
9

The geometry of the Mathieu groups

Thetopic of this chapteris somethingof a diversion,but is includedfor two rea-
sons:first, its intrinsicinterest;andsecond,becausethegeometriesdescribedhere
satisfyaxiomsnot toodifferentfrom thosewehaveseenfor projective,affineand
polarspaces,andsothey indicatethenaturalboundariesof thetheory.

9.1 The Golay code

The basicconceptsof coding theorywere introducedin Section3.2, where
wealsosaw thatanon-trivial perfect3-error-correctingcodemusthave length23
(seeExercise3.2.2).SuchacodeC maybeassumedto containthezeroword (by
translation),andsoany otherword hasweightat least7; and�

C
��� 223� 23

0 ��� � 23
1 ��� � 23

2 ��� � 23
3 � � 212 �

We extendC to a codeC of length24 by addinganoverall parity check; that
is, weputa0 in the24th coordinateof awordwhoseweight(in C) is even,anda1
in a word whoseweight is odd. Theresultingcodehasall wordsof evenweight,
andhenceall distancesbetweenwords even; sinceaddinga coordinatecannot
decreasethedistancebetweenwords,theresultingcodehasminimumdistance8.

In this section,weoutlineaproof of thefollowing result.

Theorem 9.1 There is a uniquecodewith length24, minimumdistance8, and
containing212 codewordsoneof which iszero (upto coordinatepermutations).

This codeis known asthe (extendedbinary) Golay code. It is a linear code
(thelinearitydoesnot have to beassumed).
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138 9. Thegeometryof theMathieugroups

Remark Therearemany constructionsof this code;for anaccountof someof
these,seeCameronandVanLint [F]. As a generalprinciple,a goodconstruction
of an object leadsto a proof of its uniqueness(by showing that it mustbe con-
structedthis way), thenceto a calculationof its automorphismgroup(sincethe
objectis uniquelybuilt arounda startingconfiguration,andsoany isomorphism
betweensuchstartingconfigurationsextendsuniquelyto anautomorphism),and
giveson theway a subgroupof theautomorphismgroup(consistingof theauto-
morphismgroupof the startingconfiguration). This point will not be laboured
below, but the interestedreadermaylike to examinethis andotherconstructions
from this point of view. The particularconstructiongivenherehasbeenchosen
for two reasons:first, asanapplicationof theKlein correspondence;andsecond,
sinceit makescertainpropertiesof theautomorphismgroupmoreaccessible.

Proof First, we review the isomorphismbetweenPSL� 4 	 2
 andA8 outlinedin
Exercise8.1.1. Let U be the binary vector spaceconsistingof words of even
weightandlength8, Z thesubspaceconsistingof theall-zeroandall-onewords,
andV

�
U � Z. The function mappinga word of U to 0 or 1 accordingas its

weightis congruentto 0 or 2 mod4 inducesaquadraticform f onV, whosezeros
form the Klein quadric � ; let W be the vectorspaceof rank 4 whoselines are
bijectivewith thepointsof � . Notethatthepointsof � correspondto partitions
of N

��

1 	 ����� 	 8 � into two subsetsof size4.

Let Ω
�

N � W. Thissetwill index thecoordinatesof thecodeC weconstruct.
A wordsof C will bespecifiedby its support,a subsetof N andasubsetof W. In
particular, /0 	 N 	 W andN � W will bewords;sowe cancomplementthesubsetof
N or thesubsetof W definingaword andobtainanotherword.

Thefirst non-trivial classof wordsis obtainedby combiningtheemptysubset
of N (or thewholeof N) with any hyperplanein W (or its coset).

A complementarypair of 4-subsetsof N correspondsto a point of � , and
henceto a line L in W. Each4-subsetof N, togetherwith any cosetof thecorre-
spondingL, is a codeword. Furtherwordsareobtainedby replacingthecosetof
L by its symmetricdifferencewith acosetof a hyperplanenotcontainingL (such
acosetmeetsL in two vectors).

A 2-subsetof N, or the complementary6-subset,representsa non-singular
point, which translatesinto a symplecticform b on W. The quadricassociated
with any quadraticform which polarisesto b, togetherwith the 2-subsetof N,
definesacodeword.
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This givesusa total of

4 � 4 � 15 � �
8
4� ��� 4 � 4 � 7
 � �

8
2� � 16 � 4 � 212

codewords.Moreover, a fairly smallamountof casecheckingshowsthatthecode
is linear. Its minimumweightis visibly 8.

Wenow outlinetheproofthatthereis auniquecodeC of length24,cardinality
212, andminimumweight8, containing0. Countingargumentsshow thatsucha
codecontains759wordsof weight8, 2576of weight12, 759of weight16, and
the all-1 word 1 of weight 24. Now, if the codeis translatedby any codeword,
the hypothesesstill hold, andso the conclusionaboutweightsdoestoo. Thus,
thedistancesbetweenpairsof codewordsare0, 8, 12,16,and24. It follows that
all inner productsarezero,soC � C � ; it thenfollows from the cardinality that
C
�

C � , andin particularC is a linearcode.
Let N be an octad,andW its complement. Restrictionof codewords to N

givesa homomorphismθ from C to a codeof length8 in which all wordshave
evenweight. It is readilycheckedthateverywordof evenweightactuallyoccurs.
So the kernelof θ hasrank 5. This kernel is a codeof length16 andminimum
weight8. Thereis a uniquecodewith theseproperties:it consistsof theall-zero
andall-onewords,togetherwith thecharacteristicfunctionsof hyperplanesof a
rank4 vectorspace.(This is thefirst-orderReed–Mullercodeof length16.) Thus
we have identifiedW with a vectorspace,andfoundthefirst non-trivial classof
wordsin theearlierconstruction.

Now, to bebrief: if B is anoctadmeetingN in four points,thenB � W is a line;
if
�
B � N

���
2, thenB � W is a quadric;andall theotherdetailscanbechecked,

givensufficientperseverence.

Theautomorphismgroupof theextendedGolaycodeis the54-transitiveMath-
ieu groupM24. This is oneof only two finite 5-transitivegroupsotherthansym-
metric andalternatinggroups;it is oneof the first of the 26 “sporadic” simple
groupsto be found; andits geometryis thestartingpoint for theconstructionof
many othersporadicgroups(theConwayandFischergroupsandthe“Monster”).
ThegroupM24 will beconsideredfurtherin Section9.4.

9.2 The Witt system

Let X bethesetof coordinatepositionsof theGolaycodeG. Now any word
canbeidentifieduniquelywith thesubsetof X consistingof thepositionswhere
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it hasentriesequalto 1 (its support). Let � be the setof supportsof the 759
codewordsof weight8. An elementof � is calledanoctad; thesupportof aword
of weight12 in G is calledadodecad.

Fromthelinearityof G, weseethatthesymmetricdifferenceof two octadsis
thesupportof awordof G, necessarilyanoctad,adodecad,or thecomplementof
anoctad;theintersectionof thetwo octadshascardinality4, 2 or 0 respectively.
Threepairwisedisjoint octadsform a trio. (In our constructionof the extended
Golaycodein thelastsection,thethree“blocks” of eightcoordinatesform atrio.)

Proposition 9.2 � X 	���
 is a 5- � 24	 8 	 1
 designor Steinersystem.

Proof As we have just seen,it is impossiblefor two octadsto have morethan
four pointsin common,sofivepointslie in atmostoneoctad.Sincethereare759
octads,the averagenumbercontainingfive points is 759 � � 85� � � 24

5 � � 1; so five
points lie in exactly oneoctad. However, the propositionfollows moredirectly
from thepropertiesof thecodeG.

Takeany fivecoordinates,anddeleteoneof them.Theremainingcoordinates
supporta word v of weight 4. But the Golay codeobtainedby deletinga coor-
dinatefrom G is perfect3-error-correcting,andso containsa uniqueword c at
distance3 or lessfrom v. It musthold thatc hasweight7 andits supportcontains
thatof v (andc is theuniquesuchword). Re-introducingthedeletedcoordinate
(which actsasa parity checkfor theGolaycode),we obtaina uniqueoctadcon-
tainingthegiven5-set.

Thisdesignis known astheWitt system; Witt constructedit from its automor-
phismgroup,theMathieugroupM24, thoughnowdaystheprocedureis normally
reversed.

Now chooseany three coordinates,and call them ∞1, ∞2, ∞3. Let X � �
X � 
 ∞1 	 ∞2 	 ∞3 � , and let � � be the set of octadscontainingthe chosenpoints,
with thesepointsremoved. Then � X � 	�� � 
 is a 2-(21,5, 1) design,that is, a pro-
jective planeof order4. Sincethereis a uniqueprojective planeof order4 (see
Exercise4.3.6),it is isomorphicto PG� 2 	 4
 .
Proposition 9.3 Thegeometrywhosevarietiesareall subsetsof X of cardinalities
1, 2, 3 and4, andall octads,with incidencedefinedby inclusion,belongsto the
diagram �

c
�

c
�

c
� � �
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Theremainingoctadscanbeidentifiedwith geometricconfigurationsin PG� 2 	 4
 .
We outline this, omitting detailedverification. In fact, the procedurecanbe re-
versed,andtheWitt systemconstructedfromobjectsin PG� 2 	 4
 . SeeLüneburg [N]
for thedetailsof this construction.

1. An octadcontainingtwo of the threepoints∞i correspondsto a setof six
pointsof PG� 2 	 4
 meetingany line in 0 or 2 points,in otherwords,a hyperoval.
All 168 hyperovalsoccur in this way. If we call two hyperovals “equivalent” if
their intersectionhasevencardinality, we obtaina partition into threeclassesof
size56,correspondingto thethreepossiblepairsof points∞i; sothispartitioncan
bedefinedinternally.

2. An octadcontainingone point ∞i correspondsto a set of seven points
of PG� 2 	 4
 meetingevery line in 1 or 3 points, that is, a Baersubplane(when
equippedwith thelinesmeetingit in threepoints).Again,all 360Baersubplanes
occur, andthepartitioncanbeintrinsicallydefined.

3. An octadcontainingnoneof thepoints∞i is asetof eightpointsof PG� 2 	 4

whichis thesymmetricdifferenceof two lines.Everysymmetricdifferenceof two
linesoccurs(thereare210suchsets).

Sinceoctadsanddodecadsalsointersectevenly, we canextendthis analysis
to dodecads.Considera dodecadcontaining∞1, ∞2 and ∞3. It containsnine
pointsof PG� 2 	 4
 , meetingevery line in 1 or 3 points. Thesenine pointsform
a unital, the setof absolutepointsof a unitary polarity (or the setof zerosof a
non-degenerateHermitianform). Their intersectionsof size3 with lines form a
2- � 9 	 3 	 1
 design,a Steinertriple systemwhich is isomorphicto AG � 2 	 3
 , and
is alsofamousastheHessianconfiguration of inflectionpointsof a non-singular
cubic. (Sincethe field automorphismof GF� 4
 is α  ! α2, the Hermitian form
x0xα

1 � x1xα
0 � x2xα

2 is acubicform, andits zerosform acubiccurve; in thisspecial
case,everypoint is aninflection.)

Exercises

1. Verify theconnectionsbetweenoctadsanddodecadsandconfigurationsin
PG� 2 	 4
 claimedin thetext.

2. Let B beanoctad,andY
�

X � B. Considerthegeometry " whosepoints
arethoseof Y; whoselinesareall pairsof points;whoseplanesareall setsB� � B,
whereB� is an octadmeetingB in four points; andwhosesolidsarethe octads
disjoint from B. prove that " is theaffinegeometryAG � 4 	 2
 .
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9.3 Sextets

A tetrad is a setof four pointsof the Witt system. Any tetradis contained
in five octads,which partitiontheremainingtwentypointsinto five tetrads.Now
thesymmetricdifferenceof two octadsintersectingin a tetradis anoctad;sothe
unionof any two of oursix tetradsis anoctad.A setof six pairwisedisjointtetrads
with this propertyis calleda idxsextet.

Proposition 9.4 Let " bethegeometrywhosePOINTS,LINESandPLANESare
the octads,trios and sextetsrespectively, with incidencedefinedas follows: a
LINE is incidentwith anyPOINTit contains;a PLANEis incidentwith a POINT
which is theunionof twoof its tetrads;anda PLANEis incidentwith a LINE if it
is incidentwith each POINTof theLINE. Then " belongsto thediagram� �

L
� 	

where

�
L

�
is thelinear spaceconsistingof pointsandlinesof PG� 3 	 2
 .

Proof Calculateresidues.Take first a PLANE or sextet. It containssix tetrads;
theunionof any two of themis a POINT, andany partitioninto threesetsof two
is aLINE. This is arepresentationof theuniqueGQwith s

�
t
�

2 thatwesaw in
Section7.1.

Now considerthe residueof a POINT or octad. We saw in Exercise9.2.2
thatthecomplementof anoctadcarriesanaffine spaceAG � 4 	 2
 ; LINEs incident
with the POINT correspondto parallelclassesof planesin the affine space,and
PLANEsincidentwith it to parallelclassesof LINEs. Projectivising anddualis-
ing, weseethepointsandlinesof PG� 3 	 2
 .

Finally, any POINT andPLANE incidentwith a commonLINE areincident
with oneanother.

Thegeometrydoesnot containobjectswhich would correspondto theplanes
of PG� 3 	 2
 in the residueof a point. The diagramis sometimesdrawn with a
“ghostnode”correspondingto thesenon-existentvarieties.

Exercise

1. In the geometry " of Proposition9.4, definethe distancebetweentwo
pointsto bethenumberof linesonashortestpathjoining them.Prove that,if x is
apointandL a line, thenthereis auniquepointof L atminimumdistancefrom x.
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9.4 The large Mathieu groups

Justaseverygoodconstructionof theGolaycodeor theWitt systemcontains
the seedsof a uniquenessproof (aswe observed in Section9.1), so every good
uniquenessproofcontainstheseedsof anargumentestablishingvariousproperties
of its automorphismgroup(in particular, its order, andsomelargesubgroup,the
particularsubgroupdependingontheconstructionused).I will outlinethisfor the
constructionof Section9.1.

Theorem 9.5 Theautomorphismgroupof theGolaycode, or of theWitt system,
is a 5-transitivesimplegroupof order24 � 23 � 22 � 21 � 20 � 48�
Remark This groupis of coursetheMathieugroupM24. Part of thereasonfor
theconstructionwegave(not thesimplestavailable!) is thatit makesour job now
easier.

Proof Firstnotethatthedesignandthecodehavethesameautomorphismgroup;
for thecodeis spannedby thedesign,andthedesignis thesetof wordsof weight
8 in thecode.

Theuniquenessproof shows thattheautomorphismgroupis transitiveon oc-
tads. For, given two copiesof theGolaycode,andan octadin each,thereis an
isomorphismbetweenthetwo codesmappingthechosenoctadin thefirst to that
in thesecond.Also, thestabiliserof anoctadpreservestheaffine spacestructure
on its complement,and(from the construction)inducesAGL � 4 	 2
 on it. (It in-
ducesA8 on theoctad,thekernelof this actionbeingthetranslationgroupof the
affinespace.)Thisgivestheorderof thegroup.

Giventwo 5-tuplesof distinctpoints,eachlies in a uniqueoctad.Thereis an
automorphismcarryingthefirst octadto thesecond;then,sinceA8 is 5-transitive,
we can fix the secondoctadand map the 5-tuple to the correctplace. The 5-
transitivity follows.

We alsohave a subgroupH
�

AGL � 4 	 2
 of our unknown groupG, andit is
easilyseenthatH is maximal.SupposethatN is anon-trivial normalsubgroupof
G. ThenHN

�
G, andH � N is anormalsubgroupof H, necessarilytheidentityor

thetranslationgroup.(If H � N
�

H thenN
�

G.) Thisgivestwo possibilitiesfor
theorderof N, namely759and759� 16.ButN, anormalsubgroupof a5-transitive
group,is atleast4-transitive,byanold theoremof Jordan;so24 � 23 � 22 � 21divides�
N
�
, acontradiction.WeconcludethatG is simple.
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The stabiliserof threepoints is a groupof collineationsof PG� 2 	 4
 , neces-
sarily PSL� 3 	 4
 (by consideringorder). The ovalsandBaersubplaneseachfall
into threeorbits for PSL� 3 	 4
 , theseorbitsbeingtheclassesusedin Lüneburg’s
construction.The set-wisestabiliserof threepointsis PΓL � 3 	 4
 . Lookedat an-
otherway, Lüneburg’s constructionanduniquenessproof givesus the subgroup
PΓL � 3 	 4
 of M24.

9.5 The small Mathieu groups

To concludethis chapter, I describebriefly the geometryassociatedwith the
MathieugroupM12.

Therearetwo quitedifferentapproaches.Onelocatesthegeometrywithin the
Golaycode.ThegroupM12 canbedefinedasthestabiliserof a dodecadin M24;
it actssharply5-transitively on thisdodecad,andon thecomplementarydodecad,
but thetwo permutationrepresentationsarenotequivalent.ThedodecadD carries
adesign,whichcanbeseenasfollows. It intersectsany octadin anevennumber,
at most6, of points; andany five pointsof D lie in a uniqueoctad,meetingD
in 6 points. So the intersectionsof size6 of octadswith D are the blocksof a
5- � 12	 6 	 1
 designor Steinersystem.

Alternatively, thereare“characteristic3” objectswith propertiesresembling
thebinaryGolaycode. Thereis a ternary Golaycode, a setof ternarywordsof
length12 (thatis, entriesin GF� 3
 ) formingasubspaceof GF� 3
 12 of rank6, and
having minimumweight6; thesupportsof weight6 of codewordsform theblocks
of thedesign.Alternatively, thereis asetof 12pointsin PG� 5 	 3
 onwhichM12 is
induced,asfollows. Thereis aHadamard matrixH of size12 # 12(amatrixwith
entries $ 1 satisfyingHH % �

12I ), uniqueup to row andcolumnpermutations
andsignchanges;overGF� 3
 , it hasrank6, andits rowsspantherequiredpoints.
Now thedesignis obtainedasfollows. Thepoint setis identifiedwith thesetof
rows. Any two columnsagreein six rows anddisagreein theothersix, defining
two setsof size6 whichareblocksof thedesign;andall 2 � � 12

2 � � 132blocksare
obtainedin this way.

Someconnectionbetweencharacteristics2 and3 canbeseenfrom theobser-
vationwemadein Section9.2,thataunital in PG� 2 	 4
 is isomorphicto theaffine
planeAG � 2 	 3
 . It turnsout that the threetimesextensionsof thesetwo planes
areassociatedwith codesin characteristics2 and3 respectively, andthatoneex-
tensioncontainstheother. However, the largeWitt systemis not embeddablein
PG� 5 	 4
 , sotheanalogyis notperfect.
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Exercise

1. Let G
�

AG � 2 	 3
 , andX thesetof linesof G (sothat
�
X
�&�

12). Consider
thesubsetsof X of thefollowing types:' all unionsof two parallelclasses;' thelinesof two classescontaininga point p, andthoseof theothertwo not

containingp;' a parallelclass,with the linesof theotherscontaininga fixedpoint p; and
thecomplementsof these.

Show that these6 � 54 � 2 � 36
�

132 setsof size6 form a 5- � 12	 6 	 1
 design.
Assumingtheuniquenessof this design,prove thatAGL � 2 	 3
)( M12.


