement®f the preorder.

A relationRis antisymmetrigf, whenever(x,y) € Rand(y,x) € R both hold,
thenx =y. ArelationR on X is apartial order if it is reflexive, transitive, and
antisymmetric. A relation is #otal order, if it is a partial order which satisfies
trichotomy. Given a partial preord€ on X, define a new relatios on X by
the rule that(x,y) € Sif and only if both (x,y) and (y,x) belong toR. ThenS
is an equivalence relation. Moreové,induces a partial ordex on the set of
equivalence classes &in a natural way: if(x,y) € R, then(X,y) € R, where
X is the S-equivalence class containingand similarly fory. We will call anS
equivalence classldock If Ris a preorder, then the relatiéton the equivalence
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classes o&is a total order. See Section 3.8 and question 19 of Section 3.13 in [4]
for more on the above definitions and results.

Preorders are used in [6] to model the voting preferences of voters. (A different
but equivalent definition of preorders is used in [6], where they are called weak
orders.) We suppose that there areandidates anch voters. Suppose that is
a finite set representing a collection of candidates.R.gt=1,2,...,m, be a set
of weak orders oiX. Then(x,y) € R means that thith voter prefers candidate
to candidatex. TheR, blocks correspond to sets of candidates to which vioter
indifferent.

Let p(n) denote the number of preorders possible on a setedéments. The
assumption is made in [6] that each voter chooses his voting preference uniformly
at random from all of thg(n) possibilities independently of the other voters. An
algorithm for generating a random preorder is given in [6] and the ideas behind
the algorithm are used to derive a formula for the probability of the occurrence of
“Condorcet’s paradox”. See [5] for a survey of assumptions on voter preferences
used in the study of Condorcet’s paradox.

We are interested in the size of the blocks in a random preordeB, e the
size of the first block, leB, be the size of the second, andBtbe the size of the
ith block. If the preorder had blocks we defind, = 0 fori > N. Itis an identity
that

_iBi =n. (1.1)

We can represent a preorder on theX$dty the sequencéB,,B,,...), where the

B, are disjoint and J; B, = X. A related combinatorial object to preorders is set
partitions, for which the blocks are not ordered. The block structure of random
set partitions has been studied in [8].

In this paper we look at the block structure of a random preorder. We give
asymptotic estimates of the number of blocks, the size of a typical block, and the
number of blocks of a particular size. We are able to show that the maximal size
of a block asymptotically takes on one of two values.

Let S(n,k) denote the Stirling number of the second kind. Note that the
number of preorders with exactly blocks isp(n,r) = r!S(n,r) and therefore
p(n) = 37y rIS(n,r).

The identity

i S(n,r)z" _ (e#—1) (1.2)

I !
& nl r!

is proven in Proposition (5.4.1) of [4] using inclusion-exclusion. The following
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consequence of (1.2) will be useful. 1{z) = 3,_yanZ" is a power series, then
we use the notatiofz"] f(z) to denotea,,.

Lemma 1 For any sequencé;, 1 <r <n,
n 00

S 6rp(nr) =n! 2] <%en<e2— 1)”) .

r=1 =

Proof We observe that

>S5

> (& z 2 /& pnrz"
S (sepnn)Z = 3 (325 e
n=0 \r=1 n: r=1 \n=r n
~ Z(Zs(”’f)zn)rler
r=1 \n=r n:
— Qr(ez—l)r
r=1
The lemma follows immediately. |

If we take6, = 1 in Lemma 1, then we find that
p(n) =nlZ(2—€)

an identity proved in [2]. The singularity of smallest modulug2 ez)*l occurs
atz=log2 with residue

. z—log?2 . 1 1
I =1 — ) =—=z 1.
ZJ{‘(T)]QZ( 2— € ) zlmgz(—ez> 2’ (1.3)
by I'H Opital’s rule. So the function
1 1

2—ezjL 2(z—log?2)

is analytic in a circle with centre at the origin and the next singulariti€ efe?)
(at log 2+ 2ri) on the boundary. Thus

n 1 n+1
p(n) ~ > <@) ; (1.4)
and indeed it follows from Theorem 10.2 of [7] that the difference between the
two sides i((r — &)~ "), wherer = |log 2+ 2ri|; that is, exponentially small. An

exact expression fq2 — ez)*1 is given in [1] in terms of its singularities and the
truncation error from using only a finite number of singularities is estimated.

1
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2 The number of blocks

We denote the number of blocks of a random preorden efements byx,. In
terms of the block sizeB, we may expres¥, as X, = 5;241[B, > 0], where
[[B; > 0] is the indicator variable that thth block has positive size. In this section
we give asymptotics fox,.

Thekth falling factorial of a real numberis defined to bgx), = x(x—1)(x—
2)---(x—k+1) and thekth falling moment ofX, to be

E(Xn)y = EXa(X0 — 1)(%n—2) -+ (% — k+1). (2.5)

DefineA, to be 0

An = 2log2’

We will show thatlE(Xp), ~ A for each fixedk > 0, where we use the notation

an ~ by, for sequencea,, b, to mean lim_.. a,/b, = 1. By a standard argument
using Chebyshev’s inequality, the asymptotics of the first two moments implies
that X, axs ﬁgz’ where we writeX, axs an (X, converges t@, asymptotically

almost surely) to mean liguo P(|Xn/an— 1| > €) =0 for alle > 0.

(2.6)

Theorem 1 The kth falling moment of the number of blocks of a random preorder
equals

_ Kin! (& — 1)K
E(Xn), = p(n)[ 2@k (2.7)
It follows that for fixed k
E(Xn), ~ A (2.8)

and that
xn ar%s. A‘I’h
whereA, is defined by (2.6).
Proof In order to prove (2.7) it suffices to note that
n n
p(n,r) 1

Ne=——="3Y p(nr)(r),,

2, i) e py 2, PO

to apply Lemma 1 witl, = (r),, and to observe that

E(Xn)y =

© kI xK

& e
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We now proceed to show (2.8). An analysis similar to (1.3) shows that

im (27log2f e -1k (1 kel
z—log2 (2—e7)ktl B

2

and that
(e — 1) (—1/2)k1

(2— e?)k+1 N (z—log 2)k+1

is analytic on any disc of radius less thdog 2+ 27xi|. Singularity analysis (Sec-
tion 11 of [7]) implies that

1K k1
Pl g ~ (zi0g2) Z)1-7/l0a2 !

1\ K K
(Zlogz) M(k+1)(log2)"’ (2.9)

wherel (x) = [5° e 't*"1dt. Therefore,

n! 1 \*1 ok K
O by <2|092> (log2y ~

where we have used (1.4) ahk+ 1) =K.
The variance oK, is asymptotically VaiXn) = EXn(Xn— 1) +EXn — (EXq)% =
A2+ 0(A2) + (An+0(An)) — (An+0(An))? = An(140(An)). The conclusion that

aas. .
Xn ~ Anis aconsequence of

P (|[Xn/An— 1] > €) = P (X0 — An| > €An) < Var(Xn)/(eAn)2 = o(1).

As a random variabl& with PoissofiA,) distribution has falling moments
exactly equal td(Z), = AKX, and(Z — An)/+/An converges weakly to the standard
normal distribution ifA, — oo, (2.8) indicates thatX, — An)/v/A, should have
a distribution that is approximately normal. Asymptotic normality could be a
subject for future research.



3 The size of a typical block

Because the blocks in a random preorder are linearly ordered, we mai;take
the size of a typical block. Given a preordd;,B,,...) on X, we may define
a new preorder oiX\B; by the sequenceB,,B;,...). This operation can be
reversed: given a preorder of\B,, (B,,B;,...), we can inserB, to get the

original preorder orX. The above correspondence implies

(6, == () "5

and for fixedk the asymptotic (1.4) gives

_ k
P(B, = k) ~ (E) (n n!k)! (log2)k = ('OE!2> . (3.10)

It is easily checked that the distribution defined by the right hand side of (3.10) is
the same as the distribution of the conditioned random vari@® > 0), where
Z is Poissofllog 2) distributed.

We will use an argument similar to the one above and the results of Section 2
to show that the distribution of fixed block sizes are asymptotically i.i.d. and dis-
tributed agZ|Z > 0).

Theorem 2 Let a finite set of indices ji,,...,i, and a sequence of nonnegative
integers g,a,,...,a_be given. Then

IP)(BilzalaBizzaZw"vBiL:a'L)r\J. a||
1=

Thatis, the distribution of the, Bconverges weakly to ani.i.d. sequence of random
variables distributed a$Z|Z > O) where Z is Poissditog 2) distributed.

Proof Given a preorder with bIockB, By -+, B onX, we can form a new pre-
L

order by(B,,...,B;, 1>B. 1415+ By _1,B,2+1...) on X\Ui1B; - f)n the other

hand, a preorde(rBl, B 1,BI 111 B, 1B 41---) onX\Uj1 B; forms

a valid preorde(B;, BZ, ) on X by the insertion of the bIockBil, Biz, I BiL if

and only if (By,...,B; _4,Bi_y4,---,B; _1,B; ,4...) is @ preorder with at least



i, —L nonempty blocks. Therefore, withdefined ad = Z":lar

P(Bll — al, B|2 — 8.2, ey BIL — aL)

B ( n ) Yr=i,-LP(n—b,r)
a;,a,,...,a,n—Db p(n)
n p(n—b)
— >a —L). :
<a1,a2, oy, n— b) p(n) P =3 —L) (3.11)
The probability in (3.11) approaches 1 because of Theorem 1. The other factors
have asymptotics that give the theorem. ]

4 The number of blocks of fixed size

DefineX(® to be the number of blocks of size= s(n) in a random preorder om
elements. Defing (¥ to be

-1
A9 = (log2)® n
29!

Theorem 3 The kth falling moment of the number of s-blocks of a random pre-
order equals

(4.12)

i
E(X(9), — p(:;?;)k[z“kﬂ ]i J(:(()é (i:)i)j:l, (4.13)
It follows that for fixed k and s o(n) such thatt,(¥ — oo,
E(GY) ~ ()"
and that
X&) 223 2,8, (4.14)

whereA(® is defined by (4.12).

Proof Let ps(n, k) be the number of preorders arlements with exactlig blocks
of sizes. Thekth falling moment ofX(® is

8

B = oo 3 (OPs(n).
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The quantityy > (r),ps(n,r) counts the number of preorders wkHabelleds-
blocks, where each of the labellseblocks is given a unique label from the set
{1,2,...,k}. This number is also counted by: first, chooskngblocks to be the
ones marked; second, forming a preorder ormthe&ksremaining elements with
blocks; third, inserting the-blocks into the preorder in the order they were chosen
in one of(k”) ways; fourth, marking the insertexblocks in one ok! ways. We
therefore have

ot = B () ()

~ p(n )(S')n(n kslzpn ksr)(k+r),

n!

_ W[zn-kﬂ nZO(k+ n) (& —1)"

(4.15)

where we have made use of Lemma 1 at (4.15). We use the identity

" Cdk X K7k (k= )1 (k)3
n;)(k—i—n)kx :d—xk:( = JZO(J) (1— X)k j+1

in (4.15), which follows from the formul%uv— > o] ha udxk Lv for func-

tions u(x) andv(x). After substitution of the identity and simplification (4.15)
becomes (4.13).

In (4.13), the singularity of largest degree occurs-atlog2 whenj = 0. The
asymptotics o (X)), are given by

S Ikl k
E(Xrg))k ~ # kﬂ (2— ezl2+1

2k!(log 2)n+1 1 k+1 (n— kS)k
(sh)k (Zlog 2) F(k+1)(log2)n—ks

- (e,

where we have used (1.4), (2.9), and the assumptioro(n). The almost sure
convergence result (4.14) is an application of Chebyshev’s inequality as in the
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proof of Theorem 1. |

() —An(s)

An(s)
weakly to a standard normal distribution as longAaés) — o, wherei,(s) =
('OQZZS)!H”. This could be the subject of further investigations.

The method of the proof of Theorem 3 can be used to derive asymptotics of
joint falling moments. For examplE((X,ﬁsl))kl(X,gsz))kz) ~ (A))k (A (2))k2 for
fixeds,, s, k;, k.

Observe thag? ;sA(Y =nandy2 ;A = A, showing that Theorem 4.13
agrees with (1.1) and Theorem 1, respectively, and indicating that Theorem 3 gives
a good picture of the block structure of a random preorder.

One would expect from Theorem 3 that the distributio converges

5 Maximal block size

We are also able to estimate closely the the maximum size of a block in a random
preorder. Defingt, to be

Un = max{s: /lr@ > 1}

and define f o)
Un IT An(Un) = /Un,
= ) 5.16
Vn { Un—21 if An(tn) < /tn. ( )

Theorem 4 Let M, = max. ; B, be the maximal size of a block in a random pre-
order. Letv, be defined by (5.16). Thep ~ logn/loglogn and

P(My € {Vh,Vn+1}) — 1 asn— co. (5.17)

Proof Clearly,A'® is monotone decreasing &for s > 2. Taking the logarithm
of A9 produces

Ioglrgs) = logn+ (s—1)loglog2—logs! —log2
logn— slogs+ O(s). (5.18)
Pluggings = IO'&% into (5.18) gives
log A, logn _ lognlogloglogn 10 logn e
"\loglogn loglogn loglogn ’
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from which it follows that for large enough, i, > logn/loglogn. On the other

hand, if we pluglog%gn <1+ 2'?%?%;’9”) into the right hand side of (5.18) we get

logn 2logloglogn
log4n (Ioglogn (1+ loglogn ))

logn 2logloglogn logloglogn
logn loglogn (1—1— loglogn loglogn—logloglogn+ O loglogn

0 logn
loglogn

_ lognlogloglogn o logn(logloglogn)? e
loglogn (loglogn)2 ’

so thatu, < |0'g|%gn (1+ 2'?39,'?39,';’9“) for large enougm. We have shown that

logn < < logn 1 2logloglogn
loglogn loglogn loglogn

logn
loglogn

logn

for large enougim and, in particular, that,, ~ Toglogn-

Define the index sets

N ={n>1:A(un) > /tn}

andv, ~

and

Ay ={n=1:2n(ttn) < /Bin}.
We prove (5.17) first for indices going to infinity irt; and then for indices going
to infinity in 5.

Whenn — o in .47, An(Vn) > /Hin — © asn — o, so the proof of Theorem 3
givesP(X{"") > 0) — 1 and soP(M, < vn) — 0. The ratioA (Knt1) /3 (kn+2) —
(Un+2)/l0og2 — o and A+ < 1 imply A(¥n2) — 0. We will show, further-
more, that

E(X{¥) = 0(1), (5.19)
S>Un+2
which impliesP(M;, > v+ 1) — 0. By Theorem 3, after some simplification, for
allse [1,n]
n!

B = gl e
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< Kn! n
= p(n)sl (log2)"—*

,(log2)%1n
K gl

(5.20)

for constantd<,K’ > 0, where we have used tl@-) version of singularity anal-

ysis [7] at (5.20). The ratlo% ';’flz are less than some fixgd< 1

for all s> u,+ 2 for large enouglm, so that fom large enough,

n(log2)s—1 _ K/ (Hnt2)

E(X;®) <K sl - 1-p

S>ln+2 $>lin+2

0 (5.21)

Whenn — e in 45, 2,#0) > 1 and,(#=b /A H) = i, /log 2 — o give A (0) —
0, henceP(Mp < vn) — 0. On the other hand, *n) < | /i1, andA(H0) /2, (ka1 —
(tn+1)/log2 — oo give A0+l — O(up~1/2) = o(1) and an argument like the
one showing (5.21) results IM,, > v, +1) — 0. ]

Asymptotic two-point concentration theorems are well known from random
graph theory. See Theorem 7, page 260 of [3] for such a result regarding clique

number.
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