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Abstract

A graph isn-e.c. fr-existentially closed) if for every pair of subséisW
of the vertex se¥ of the graph such that "W = 0 and|U| +|W| = n, there
is a vertexv € V — (U UW) such all edges betweerandU are present and
no edges betweenandW are present. A graph is strongly regular if it is a
regular graph such that the number of vertices mutually adjacent to a pair of
verticesvy, v, € V depends only on whether or npt;, v»} is an edge in the
graph.

The only strongly regular graphs that are known tonbe.c. for large
n are the Paley graphs. Recently D. G. Fon-Der-Flaass has found prolific
constructions of strongly regular graphs using affine designs. He notes that
some of these constructions were also studied by Wallis. By taking the affine
designs to be Hadamard designs obtained from Paley tournaments, we use
probabilistic methods to show that many non-isomorphic strongly regular
n-e.c. graphs of ordeig+ 1)? exist wheneveq > 16n°2?" is a prime power
such thag=3 (mod 4.

1 Introduction
The vertex set of a grapB will be denoted byv =V (G) and the edge set by
E = E(G). The number of vertices is denoted Ry= |V|.

We define a graph to hee.c. fi-existentially closed) if for every pair of sub-
setsU, W of the vertex seV such thal "W = 0 and|U|+ |W| = n there is a
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vertexv € V — (U UW) such all edges betweerandU are present and no edges
betweerv andW are present.

A strongly regular SRN, K, A, M) graph is a regular graph such that the num-
ber of vertices adjacent to a pair of vertioasv, € V depends only on whether
or not{vy,v»} € E. Denote the common degree of the vertice&dfy K. Given
veV, letl(v) ={weV :{wVv} € E} denote the set of vertices\hadjacent to.

If vandw are vertices such thgw, v} € E, then the number of vertices mutually
adjacenttovandwis | (v)NTI(w)| =A, and if{w,v} & E, then|l" (v)N T (w)| =M.

The only strongly regular graphs that are known tonbe.c. forn > 3 are
the Paley graphs, which are constructed from finite fields of giaereq is a
prime power such thaj=1 (mod4). LetFq denote the finite field containing
g elements, whereg is a power of a prime. The vertices of the Paley grégh
are the elements dfy and there is an edge between two vertigesdy if and
only if x—yis a square iffq. The Paley graphs aree.c. wheneveg > n?22"~2,
see Bollolas and Thomason [3]. Recently Bonato, Holzmann and Kharaghani [4]
have used Hadamard matrices to construct new 3-e.c. graphs.

Even more recently, D. G. Fon-Der-Flaass [6] has found prolific constructions
of strongly regular graphs using affine designs. (He points out that some of these
constructions appeared in Wallis [10].) His main construction appears as Con-
struction 1 in Section 2. By taking the affine designs in Construction 1 to be
Hadamard designs obtained from Paley tournaments (defined in Section 2) we use
probabilistic methods to show that many non-isomorphic strongly regedac.
graphs of certain orders exist.

Theorem 1.1 Suppose that g is a prime power such thatd (mod 4). There is
a functiong(gq) = O (q*llog q) such that there exiﬁ(qgl)(lfe(q)) non-isomorphic

SR(q+1)%,q(q+1)/2,(0? —1)/4,(q? — 1) /4) graphs which are n-e.c. whenever
q > 16n222",

The lower bound o arises from the need to make the estimates in Theorem 3.2
below effective and the condition on the modulusya$ required because Paley
tournaments are only defined grvertices forq a prime power such thaf= 3
(mod 4.

Theorem 1.1 will be proved by analysing randomly generated strongly regular
graphs. The graphs are generated by Construction 2 (described in Section 2) when
certain bijections and permutations are chosen uniformly at random. Lemma 3.3
in Section 2 shows that Construction 2 generates many non-isomorphic graphs.
We then show that most of the graphs generated have¢he property in Section



3, thereby completing the proof of Theorem 1.1. The proof ofrtfeec. property
uses bounds on the expected number of pairs of subséts causing the graph
not to ben-e.c.

2 Background

Then-e.c. property first occurred in the discussion of random graphs, in partic-
ular the zero-one law for first-order sentences [7]. Clearly this property can be
expressed as a first-order senteggén the language of graph theory. Now it is
well-known that

(a) the countable random graptsatisfiesp, for all n (and is determined up to
isomorphism by this);

(b) for fixedn, almost all finite graphs satisfy,.

Now let @ be any sentence. Eith8ror its negation holds ifR; we may suppose
the former. By compactness,is a logical consequence of a finite number of
sentencesy; so0 holds in almost all finite graphs.

As usual, although almost all random graphsmec., it is not clear how to
construct explicit examples!

3 Constructing random strongly regular graphs

An affine designs a 2-design with the following two properties:

(i) Every two blocks are either disjoint or intersect in a constant numbudr
points.

(i) Each block together with all blocks disjoint from it forms a parallel class: a
set ofn mutually disjoint blocks partitioning all points of the design.

Definesto bes= (r — 1)/(n—1). The number of parallel classesgs= n’s+
n+ 1 and each block in a parallel class contdirs nr = n’s— ns+ n points. The
following construction is described in Fon-Der-Flaass [6]. It originally appeared
in Wallis [10]:



Construction 1 LetSy, ..., Sp+1 be arbitrary affine designs with parametgrg,, s);
herep = n°s+n+1 is the number of parallel classes in egchLet 5 = (M, Li).
Let/={1,...,p+1}.

For everyi, denote arbitrarily the parallel classes $foy symbolszij, j €
I—{i}. ForveV,, letljj (v) denote the line in the parallel clagg which contains
V.

For every pait, j, i # j, choose an arbitrary bijectiam j : £ij — Lji; we only
require thaojj = o; -

Construct a grab@l = G1((Si), (0ij)) on the vertex seX = Uic;Vi. The sets
Vi will be independent. Two verticasc Vi andw € Vj, i # |, are adjacent ity if
and only ifw € gj j(lij(v)) (or, equivalentlyg; j(lij (v)) = lji(w)).

Wallis and Fon-Der-Flaass go on to show that

Theorem 3.1 The graph obtained in Construction 1 is strongly regular with pa-
rameters(N,K,A,M), N = n?r(n’s+n+2), K =nr(n’s+n+1), A =M =
r(n?s+n).

In order for Construction 1 to produce strongly regular graphs witmtbec.
property, it is necessary that for aMyand for any pair of disjoint subsets, W
of V; such thafU |+ |W| = n, there must be a vertexwith all edges between
andU present and no edges betweeandW present. It is therefore necessary
that there is a parallel clasg; such that) andV are contained in two different
(disjoint) blocks ofz;j. To ensure that that condition is satisfied our designs will
be Hadamard designs constructed frBatey tournaments

A tournament is a directed graph with no loops in which the underlying graph
is the complete graph. Suppose thas a prime power such that=3 (mod 4).

Let Fq be the finite field org elements. The vertices of the Paley tournam%@t
are the elements dfy and there is a directed edge a verieto another vertex
y if and only if y — x is a square iffg. (The edges are directed because of the

assumption on the modulus qf) Let Aq = (& j) be the adjacency matrix cﬁq,

so thata; j = +1 if (i, ]) is an edge OBq anda j = —1ifitis not. Forq= 3,
using+ in place of+1 and— instead of-1, we have

0 + -

A={ - 0+
+ -0



Paley tournaments satisfy a version of the.c. property given by Theorem
3.2, which is proved using quadratic residue characters as in the proof of Theorem
10, Section XIII.2, of Bollolas [2]. IfU andW are disjoint sets of vertices of

the Paley tournamerﬁq, then we denote by(U,W) the number of verticeg not
in U UW such that(v,u) is a directed edge iﬁq for eachu e U and(w,v) is a
directed edge irﬁq for eachw € W (so that(v,w) is not a directed edge).

Theorem 3.2 Suppose that q is a prime power such that § (mod 4 and Let

U and W be disjoint sets of vertices of the Paley tournanﬁ\émtand define nto
be n=|U|+ |W|. Then

V(U,W)—2""q| < % (n—2+2""1) g2 n/2.

Moreover, YU, W) > 0 whenever g> n?22"—2,

Let |4 be theq x g identity matrix. LetBy = Aq—Iq. LetCq be the(q+1) x
(g+ 1) matrix obtained by adding an initial row of 1's and a column of 1's. Then
Cq is a Hadamard matrix. Far= 3 we have

- -
~- +

+_

_+_
Bs=| — — + |, G=

++ + +
L+

For eachg, the lastg rows of C are the incidence matrix of an affine design.
Each parallel class contains two blocks, corresponding &md—. The columns

correspond to the points of the design. Thus, from each Paley tourn:ﬁaw&
get the incidence matriRq of a design o+ 1 points with vertices corresponding
to columns and parallel classes corresponding to rows, and with parampeteys
n=2,r=(q+1)/4,s=(q—3)/4 andk = (q+1)/2. In our running example

D3 = + - — +
+ + -
The vertices are labelled from 1 tpt+ 1.

One source of randomness in the graphs generated from Construction 1 comes
from the labelling of the parallel classes in the second step. This is equivalent
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to randomly permuting the rows ddq to get the incidence matrix of each,
i=1,...,g+ 1. More precisely, if the incidence matrix of a desigrs denoted
by M;, then thejth row of M; is theTt(j)th row of Dq for some permutatioms.
The total number of ways of choosing tigis (qg! )4+,
The functionso; j in Construction 1 supply another source of randomness in

the designs. Since there af +1) functions to be chosen and 2 possibilities for
each function (because= 2), there is a total of g2) possibilities for theo; ;.

The fact thaiq!)9+1, grows more rapidly than@l) may indicate that the choice
of permutations adds more randomness to our construction than the choice of
bijections.

Construction 2 is the version of Construction 1 that produces the graphs in
Theorem 1.1.

Construction 2 Suppose thag is a prime power such that=3 (mod 4).

Choose permutationg, 1 <i < g+ 1 independently and uniformly from the
set of all permutations acting dii, 2,...,q}.

Let S51,...,5¢+1 be affine designs such that the point sé{s...,Vq.1 are
copies of{1,2,...,q-+ 1} and such that thgth row of M; is theg(j)th row of
Dg. LetSi = (Vi, Li). Let T ={1,...,9+1}.

For everyi, denote the parallel class &f corresponding to thgth row of M;
by symbolszj, j € I —{i}. ForveV, letljj(v) denote the line in the parallel
classzij which contains. Each line in a parallel class consistgqf-1) /2 points
and each parallel class consists of two lines.

For every pair, j, i # j, choose an arbitrary bijectian j : £i; — L;i arbitrarily
from the 2 possibilities; we only require thaf; = ofjl.

Construct a grapliiy = G1((Si), (0i,j)) on the vertex seX = Uic;V;. The sets
Vi will be independent. Two verticesc V; andw € Vj, i # |, are adjacent ity if
and only ifw € g; j(lij(v)) (or, equivalentlyg; j(lij (v)) = lji(w)).

Theorem 3.1 guarantees that Construction 2 produces graphs tiS# ége-
1)%,q(a+1)/2,(6*—1)/4,(a* — 1) /4).

Lemma 3.3 Construction 2 produces at Ieaz(tqgl)(lfs(q)) non-isomorphic graphs.

Proof The number of graphs generated by Construction 2(q|j§>2q!)q+1. To
bound the number of graphs isomorphic to a specific grapB, consider the
following way of choosing vertices:



(i) Chooseq+ 1 vertices inG corresponding t& in G. This can be done in
at most(q+ 1)2@+1) ways. The vertices i corresponding to the lines of
the g (1)st parallel class o¥; in G are now determined. In particular set of
vertices corresponding to eathare determined.

(i) Choose the correspondences to the vertices to those in eachf, 2 <i <
g+ 1. This can be done if(q+ 1)!)9 ways (and determines aif and all
O'i,j).
The number of isomorphism classes is at least
S

2 (@) ((a+ 22 g+ DY)e) =2l a-=),

wheree(q) = O (g tlogg). =

4  Proof of then-e.c. property

Fix a pair of disjoint subsets of vertices W in the graph in Construction 2 such
that|U| + |W| = n. LetU; be the set of points of; which are vertices itV and
let W be the set of points &f; which are vertices iW. DefineG; = G;(U,W) to
be the labels of the parallel classes in the (unpermuted) dBgifor which all of
theU; are in one block and all of thé&f are in the other. The parallel classesGn
are the ones which “separatd andW. Definel (U,W) to be

ru,w)={ie1,q+1:U =W =0}.
If i e M(U,W), thenG; ={1,2,...,q}. Definen; = |Uj| + W] fori € [1,g+1].
Lemma 4.1 For each i€ [1,9+ 1],
Gi| > 2 "q—nig"/? —ni.
Proof The conclusion of the lemma is trivially true fore I'(U,W). Observe

that fori ¢ I'(U,W),

v(U; — {1}, W) if 1cU;;

v(Ui, W) +Vv(W,U;) if 1 ¢ U UW;
Gi| =
{ VW= {1},U)  if 1eW,



wherev(U,W) was defined just before Theorem 3.2. EU; UW, then Theorem
3.2 givesv(Uj,W) > 27"q— 2nigt/?2 — %, and the same lower bound holds for
v(W,Uj). ThereforglG;| > 2-"+1 —n;g}2 — n; and the conclusion of the lemma
follows. If 1 € U;, then Theorem 3.2 giveG; = v(Uj — {1},W) > 2-(—Dq—
nigt/2 — n;. A similar argument is used for the case W. =

Recall from Construction 2 that = {1,...,q+ 1}. A designV; with i €

(U,W) is said to begoodfor U, W if Ty (i) € Gk for eachk € I —T'(U,W) and is
said to bebadfor U, W otherwise. The number of vertices in a desigood for
U, W which are adjacent to all verticeslithand not adjacent to any verticeswh
corresponds to the columns By, for which a set oig+1— | (U,W)| < nrows
match a certain pattern of 0’s and 1’s.qlf> n°22"2, then Theorem 3.2 implies
for each good desigy there exists at least one (actually many) point¥,cfat-
isfying the conditions of the-e.c. property fotJ, W. Therefore, ifg > n?22"—2,
then a graph constructed with Construction 1 satisfiesitbes. property folJ,
W whenever some desighfis good forU, W. Therefore, to prove that the graphs
described by Construction 2 amee.c., it suffices to show that there exists at least
one good design for every pair, W.

For each € 'y w letl; be the indicator random variable

li =1V is good forU,W].

X = Z li.
icluw

Let us say that a pald, W is badif there is no vertex € V — (U UW) such that
vis adjacent to all edges lh and adjacent to no edge\i. Let A\g(U,W) denote
the event that the pad, W is bad for the random graph in Construction 2. Then,
by the previous paragraph,

DefineX = X(U,W) to be

P(Ag(U,W)) <P(X =0). (1)

The remaining part of the proof gets a lower boundfgX > 0), hence an
upper bound of?(X = 0), by using a large deviations result from Poisson approx-
imation theory. We begin with a lower bound &iX.

Lemma 4.2 Assume that g 16n°2?". Then for U and W such th#t |+ |W|=n,

EX > (q—n) 2‘“exp<—4n2“q‘1/2> .
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Proof Fix avertexi € '(U,W). Then

EX > (q—n)El;

q 2”iq—n-q1/2—nj)
> (g—n) ( : (2)
I g

q .9N n
— (@-mz ] (172 M)
=1 \/q q
q n
> (gq—n)2" (1—2m21>,
N\t q

where we have used Lemma 4.1 at (2). Wheneven(< 1/2, log(1—Xx) > —2x
and 1-x> e %, so

9 4n; 2"
EX > (q—n)2" exp(— J )
P

B n 4 _4n1-2”
> (g—n)2 J|:|1exp< \/G>

= (g—n)27" exp<—4;f_;) .

We now discuss a general result from Poisson approximation theory. Suppose
that(l;; i € ') are random variables with indice# I, wherel is some arbitrary
set of indices. The probability law of tHeconditioned on the everdt; = 1} is
denoted by~ (lj; j € T'|li = 1). We say that th arenegatively relatedf for each
i € I random variablegJ;j ; j € I') can be defined on the same probability space
as(lj; j € I') in such a way that, firstly,

LAji;jeN=L(lj;jeli=1)

and, secondly,
Jji<ljforall jeT.

A special case of Theorem 2.R of the standard text [1] on Poisson approximation,
which contains many more interesting results and examples, is

9



Theorem 4.3 For any sum Y= S.r |; of negatively related indicator variables
P(Y =0) < 2e X,
The next lemma bounds the probability that the phikV is bad.
Lemma 4.4 The probability of the everitg is bounded above by

P(Ag) < 2exp<—(q— n>2”exp(—43§)) : 3)

Proof We will show thatP(X = 0) is bounded by the right hand side of (3)
and then apply (1). SincBl; = P(l; = 0), it suffices to prove that the variables
(I, € I') are negatively related and then apply Theorem 4.3 and Lemma 4.2.

We will now construct the random variablgg in the definition of negatively
related indicators. Ifi = 1, then simply defing;; = I for all j € ' (U,W). The
harder part is constructingy ; whenlj = 0.

Fix i € '(U,W) and letk be an index taken ovef —I'(U,W). Conditional
onl; =1, it follows from the definition of a design good for, W (after Lemma
4.1) and the independence of the permutatinshat ther (i) are uniformly dis-
tributed over thesy, and are mutually independent.ljf= 0, then for eaclk such
thatTi(i) ¢ Gk choose random elemenjise Gy such that they are independent
and uniformly distributed ove®y. Replace eachy for which (i) ¢ Gk with
@ o T, where@, = (T(i) Yk) is a transposition anglo 1i(i) = @(11(i)). DefineJ; ;
for j € ' (U,W) as in the definition of;, but usingg o i in place ofrg whenever
Ty (i) & Gk. If (i) € Gy, then continue to usk.

In this construction thg; ; have the right distribution and are are bounded by
lj, proving that theli,i € T'(U,W)) are negatively related.m

Proof of Theorem 1.1 Let Z be the expected number of bad pdirsW and
suppose that fog > 16n222". Using the immediate bounas< log,q and 2" >
anq Y2 > 4q71/2, we have

EZ < <(q:1)2) 2", 2exp(—(q _ n)2‘”eXp(_4”2n))

VA
< (q+l)2”2”-2exp<—(q—n)2‘”exp(—4\r}é))
< (Q+1)2'°92q“'2exp(—(q—Iogzq)4e—\/ql)

< o exp(—Cqu/ 2)
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for some constants;,c, > 0. SinceP(Z > 0) < EZ for all nonnegative integer-
valued random variables, we have the boung(Z > 0) < clexp<—02q1/2> for

the probability that there existny bad pairsJ, W for the graphs of Construc-
tion 2. The number of graphs without any bad pairsW is therefore at least

2(q51)(q!)q+1{1—clexp<—czq1/2>}. Theorem 1.1 results from the proof of
Lemma 3.3 applied to those grapha

5 Further remarks

We can obtain further strongly regular graphs with the e.c. property from our
examples using switching (see Seidel [8]) as follows. Lé&e any vertex of a
n-e.c. graph. Switch with respect to the neighbours\gfand deleter. The
resulting grapH™ is (n— 1)-e.c. Moreover, ifl is strongly regular with parame-
ters((q+1)2,q(q+1)/2,(q? — 1)/4, (¢? — 1) /4), thenl’ is strongly regular with
parameter$q(q+2),(q+1)%/2,(q+1)%/4,(q+1)?/4).

Then-e.c. property in graphs produced by Construction 1 depends crucially
on the designs used. If we use affine geometries in place of Paley designs, we can
do no better than 3-e.c.:

Proposition 5.1 Let G1 = G1((Si), (0i,j)) be a strongly regular graph produced
by Construction 1. Suppose that at least one of the desigasn affine geometry
overlF,. Thengi does not satisfg-e.c.

Proof Suppose thaf; is an affine geometry, and letw, x, y be an affine plane of
S1. Then any hyperplane containing three/pf, x, y contains the fourth; so every
vertex joined to three of these vertices is also joined to the foumsh.

Thomason [9] defined a class of “pseudo-random” graphs which he called
jumbled graphsHe showed that these share many properties with random graphs.
However, then-e.c. property for large is not such a property: in fact, one of
Thomason'’s graphs arises from Construction 1 using affine geometrieEpver

The usual description of the gragh(n) is as follows. Let

Q(X) = X1Xn 41+ X2Xni2 + - - - + XnXon

be a quadratic form on the vector spate- F3". The vertex set of the graphVg
and verticew,w are joined if and only ifQ(v—w) = 1.
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We re-formulate the definition as follows. D&t = F5. ThenV =W &W; we
write a typical vector agx,a), and let\, = {(x,a) : x e W}. ThenQ(x,a) =x-a
(the standard inner product).

Each set\; is naturally bijective withw/ = ), the point set of the affine
geometry. A parallel class of hyperplanedthis given by

H(c,i)={xeW:x-c=i}fori=0,1,

for each non-zere € W. Thus, we can label the parallel classe®nby vectors
b # a, where the parallel class labelled bys

Lap={(H(a+Db,0),a),(H(a+b,1),a)}.

Now the neighbours ofy,b) in W, are precisely the points, a) which satisfy
(x—y)-(a—b) =1. If a= b, there are no such vertices. df£ b, then(x,a) €
((H(a+b),i),a) and(y,b) € (H(a+Db), j),b) satisfyx- (a+b) =i andy- (a+
b) = j, so they are joined if and only if— j = 1. Thus, choosing the bijection
Oab to map((H(a+Db),i),a) to ((H(a+b),i +1),b), we see that Construction 1
does produce this graph.

We conclude by noting that, even thougfin) fails to be 4-e.c., it has a much
stronger version of the 3-e.c. property, considered by Canedraln[5]: for every
pair of subsets), W of the vertex se¥ such thal "W =0 and|U|+ |W| = 3,
the number of verticeg € V — (U UW) joined to every vertex il and to none
in W depends only on the induced subgraptJonW with distinguished subsét
(and this number is non-zero provided that 3).
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