Notes on permutation characters

pjc, may 2001

This note gives some orbit theorems for subgroupsIldf(®,q), proved by
using only simple facts about the permutation character. These theorems also fol-
low from Kantor’s theorem [1] and Block’s Lemma, but the proofs here are more
elementary. The theorems also have analogues for subgroups of the symmetric
group$, acting on subsets dfl, ..., n}.

According to the Orbit-counting Lemma, @& acts onQ with permutation
charactenmr, then the number of orbits @& on Q is equal to(rt, 1), where 1 de-
notes the principal character 6f If G also acts o2’ with permutation character
17, then the permutation character @fon Q x Q' is Tut, and so the number of
orbits of Gon Q x Q' is (T, 1) = (T, ). In particular, the rank o6 on Q is
equal to(r, M G.

Let V be ann-dimensional vector space over @f. For 0<i <n, let R
denote the set atdimensional subspaces\éf and letrg denote the permutation
character of PL(n,q) onP.

Lemma 0.1 There are irreducible characteng, X, - -, X|n/2) Of PFL(n,q) such
that
TG =Th-i =Xo+Xi+ - +Xi

fori <n/2.
Proof LetG=Pr'L(n,q). We show first thattj = Xo+X1+---+Xj for j <n/2.
The proof is by induction o, the result being clear fgr= 0 (since|Py| = 1).
We claim that, for 0<i < j <n/2, we have
(m, M) =1+1
Indeed, elementary linear algebra shows that, farld< i, the subset

(X,Y) € R x P, :dim(XNY) =k



is an orbit; and these are all the orbits. Hence
(T —T4-1,Tj)c =1.
By the inductive hypothesis, if< j, thent; — 15_1 = Xi; SOX; occurs inT; with
multiplicity 1. We conclude that
G =Xo+ - +Xj-1+Y

for some charactap containing none 0fo,...,Xj—1. The fact that(rg;,1j)c =
j +1 shows thatp is irreducible. Taking(j = g, we complete the inductive step.

Now again let 0< i < j <n/2. We claim that

(M, Th-j)c=i+1and(h j,Th-_j)c=j+1.
This is proved by linear algebra as before: the orbit®onP,_; are
{(X,Y) e B xPoj:dim(XNY) =k}
fork=0,...,i, while the orbits orP,_j x P,_j are
{(X,Y) € Pr—j x Ph—j :dim(XNY) =k}

fork=n—-2j,...,n—].

Then the same argument as before showsrthat containsy; with multiplic-
ity 1 fori =0,...,j, and nothing else.

We say that a characterof G is contained ina charactert if ' = 1+ for
some charactap. Now, if tandt’ are permutation characters@fon Q andQ’,
andrtis contained in, then:

(@) (m1)g < (17, 1)g; that is, the number of orbits @& on Q' is not less than the
number of orbits orf2;

(b) (M < (17, 7); that is, the rank o6 on Q' is not less than the rank a®;

Theorem 1 Let G be any subgroup & L(n,q), having N orbits on R for 0 <
i < n. Then the following hold:

@ N=Npjfor0<i<n/2
()N <NjforO<i<j<n/2

For the Lemma shows that the permutation character$ bfi®q) on P and
P._i are equal, and that the permutation charactelRas contained in the char-
acter onP; if 0 <i < j < n/2; these facts remain true when the characters are
restricted to the subgroup. Obviously the analogous statement to (b) also holds
if we replace “number of orbits” by “rank”.
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