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The geometry of the Mathieu groups

Thetopic of this chapteris somethingof a diversion,but is includedfor two rea-
sons:first, its intrinsicinterest;andsecondpecaus¢hegeometrieslescribedere
satisfyaxiomsnottoo differentfrom thosewe have seenfor projectve, affine and
polarspacesandsothey indicatethe naturalboundarie®f thetheory

9.1 TheGolay code

The basicconceptsof codingtheorywereintroducedin Section3.2, where
we alsosav thata non-trivial perfect3-errorcorrectingcodemusthave length23
(seeExercise3.2.2). Sucha codeC maybeassumedo containthe zeroword (by
translation)andsoary otherword hasweightatleast7; and
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We extendC to a codeC of length24 by addinganoverall parity ched; that
is, we puta0in the 24" coordinateof awordwhoseweight(in C) is even,anda 1
in aword whoseweightis odd. Theresultingcodehasall wordsof evenweight,
and henceall distancesetweenwords even; sinceaddinga coordinatecannot
decreas¢hedistancebetweenwords,theresultingcodehasminimumdistanceB.
In this sectionwe outlinea proof of thefollowing result.
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Theorem 9.1 Thee is a uniquecodewith length 24, minimumdistance8, and
containing2!? codevordsoneof which is zeio (upto coorinatepermutations). m

This codeis known asthe (extendedbinary) Golay code. It is a linear code
(thelinearity doesnot have to beassumed).
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138 9. Thegeometryof the Mathieugroups

Remark Therearemary construction®f this code;for anaccountof someof
theseseeCameromandVanLint [F]. As ageneralprinciple,agoodconstruction
of anobjectleadsto a proof of its uniquenesgby shaving thatit mustbe con-
structedthis way), thenceto a calculationof its automorphisngroup (sincethe
objectis uniquelybuilt arounda startingconfiguration,andso ary isomorphism
betweensuchstartingconfigurationsxtendsuniquelyto anautomorphism)and
giveson the way a subgroupof the automorphisngroup(consistingof the auto-
morphismgroup of the startingconfiguration). This point will not be laboured
below, but the interestedeademay lik e to examinethis andotherconstructions
from this point of view. The particularconstructiongiven herehasbeenchosen
for two reasonsfirst, asanapplicationof the Klein correspondenceindsecond,
sinceit makescertainpropertiesof the automorphisngroupmoreaccessible.

Proof First, we review the isomorphismbetweenPSL(4,2) and Ag outlinedin
Exercise8.1.1. Let U be the binary vector spaceconsistingof words of even
weightandlength8, Z the subspaceonsistingof the all-zeroandall-onewords,
andV =U/Z. The function mappinga word of U to 0 or 1 accordingasits
weightis congruento 0 or 2 mod4 inducesaquadratidorm f onV, whosezeros
form the Klein quadricQ; let W be the vectorspaceof rank 4 whoselines are
bijective with the pointsof Q. Notethatthe pointsof Q correspondo partitions
of N={1,...,8} into two subset®f size4.

LetQ = NUW. Thissetwill index thecoordinate®f thecodeC we construct.
A wordsof C will bespecifiedby its support,asubsebf N anda subsebf W. In
particular ,N,W andN UW will bewords;sowe cancomplementhe subsebf
N or the subsebf W definingaword andobtainanothemword.

Thefirst non-trivial classof wordsis obtainedoy combiningthe emptysubset
of N (or thewholeof N) with ary hyperplanegn W (or its coset).

A complementarypair of 4-subsetof N corresponddo a point of Q, and
henceto aline L in W. Each4-subsebf N, togethemwith any cosetof the corre-
spondingL, is a codevord. Furtherwordsareobtainedby replacingthe cosetof
L by its symmetricdifferencewith a cosetof a hyperplanenot containingL (such
acosetmeetsl in two vectors).

A 2-subsetof N, or the complementarys-subsetrepresentsa non-singular
point, which translatesnto a symplecticform b on W. The quadricassociated
with any quadraticform which polarisesto b, togetherwith the 2-subsetof N,
definesa codevord.
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This givesusartotal of

44+ 4-15+ (i) (4+4-7)+ <8) 16-4=2"

2
codeavords.Moreover, afairly smallamountof casecheckingshavsthatthecode
is linear. Its minimumweightis visibly 8.

We now outlinetheproofthatthereis auniquecodeC of length24, cardinality
212 andminimumweight8, containing0. Countingargumentsshaw thatsucha
codecontains759wordsof weight 8, 2576 of weight12, 759 of weight 16, and
the all-1 word 1 of weight24. Now, if the codeis translatedoy any codevord,
the hypothesesitill hold, and so the conclusionaboutweightsdoestoo. Thus,
the distancedetweenpairsof codevordsare0, 8, 12,16, and24. It follows that
all inner productsarezero,soC c C*; it thenfollows from the cardinality that
C =C*, andin particularC is alinearcode.

Let N be an octad,andW its complement. Restrictionof codevordsto N
givesa homomorphisn® from C to a codeof length8 in which all wordshave
evenweight. It is readilychecledthateveryword of evenweightactuallyoccurs.
Sothekernelof 68 hasrank 5. This kernelis a codeof length16 andminimum
weight8. Thereis a uniquecodewith theseproperties:it consistf theall-zero
andall-onewords,togethemwith the characteristidunctionsof hyperplane®f a
rank4 vectorspace (Thisis thefirst-order Reed—Mulleicodeof length16.) Thus
we have identifiedW with a vectorspaceandfoundthefirst non-trivial classof
wordsin the earlierconstruction.

Now, to bebrief: if BisanoctadmeetingN in four points,thenBNW is aline;
if [IBNN|=2,thenBNW is a quadric;andall the otherdetailscanbe checled,
givensufficient perseerence. m

Theautomorphisngroupof theextendedGolaycodeis the54-transitve Math-
ieu groupMo4. Thisis oneof only two finite 5-transitve groupsotherthansym-
metric and alternatinggroups;it is one of the first of the 26 “sporadic” simple
groupsto be found; andits geometryis the startingpoint for the constructionof
mary othersporadiogroups(the Conway andFischergroupsandthe“Monster”).
ThegroupMa4 will beconsideredurtherin Section9.4.

9.2 TheWitt system

Let X bethe setof coordinatepositionsof the Golay codeG. Now arny word
canbeidentifieduniquelywith the subsebf X consistingof the positionswhere
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it hasentriesequalto 1 (its suppor). Let B be the setof supportsof the 759
codeavordsof weight8. An elementf 3B is calledanoctad the supportof aword
of weight12in G is calledadodecad

Fromthelinearity of G, we seethatthe symmetricdifferenceof two octadsis
thesupportof aword of G, necessarilyanoctad,a dodecadpr the complemenof
anoctad;theintersectionof the two octadshascardinality4, 2 or O respectiely.
Threepairwisedisjoint octadsform a trio. (In our constructionof the extended
Golaycodein thelastsection thethree“blocks” of eightcoordinategorm atrio.)

Proposition 9.2 (X, B) is a’5-(24,8,1) designor Steinersystem.

Proof As we have just seen,it is impossiblefor two octadsto have morethan
four pointsin common sofive pointslie in at mostoneoctad.Sincethereare759
octads,the averagenumbercontainingfive pointsis 759- (g) / (254) = 1; sofive
pointslie in exactly one octad. However, the propositionfollows more directly
from the propertiesof the codeG.

Take ary five coordinatesanddeleteoneof them. Theremainingcoordinates
supporta word v of weight4. But the Golay codeobtainedby deletinga coor
dinatefrom G is perfect3-errorcorrecting,and so containsa uniqueword c at
distance3 or lessfrom v. It musthold thatc hasweight7 andits supportcontains
thatof v (andc is the uniquesuchword). Re-introducinghe deletedcoordinate
(which actsasa parity checkfor the Golay code),we obtaina uniqueoctadcon-
tainingthegiven5-set. =

This designis known asthe Witt systemWitt constructedt from its automor
phismgroup,the MathieugroupM,4, thoughnowdaysthe proceduras normally
reversed.

Now chooseary three coordinates,and call them coq, 00y, o3, Let X' =
X\ {001,005, 003}, andlet B’ be the setof octadscontainingthe chosenpoints,
with thesepointsremoved. Then (X', B') is a 2-(21,5, 1) design,thatis, a pro-
jective planeof order4. Sincethereis a uniqueprojectve planeof order4 (see
Exercise4.3.6),it is isomorphicto PG(2,4).

Proposition 9.3 Thegeometrywhosevarietiesareall subset®f X of cardinalities
1, 2, 3 and4, andall octads,with incidencedefinedby inclusion,belongsto the
diagram

C C C
o o 0.
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Theremainingoctadscanbeidentifiedwith geometricconfigurationsn PG(2,4).
We outline this, omitting detailedverification. In fact, the procedurecanbe re-
versedandtheWitt systenconstructedrom objectsn PG(2,4). Seel iineturg [N]
for thedetailsof this construction.

1. An octadcontainingtwo of the threepointsc; correspondso a setof six
pointsof PG(2,4) meetingary line in 0 or 2 points,in otherwords,a hyperosal.
All 168 hyperovals occurin this way. If we call two hyperoals “equivalent” if
their intersectionhaseven cardinality we obtaina partition into threeclasseof
size56, correspondingo thethreepossiblepairsof pointseo;; sothis partitioncan
be definedinternally.

2. An octadcontainingone point «; correspondgo a setof seven points
of PG(2,4) meetingevery line in 1 or 3 points, thatis, a Baer subplangwhen
equippedwith thelinesmeetingit in threepoints). Again, all 360 Baersubplanes
occur andthe partitioncanbeintrinsically defined.

3. An octadcontainingnoneof thepointseo; is asetof eightpointsof PG(2, 4)
whichis thesymmetriadifferenceof two lines. Every symmetricdifferenceof two
linesoccurs(thereare210suchsets).

Sinceoctadsanddodecadslsointersectevenly, we canextendthis analysis
to dodecads.Considera dodecadcontainingeq, > andcos. It containsnine
pointsof PG(2,4), meetingevery line in 1 or 3 points. Thesenine pointsform
a unital, the setof absolutepointsof a unitary polarity (or the setof zerosof a
non-dgyenerateHermitianform). Their intersectionof size 3 with linesform a
2-(9,3,1) design,a Steinertriple systemwhich is isomorphicto AG(2, 3), and
is alsofamousasthe Hessianconfigurtion of inflection pointsof a non-singular
cubic. (Sincethe field automorphisnof GF(4) is a — a2, the Hermitianform
XoX] +X1Xg +X2%5 is acubicform, andits zerosform acubiccurve; in thisspecial
casegvery pointis aninflection.)

Exercises

1. Verify the connectiondbetweernctadsanddodecadsndconfigurationsn
PG(2,4) claimedin thetext.

2. Let B beanoctad,andY = X\ B. Considerthe geometryG whosepoints
arethoseof Y; whoselinesareall pairsof points;whoseplanesareall setsB’\ B,
whereB' is an octadmeetingB in four points; andwhosesolids are the octads
disjointfrom B. provethat G is theaffine geometryAG(4, 2).
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9.3 Sextets

A tetrad is a setof four points of the Witt system. Any tetradis contained
in five octadswhich partitionthe remainingtwenty pointsinto five tetrads.Now
the symmetricdifferenceof two octadsintersectingn atetradis anoctad;sothe
unionof ary two of oursix tetradds anoctad.A setof six pairwisedisjointtetrads
with this propertyis calledaidxsetet

Proposition 9.4 Let G bethegeometrywhosePOINTS LINESand PLANESare
the octads, trios and sextetsrespectivelywith incidencedefinedas follows: a
LINE is incidentwith any POINT It contains;a PLANEis incidentwith a POINT
which is the unionof two of its tetrads;anda PLANE s incidentwith a LINE if it
is incidentwith eac POINT of the LINE. ThenG belongsto the diagram

L

o——O—O
bl

whele —L o is thelinear spaceconsistingof pointsandlinesof PG(3,2).

Proof Calculateresidues.Take first a PLANE or sextet. It containssix tetrads;
theunion of ary two of themis a POINT, andary partitioninto threesetsof two
isaLINE. Thisis arepresentationf theuniqueGQwith s=t = 2 thatwe sav in
Section7.1.

Now considerthe residueof a POINT or octad. We saw in Exercise9.2.2
thatthe complemenbf anoctadcarriesan affine spaceAG(4, 2); LINEs incident
with the POINT correspondo parallelclassesf planesin the affine space and
PLANEsi ncidentwith it to parallelclasse®f LINEs. Projectvising anddualis-
ing, we seethe pointsandlinesof PG(3, 2).

Finally, any POINT and PLANE incidentwith acommonLINE areincident
with oneanother =

The geometrydoesnot containobjectswhich would correspondo the planes
of PG(3,2) in the residueof a point. The diagramis sometimegdravn with a
“ghostnode”correspondingo thesenon-eistentvarieties.

Exercise

1. In the geometryG of Proposition9.4, definethe distancebetweentwo
pointsto bethe numberof lineson a shortespathjoining them. Prove that,if x is
apointandL aline, thenthereis auniquepointof L at minimumdistancerom x.
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9.4 Thelarge Mathieu groups

Justasevery goodconstructiorof the Golay codeor the Witt systemcontains
the seedsf a uniquenesproof (aswe obsenedin Section9.1), so every good
uniquenesproofcontaingheseed®f anamgumentestablishingariousproperties
of its automorphisnmgroup(in particular its order andsomelarge subgroupthe
particularsubgroupdependingntheconstructiorused).l will outlinethisfor the
constructiorof Section9.1.

Theorem 9.5 Theautomorphisngroup of the Golay code or of the Wtt system,
is a 5-transitivesimplegroupof order 24-23-22-21-20- 48.

Remark This groupis of coursethe MathieugroupMa4. Part of the reasorfor
theconstructiorwe gave (notthe simplestavailable!) is thatit makesourjob now
easier

Proof Firstnotethatthedesignandthecodehavethesameautomorphisngroup;
for thecodeis spannedy thedesign,andthedesignis the setof wordsof weight
8 in thecode.

Theuniquenesgroof shavs thatthe automorphisngroupis transitve on oc-
tads. For, giventwo copiesof the Golay code,andan octadin each,thereis an
isomorphismbetweerthe two codesmappingthe chosernoctadin thefirst to that
in the second.Also, the stabiliserof anoctadpreseresthe affine spacestructure
on its complementand (from the construction)nducesAGL(4,2) onit. (It in-
ducesAg on the octad,the kernelof this actionbeingthe translationgroupof the
affine space.)This givesthe orderof thegroup.

Giventwo 5-tuplesof distinctpoints,eachlies in a uniqueoctad. Thereis an
automorphisntarryingthefirst octadto the secondthen,sinceAg is 5-transitve,
we canfix the secondoctadand map the 5-tuple to the correctplace. The 5-
transitvity follows.

We alsohave a subgroupH = AGL(4,2) of our unknovn groupG, andit is
easilyseenthatH is maximal. SupposéhatN is a non-trivial normalsubgroupof
G. ThenHN = G, andH NN isanormalsubgroumf H, necessarilyheidentity or
thetranslationgroup.(If HNN = H thenN = G.) This givestwo possibilitiesfor
theorderof N, namely759and759- 16. But N, anormalsubgroupf a5-transitve
group,is atleast4-transitve,by anold theorenmof Jordanso24-23-22- 21divides
IN|, acontradiction We concludethatG is simple. =
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The stabiliserof threepointsis a group of collineationsof PG(2,4), neces-
sarily PSL(3,4) (by consideringorder). The ovals and Baersubplanegachfalll
into threeorbits for PSL(3,4), theseorbits beingthe classesisedin Linelurg’s
construction.The set-wisestabiliserof threepointsis PI'L(3,4). Looked at an-
otherway, LiUnelurg’s constructionand uniquenesgroof givesus the subgroup
PrL(3,4) of M.

9.5 Thesmall Mathieu groups

To concludethis chaptey | describebriefly the geometryassociatedvith the
MathieugroupMi2.

Therearetwo quitedifferentapproachesOnelocateghe geometrywithin the
Golaycode.ThegroupMi, canbe definedasthe stabiliserof a dodecadn May;
it actssharply5-transitively onthis dodecadandon the complementarglodecad,
but thetwo permutatiorrepresentationarenot equivalent. Thedodecad carries
adesignwhich canbeseenasfollows. It intersectsany octadin anevennumbey
at most6, of points; andary five pointsof D lie in a uniqueoctad, meetingD
in 6 points. Sothe intersectionf size 6 of octadswith D are the blocksof a
5-(12,6,1) designor Steinersystem.

Alternatively, thereare “characteristic3” objectswith propertiesresembling
the binary Golay code. Thereis a ternary Golay code a setof ternarywords of
length12 (thatis, entriesin GF(3)) forming a subspacef GF(3)? of rank 6, and
having minimumweight6; thesupportof weight6 of codevordsform theblocks
of thedesign.Alternatively, thereis asetof 12 pointsin PG(5, 3) onwhich M2 is
induced asfollows. Thereis aHadamad matrixH of sizel2x 12 (amatrix with
entries+1 satisfyingHH " = 121), uniqueup to row and column permutations
andsignchangespver GF(3), it hasrank6, andits rows spantherequiredpoints.
Now the designis obtainedasfollows. The point setis identifiedwith the setof
rows. Any two columnsagreein six rows anddisagredn the othersix, defining
two setsof size6 which areblocksof thedesign;andall 2- (122) = 132blocksare
obtainedn thisway.

Someconnectiorbetweercharacteristic and3 canbe seenfrom the obser
vationwe madein Section9.2,thata unitalin PG(2,4) is isomorphicto the affine
planeAG(2,3). It turnsout that the threetimes extensionsof thesetwo planes
areassociateavith codesin characteristic and3 respectiely, andthatoneex-
tensioncontainsthe other However, the large Witt systemis not embeddablén
PG(5,4), sotheanalogyis not perfect.
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Exercise

1. Let G=AG(2,3), andX thesetof linesof G (sothat|X| = 12). Consider
thesubset®f X of thefollowing types:

e all unionsof two parallelclasses;

e thelinesof two classexontaininga point p, andthoseof the othertwo not
containingp;

e aparallelclass,with thelines of the otherscontaininga fixed point p; and
thecomplement®sf these.

Shaow thatthese6 + 54+ 2- 36 = 132 setsof size 6 form a 5-(12,6,1) design.
Assumingthe uniquenessf this design prove thatAGL(2,3) C M1».



