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1 Introduction and background

An antiflagin a projective space is a non-incident point-hyperplane pair. A sub-
groupG of 'L(n, q) is antiflag-transitiveif it acts transitively on the set of antiflag
of PGIn—1,0q).

In 1979, Cameron and Kantor [2] published a paper determining all antiflag-
transitive subgroups dfL(n,q). A large part of the motivation was the fact that
a group which acts 2-transitively on points is necessarily antiflag-transitive, so
that the result included the solution to Wagner’s problem of determining the 2-
transitive collineation groups. At about the same time, this problem was also
settled by Orchel in his London Ph.D. thesis [7]; his approach was also based on
antiflag-transitivity, though he did not determine all the antiflag-transitive groups.

The techniques used by Cameron and Kantor were largely geometric (involv-
ing translation planes and generalized polygons, among other things). Essentially
no group theory beyond Sylow’s Theorem and its consequences was used.

Shortly afterwards, the classification of finite simple groups was announced
(though there were some problems with the proof, which may now have been
resolved). Using this classification, Hering [4] showed that it is possible to deter-
mine all subgroups of L(n,q) which act transitively on the points of projective
space, a much stronger result.

However, the Cameron—Kantor theorem has been used in various places: by
Kantor [6] in determining collineation groups containing a Singer cycle, and by
Abhyankar (see [1] and subsequent papers) in showing that various groups are
Galois groups in non-zero characteristic, as well as others [3, 9, 10]. So it perhaps
retains its interest. One purpose of this note is to give a self-contained account.
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Recently, it has been observed that there are two problems with the proof.
First, Inglis and Sax| pointed out to us that some groups are missing from the
conclusion; and second, a result of Perin [8] is used under weaker assumptions
than those used in its proof. So another purpose is to fill these gaps.

The paper of Cameron and Kantor goes on to determine the subgroups of
classical groups which act transitively on antiflags of the associated polar space
(that is, non-collinear pairs of points). We hope to give a similar treatment of this
theorem in a sequel.

2 Statement of the theorems

Theorems I, Il and Il of [2], corrected by the addition of the imprimitive groups,
read as follows. Our notation for the groups(8lq), F'L(n,q), Sp(n,q), G2(q) is
standard, an@Sp(n, ) denotes the normaliser of 8pq) in 'L(n,q).

Theorem 2.1 Let G be a subgroup dfL(n,q) which is 2-transitive on points.
Then one of the following holds:

(a) G containsSL(n,q);

(b) n=2,q=4, and G is a group of orde20or 60inducing the Frobenius group
of order20 on points;

(c) n=4,q=2, and G is isomorphic to the alternating group.A
Theorem 2.2 Let G be a subgroup dfL(n,q) which is antiflag-transitive and

primitive but not2-transitive on points. Then n is even, and one of the following
holds:

() Sp(n,q) <G < ISp(n,q);
(b) n=4, g= 2, and G is isomorphic to the alternating groug;A
(c)n=6, gis even, and &q) < G < Aut(Gz(q));
(d) n=6, g=2, and G is isomorphic t®SU3,3?).
Theorem 2.3 Let G be a subgroup dfL(n,q) which is antiflag-transitive and

imprimitive on points. Then &g 2 or g = 4, and G has a normal subgroup
SL(n/2,9%), Sp(n/2,0°) or G»(g?) (with n= 12in the last case).
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3 Outline of the proof

The proof of the theorems is by induction. However, the induction is somewhat
subtle and it does not seem possible to prove any one of the parts of the theorem
separately. We state here the three points at which induction comes into the proof.

Theorem 3.1 Let G I'L(n,qg) with n> 3, and suppose that G Btransitive on
points of PG(n—1,q). Then, for any hyperplane H, the stabilisey ®f H is
antiflag-transitive on H.

Theorem 3.2 Let G< I'Sp(2m, ) with m> 2, and suppose that G has raBllon
the points ofPG(2m— 1,q). Then, for any point x, the stabilisery@ antiflag-
transitive on X /x, and is no®-transitive there if ni> 3.

Theorem 3.3 Let G I'L(n,qg) with n> 2, and suppose that G is imprimitive on
the points oPGn—1,q). Then g= 2 or q= 4, and G is an antiflag-transitive
subgroup of L(n/2,¢?), acting onGF(q)" by restriction of scalars.

Now we can outline the proof of the main theorems. Gebe an antiflag-
transitive group, and suppose that all antiflag-transitive groups of smaller degree
are known.

1. If Gis 2-transitive then, by Theorem 3Gy acts onH as a known group.
SoGy is an extension of a group of collineations fixing a hyperplane point-
wise by a known group, and the possibilities @rcan be determined.

2. If Gis primitive but not 2-transitive, then a purely geometric result (Theo-
rem 6.1) shows that eith& is a rank 3 subgroup dfSp(n,q), or G acts
distance-transitively on a generalized polygon. In the former case, Theo-
rem 3.2 shows thdsy is an extension of a group of symplectic transvections
by a known group. In the latter case, the Feit—-Higman theorem shows that
the geometry is a generalized hexagon, @tdrns out to be a subgroup of
Aut(G,(q)) containingGz(q).

3. If G is imprimitive, Theorem 3.3 shows that it is isomorphic to a known
(primitive) group of smaller degree over a larger field.



4  Orbit theorems

Any subgroup offL(n,q) has equally many orbits on points and hyperplanes of
PG(n—1,qg). This fact is crucial to the proof of the inductive steps, so we have
given a self-contained proof of this (and more) in an Appendix. To illustrate the
application of the technique, we begin with an alternative formulation of antiflag-
transitivity.

Theorem 4.1 The following conditions on a subgroup GIdf (n,q) are equiva-
lent:

(a) G is antiflag-transitive;

(b) G is 2-transitive on the points of L for all lines L.

Proof Both statements imply thds is transitive on points; so we assume that
this is the case. Now condition (b) is equivalent to the condition that the number
of orbits of Gk on lines incident withx is equal to the number of orbits on points
different fromx. For each such line-orbit splits into a number of point-orbits, and
the condition that the orbit df yields a single point-orbit holds if and only if any
two points ofL lie in the same orbit 06y; this is clearly the same as (b).

Now let Gx haven+ 1 point-orbits (including{x}). Then it also han+ 1
hyperplane-orbits. 1G is antiflag-transitive, then just one of these orbits consists
of hyperplanes not incident witk) soG hasn orbits on hyperplanes containing
Hence, considering the projective space based on the qudtiar(ivhose points
and hyperplanes are the lines and hyperplanes respectively contdintaghas
n orbits on the lines containing whence (b) holds. The converse implication is
proved by reversing the argument.

Now we prove the first two inductive theorems. The third, for the imprimitive
case, needs different techniques.

Proof of Theorem 3.1 Suppose thab is 2-transitive. Lek be any point. Then

Gx has two orbits on points, and hence also two orbits on hyperplanes, which
must be the seh of hyperplanes containing and the seB of hyperplanes not
containingx. The fact thaB is an orbit shows thas is antiflag-transitive. Also,
transitivity onA implies that the stabiliser of a hyperplaHeis transitive on the
points ofH.



But more is true. We hav\| = ("% —1)/(q—1) and|B| = g"~*. These two
numbers are coprime, and & is transitive onA x B. HenceG acts transitively
on triples(x,H,H’), wherex is a point,H a hyperplane containing andH’ a
hyperplane not containing SoGy is antiflag-transitive ol. =

Proof of Theorem 3.2 Suppose thab is a rank 3 subgroup ¢fSp(2m,q). Then
G preserves a polaritig (an incidence-preserving correspondence between points
and hyperplanes), so thatt = x-. Now the other two point-orbité nd B of Gy
consist of the points ofrt\ {x} and the points outsideat, respectively.

If y € A, thenyttis a hyperplane containingother tharxrt, and ifz € B, then
zrtis a hyperplane not containing Thus the transitivity ofs, on Brtshows that
G is antiflag-transitive.

Transitivity of Gx on A shows that it is point-transitive ax"/x. Now |A| =
a(®™?—-1)/(g—1), and|B| = g™ 1; so, forz € B, all orbits of Gy, on A have
size divisible by(g°™2 —1)/(q—1). But this is the cardinality ok Nnz*, so
this set is an orbit. ThusG is transitive on the set of triple&, y, z) with z ¢ x*-
andy € x- nz-. Looked at another wayGy is transitive on the set of non-
perpendicular pairs of points in- \ {y}. HenceGy is antiflag-transitive oyt /y,
as required. Clearly it is not 2-transitive, since it preserves the induced symplectic
structure. m

5 The base of the induction

The subgroups dfL(2,q) andl'L(3,q) are explicitly known, so it is just a mat-
ter of checking the lists to see which ones are antiflag-transitive. (Note that a
subgroup off L(2,q) is antiflag-transitive if and only if it is 2-transitive, since a
hyperplane of the projective line is a point.)

Since the lists of subgroups are a bit inaccessible, here is an argument for the
casen = 2 which minimises the dependence on long lists of groups. We use a
result of Dickson:

Theorem 5.1 Let G GL(2, p®) be generated by the matricé% 1) and (; 2) .

Then one of the following holds:
(@) G=SL(2,p"), whereGF(p)(a) = GF(p');
(b) G= As, where p=3and e is even;
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(c) G is dihedral, with p= 2.

Now suppose tha®G < I'L(2,p') is 2-transitive on points of the projective
line. For any poink, a Sylowp-subgroup ofGy is transitive on the remaining'
points, and a Sylovp-subgroupQ of GNGL(2, pf) has index at most in it. So

Q # 1. Choose a basis so that some elemer@ bas matrix é i . Now ify

is the stabiliser of the point spanned by the second basis vector, the some element

of Gy has matrix ; 1

By Dickson’s TheoremG N GL(2,q) contains the group generated by these
two matrices. This, combined with the fact ti@ais 2-transitive on the projective
line, strongly restricts the possibilities. We find that eitlecontains SI(2,q),
or G is a group of order 20 or 60 iAL(2,4) (the latter being L(1,16)). Note
that the permutation groups induced on the projective line by these two semilinear
groups are the same, isomorphic to the sharply 2-transitive Frobenius group of
order 20.

6 Some geometry
Theorem 6.1 Let G be a subgroup dfL (n,q) which is antiflag-transitive and is

primitive on points. Then n is even and G is containe@ 8p(n,q). Moreover,
either

(a) G has rank3 on points, or

(b) n=16, qis even, and &q) < G < Aut(G2(q)).

7 The inductive step for primitive groups
8 Imprimitive groups

9 Appendix: an orbit theorem
This appendix gives some orbit theorems for subgroupsLdh, g), proved by

using only simple facts about the permutation character. These theorems also fol-
low from Kantor’s theorem [5] and Block’s Lemma, but the proofs here are more
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elementary. The theorems also have analogues for subgroups of the symmetric
group$, acting on subsets dfl, ..., n}.

According to the Orbit-counting Lemma, @& acts onQ with permutation
charactenmt, then the number of orbits @& on Q is equal to(rt, 1), where 1 de-
notes the principal character Gf If G also acts o2’ with permutation character
0, then the permutation character @fon Q x Q' is Tut, and so the number of
orbits of Gon Q x Q' is (17, 1) = (T, W)@ In particular, the rank o on Q is
equal to(T, T G.

Let V be ann-dimensional vector space over @&f. For 0<i <n, letPR
denote the set atdimensional subspaces\f and letrg denote the permutation
character of L(n,q) onP.

Lemma 9.1 There are irreducible charactergo, X1,---,X|n/2) Of FL(Nn,q) such
that

T =Thi =Xot+Xi =+ +Xi
fori <n/2.

Proof LetG=TIL(n,q). We show first thattj = xo+ X1+ ---+Xj for j <n/2.
The proof is by induction o, the result being clear fgr= 0 (since|Py| = 1).
We claim that, for 0<i < j <n/2, we have

(M, M) =i+1.
Indeed, elementary linear algebra shows that, farld< i, the subset
{(X,Y) e B xPj:dim(XNY) =k}
is an orbit; and these are all the orbits. Hence
(T —T4_1,Tj)c = 1.

By the inductive hypothesis, if< j, thent; — 15_1 = Xi; S0X; occurs inT; with
multiplicity 1. We conclude that

T =Xo++Xj-1+U

for some charactap containing none oKo,...,Xj—1. The fact that(m;, m)c =
j +1 shows thatp is irreducible. Taking(j = g, we complete the inductive step.
Now again let 0< i < j <n/2. We claim that

(M, Th-j)c =i+1and(hj,Th-j)c = j +1.
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This is proved by linear algebra as before: the orbit®onP,_; are
{(X,Y) € B xPo_j:dim(XNY) =k}
fork=0,...,i, while the orbits orP,_j x P,_j are
{(X,Y) € Ph—j x Ph—j :dim(XNY) =k}

fork=n—-2j,....,n—j.
Then the same argument as before showsrthait containsy; with multiplic-
ity 1 fori =0,..., |, and nothing else.n

We say that a characterof G is contained ina charactert if ' = 11+ for
some charactap. Now, if tandt’ are permutation characters@fon Q andQ’,
andrtis contained in, then:

(@) (m 1)g < (1, 1)g; that is, the number of orbits & on Q' is not less than the
number of orbits orf;

(b) (M < (1, 1) g; that is, the rank o6 on Q' is not less than the rank a®;

Theorem 9.2 Let G be any subgroup &fL(n,q), having N orbits on R for 0 <
i < n. Then the following hold:

@ N=Nyjfor0<i<n/2
(B)N <NjforO<i<j<n/2

For the Lemma shows that the permutation charactefd_ofh,q) on R and
P._i are equal, and that the permutation charactelPas contained in the char-
acter onP; if 0 <i < j < n/2; these facts remain true when the characters are
restricted to the subgrou@. Obviously the analogous statement to (a) and (b)
also holds if we replace “number of orbits” by “rank”m

10 Appendix: G,(q) and its hexagon
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