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Abstract

The following expository article is intended to describe a correspon-
dence between matroids and codes. The key results are that the weight
enumerator of a code is a specialisation of the Tutte polynomial of the cor-
responding matroid, and that the MacWilliams relation between weight enu-
merators of a code and its dual can be obtained from matroid duality. It
also provides a general introduction to matroids, an introduction to trellis
decoding, and an algebraic construction of the minimal trellis of a code.

Some of this material was presented in the QMW study group, although
this version is my own re-working of it. | am grateful to Carrie Ruther-
ford and Costas Papadopoulos for their contributions. Some of Carrie’s are
acknowledged in the text, while Costas taught me about trellis decoding.

1 Introduction

Matroids were invented by Whitney to generalise the notion of linear indepen-
dence in vector spaces. They also describe in a natural way many other situations
such as acyclic sets of edges of graphs, partial transversals of families of sets, and
others. The purpose of these notes is to explain a connection between matroids
and linear codes. In particular, the weight enumerator of a code is a specialisation
of a two-variable polynomial called the Tutte polynomial of the corresponding
matroid. Duality of codes corresponds to duality of matroids, and we easily ob-
tain the MacWilliams relation between the weight enumerators of a code and its
dual. We then consider trellis decoding, examine how the size of the minimal
trellis for a code is determined by the matroid. A general reference for matroid
theory is Welshl([6].

A matroid M is a pair(E, I), whereE is the finite set ofelementsof the
matroid, andl a family of subsets ok called thendependent setsf the matroid,
satisfying the following axioms:



(M1) any subset of an independent set is independent;

(M2) if 11 andl; are independent anty| < |I2|, then there exists € I, \ 11 such
thatl; U {e} is independent.

There are two standard examples of matroids to which we often refer. These
examples give rise to much of the terminology of the subject.

Graphs. Let E be the edge set of a graph (which is permitted to have loops and
multiple edges). A set of edgesisdependentf it contains no circuit. Axiom
(M1) is clear; we prove (M2).

For this, we use the fact that if a graph withierticesmedges and connected
components contains no circuits, thes= m+c. Now if |I1| < |I2] and bothlq
andl, are independent, then the graph with edgésleas fewer components then
the graph with edge sét, so some edge of I, must join vertices in different
components of the latter graph; then addatg 11 creates no circuit.

This matroid is called theycle matroidof the graph, for reasons that will
appear shortly.

Sets of vectors.Let vq,Vo,...,V, be vectors in a vector spate We takeE =
{1,...,n}, and let the subsétbe independent if and only {iv; : i € I } is linearly
independent in/. (This is slightly more clumsy than taking to be the set of
vectors and independence to mean linear independence; but it allows us to have
‘repeated vectors’.) The proofs of (M1) and (M2) are given in any linear algebra
text. If the vector spacé is the seF™ of all m-tuples of elements dF (written as
column vectors), then we can conveniently represent the elements of the matroid
as the columns of am x n matrix overF. A matroid of this form is avector
matroid

We check the matroid axioms. Condition (M1) is clear. To prove (M2), sup-
pose thatvy,...,v,) are linearly independent, as also &ang, ..., Wn;1). Assume
that the conclusion is false, that is, thigd, . . ., vy, w;) is linearly dependent for all
i. Then we have

Wi = a&j1V1+ -+ ainVn

fori=1,...,n+1. Consider the system of equations
X1a1j + -+ +Xny18n41j =0

for j =1,...,n. These comprise homogeneous equations - 1 unknowns,
so they have a non-zero solutidxy,...,X,+1). (This fact is the only ‘algebra’



required in the proof.) But then we have
XaW1 + - + Xn+1Wn+1 + 0,

contrary to the assumption th@ts, ..., wy.1) is a linearly independent family.
Now the basic properties of linear independence, as developed in elementary
linear algebra texts, can be proved using (M1) and (M2).

2 Bases and cycles

A basisis an independent set which is maximal with respect to inclusion. It fol-
lows from (M2) that all bases have the same size. In a connected Gaphasis
of the cycle matroid is the set of edges of a spanning tré&& of

Therank p(A)) of a setA of elements of a matroid is the cardinality of the
largest independent set containeddinAgain, by (M2), all maximal independent
subsets oA have the same size. In the cycle matroid of a graph, the rank ofa set
of edges is1— ¢, wheren is the number of vertices of the graph, arithe number
of connected components of the subgraph with edga.sehe rank of a sunset of
a vector matroid is the dimension of the subspace spanned by the corresponding
vectors.

A cyclein a matroid is a set which is not independent but has the property that
every proper subset is independent. A cycle in the cycle matroid of a graph is the
edge set of a circuit (closed path) in the graph (possibly a loop at a vertex, or two
parallel edges between the same two vertices) — hence the name.

A matroid is determined by its bases, its rank function, or its cycles. For a
setl is independent if and only if it is contained in some basis, or if and only
if it satisfiesp(A) = |A|, or if and only if it contains no cycle. It is possible to
axiomatise matroids in terms of their sets of bases, their rank functions, or their
sets of cycles.

As examples, we treat the axiomatisation of matroids via bases and via cycles.

Theorem 2.1 Let B be a non-empty family of subsets of E. Theis the family
of bases of a matroid on E if and only if the following condition holds:

(MB) if B1,B, € B and xe By \ By, then there exists g B, \ By such that B\
{x}u{y} € B.



Proof All bases of a matroid have the same cardinality (sind® B, € I and
|B1| < |B2| thenB; cannot be maximal independent). Then (MB) follows from
(M2) since|B1 \ {x}| < |B2|.

Conversely, suppose that (MB) holds, and Adie the set of all subsets &f
which are contained in some member&fClearly (M1) holds.

To prove (M2), takdq,l> € T with |I1] < |lI2|. Let B1,B, be members of3
containingl; andl; respectively. IB; contains an elemertof I\ |1, thenl; U {x}
is the set required by (M2). So suppose that no such poagcurs. Now, using
(MB) repeatedly, we can replace pointsBaf\ I1 by points ofB,. Sincell1| < |l2|,
we are forced to use a poirf I, as the replacement point before we run out of
points ofB; \ I1. Thenl, U {x} is contained in the basis produced at this step.

Finally, we observe thaB is precisely the set of bases in the matrd=
(E, I): for every member ofB is a maximal independent set, and conversely
a maximal independent set is contained in a mentbef B but has the same
cardinality asB, so is equal to it.

For later use, here is a further property of bases. You may have to read this
carefully to see how it differs from (MB).

Lemma 2.2 Let By, B, be bases of a matroid, and leteyB,\ B;. Then there
exists xc By \ B such that B\ {x} U{y} is a basis.

Proof If the conclusion were thaB; \ {y} U{x} is a basis, this would just be
(MB), with B; andB; interchanged. However, as it is, we have some work to do!
We use induction ok = |B; \ Bp| = |B2\ By|. If k=0, the result is vacuous,
while if k=1 itis trivial. So suppose th&t> 2 and suppose that the result holds

in all situations wherd®) andB,, are bases witB; \ B,| < k.

Sincek > 2, we can choosg € By \ B; with Y #y. Now by (MB), there exists
X' € B1\ B2 such thaB), = B>\ {y'} U{X'} is a basis. NowB; \ B,| = k—1. By
the induction hypothesis, there is a paxe By \ B, such thaB; \ {x} U{y} is a
basis, as required.

We now turn to cycles.

Theorem 2.3 Let C be a family of subsets of a set E. Théris the set of cycles
of a matroid on E if and only if the following conditions hold:

(MC1) No member of contains another;

(MC2) If C,Cy are distinct elements of and ec C; NCy, then there exists
Cs € Csuchthat @ C C;UC; and e¢ Cs.
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Proof Suppose first that” is the set of cycles (minimal dependent sets) of a
matroid. Then a set is dependent if and only if it contains a membér &on-
dition (MC1) is obvious. So suppose that,C, are cycles an@ € C;NCyp. If
C1UC,\ {e} does not contain a cycle, th€h UC; is a minimal dependent set,
that is a cycle, contradicting minimality.

Conversely, suppose thatis a family of sets satisfying (MC1) and (MC2),
and letI be the family of sets containing no member@fWe must show that
is a matroid orE.

Condition (M1) is clear. To check (M2), lét,1> € I with |I2| =|I1|—1, and
suppose, for a contradiction, that there is no pegirtl, \ I1 such thati; N {y}
is independent. Lelt; \ I> = {x1,..., %}, andlo\ I1 = {y1,...,Ykr1}. We prove
by induction oni that there exist at leagt— i + 1 cycles contained iy U l» but
containing none 0k12, ... ,X;.

To start the induction for= 0, observe that, becaukeJ {y;} is dependent, it
contains a cycl€(y;); andy; € C(y;j), since otherwis€(y;j) C 1, contradicting
the independence ¢f. So these cycles are distinct fpe=1,..., k+ 1.

So suppose that the assertion holdsifdf none of the giverk—i = 1 cycles
containsx;1, then we are done. So suppose that lies in m of these cycles,
sayCy,...,Cm. By (MC2), forj=1,...,m—1, we can find a cycl€] contained
in C; UCy, but not containingi1. ReplacingC; bycg and deletingC,, completes
the induction step.

Now for j = k, the assertion we have proved says that there is at least one
cycle contained ity Ul but containing no point off; \ I2; that is, contained ithy.
But this contradicts the independencd of

So I is a matroid orE.

Moreover,(C is the family of all cycles in the matroid. For a set inC is not
in I, but all its proper subsets are (else it properly contains another member of
Conversely, ifC is minimal with respect to containing no member IgfthenC
contains a member a@f but no proper subset of it does; that@s¢ C.

An interesting interpretation of the matroid cycle axioms was pointed out to
me by Dima Fon-Der-Flaass.

Consider the game of Bingo. Each player has a card with some numbers writ-
ten on it. The caller announces in turn the numbers in a sequence. The first player
all of whose numbers have been called is the winner. What conditions should the
cards satisfy? Lef; be the set of numbers on tité card.

o If G C C; then the player holding thgth card can never win, which is
unsatisfactory.



¢ We want to avoid the situation in which two players complete their cards at
the same time and the prize is disputed. Suppose&thandC, are the sets
of numbers on any two cards, aad C;NC,. If the numbers irfC; UC, are
called withe last, then both players 1 and 2 would claim the prize (contrary
to what we want), unless the prize has already been claimed by, say player 3,
whereCz C C; UC; ande ¢ Ca.

In other words, the se should be the cycles of a matroid!

More formally, this result can be stated as follows. We defictutier (also
known as arantichainor Sperner familyto be a family of sets, none of which
contains another.

Theorem 2.4 Let C be a family of subsets of E. Thehis the family of cycles
of a matroid if and only if it is a clutter with the following property: for any total
ordering of E, there is a set € C whose greatest element is smaller than the
greatest element of any other setdn

3 The greedy algorithm

One important property of matroids is that they are precisely the structures in
which the greedy algorithm works successfully.

Thegreedy algorithms defined whenever we are trying to find the maximum
value of a function. It operates in the most short-sighted way possible: it proceeds
by taking steps, each of which increases the function by as much as possible. So
it is prone to get trapped at a local maximum which is smaller than the absolute
maximum.

More formally, suppose that we are given a ¥ebf points with aweight
function wfrom X to the set of non-negative real numbers. We are also given
a non-empty familyB of k-element subsets of. The weightof a subseB is
defined to b& ,.gW(X). The problem is to choose the memberAbdf maximum
weight.

The greedy algorithm works as follows. Given tlegt...,g_1 have already
been chosen. The next poigtis chosen to maximise/(g) subject to the con-
dition that{ey,...,q} is contained in some member Bf Clearly the algorithm
succeeds in choosirlgpoints, which form a set irB.

Theorem 3.1 The non-empty famil$ is the family of bases of a matroid if and
only if, for any weight function w, the greedy algorithm chooses a memt#obf
maximum weight.



Proof Suppose thaB is the set of bases of a matroid, andwebe any weight
function. Suppose that the greedy algorithm chooses successively. .., e.
Let us assume that there is a basis of greater weight{éaan ., e}, say{ f1,..., fk},
wherew(f1) > w(f2) > ... > w(fk). Thus, we have

w(ep) + - +w(e) <w(fy)+---+w(fy).
Choose the indexas small as possible subject to the condition
w(ep) +---+w(g) <w(fr)+---+w(fj).

Then
w(ep) +---+w(g_1) >w(fr)+---+w(fi_1),

and so
w(fy) > ... >w(fi) >w(e).

(Note thati > 1, sincee; is the element of largest weight which can occur in a
basis.)

Now {fy,..., fi} is an independent set with cardinality larger than that of
{e1,...,8_1}; so, for somej with 1 < j <1, the set{ey,...,g_1, f;} must be
independent. But then the greedy algorithm should have chijsather tharg
at theith stage, since/(f;) > w(e).

To show the reverse implication, we are given a fanllyhich is not the set
of bases of a matroid, and we must show how to choose a weight function which
defeats the greedy algorithm. The statement #a not a matroid means that
there existB1, B, € B andx € By \ Bz such that, for ngy € B, \ By is it true that
B1\ {x} U{y} is a basis. Let = |B1\ By| = |B2\ B1], and choose a nhumber
satisfying 1- (1/I) < a< 1. Now define the weight functiom as follows:

1 ifxeBi\{x};
W(e)={a if x € By \ By;
0 otherwise.

Now the greedy algorithm first chooses all the point8Bef {x}. Then by as-
sumption it cannot choose any pointB4 \ B1; so the last point chosen (which
may bex) has weight zero, and the weight of the chosen sletid. On the other
hand, the seB, has weight

(kK=1)+la> (k=) +1(1—(1/1)) =k—1.



In the case of a graphic matroid, this result says that, if weights are assigned to
the edges of the complete graph, then the greedy algorithm (in the form, ‘add the
edge of largest weight subject to creating no cycle’ at each stage) is guaranteed to
find a spanning tree of maximum weight. This result is usually stated in the form
obtained by reversing the inequalities, (replacing weigl® by W —w(e) for all
edges, whereW is greater than the greatest weight). In this form the problem is
known as theminimal spanning treer minimal connectoproblem.

Here is another characterisation of matroids, whose statement and proof look
somewhat like those of the above result about the greedy algorithm.

Suppose that the sktis totally ordered. Now ank-subset oX can be written
in non-increasing order: we write such a sefes...,e&}> to indicate thag; >
... > &. We say that th&-set{ey, ..., e&}> dominateq fy,.. ., fy}> if > fj for
i=1,...k

Theorem 3.2 The non-empty familg of k-subsets of X is the family of bases of
a matroid if and only if, for any ordering of X, there is a memberffvhich
dominates all others.

Proof Suppose first tha is a matroid. LetX be ordered in any manner, say
X ={x1,...,X }>. Choose a weight functiow which is an order-preserving map
from X into the non-negative real numbers. [Bebe the basis of greatest weight.
We claim thatB dominates all bases.

Let B= {ey,...,&}>, and suppose for a contradiction that there is a base
B' = {f1,..., fkx}> which is not dominated bB. Thenf; > g for somei. Choose
i as small as possible subject to this. Then

fi1>...>fi>8.

We know thatB is chosen by the Greedy Algorithm, which does not choose
any of f1,..., f; at stagd, even though they all have greater weight tleganSo
{e1,...,&6_1, f;} isdependent for all <i. Now we have the same contradiction as
in the earlier argument: sindd, ..., fi} is an independent set with larger cardi-
nality than{ey, ...,g_1}, it must contain an elemerff such that{ey, ..., e_1, fj}
is independent.

Conversely, suppose tha has the ordering property. We must prove the
exchange axiom. LeB;,By € B andx € By \ By. If |B1\ B2| =1, sayB,\ By =
{y}, thenB1 \ {x} U{y} = By, and there is nothing to prove. So suppose that
|B1\ B2| > 1. Now order the points oX as follows:
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the greatest elements are thos@®pfh B, (in any order);

then the points oB; \ B, other thar;

then the points 0By \ By;

next come;
e then the remaining points 1.

Now neither ofB; andB, dominates the other, so there must be a sé€t wmhich
dominates both. But the only sets dominatBware those in whiclx is replaced
by an element oB; \ B;. So the exchange axiom holds.

Remark This theorem gives us more insight into what a matroid looks like. For
example, the dominance order on 2-subsets of a 4-set is shown in Figure 1. We

{34}

{2,4}

{1,4} {2,3}

1,3}
{1,2}

Figure 1: Dominance order

see that the only families of 2-sets{df, 2, 3,4} which are not matroids consist of
{1,4} and{2,3} together with any subset ¢f1,2},{1,3}}, or any permutation
of one of these.

Remark The dominance condition looks very similar to our characterisation of
matroid cycles in Theorem 2.4. Indeed, as Carrie Rutherford pointed out to me,
the cycle property is a simple consequence. For take any ordering of the elements
of the matroid, and leB be the unique base which dominates all others.ellst

the largest element which is not B1 (If no suche exists, there are no cycles.)



If B' is the set of elements greated tharthenB' U {e} is dependent (else it is
contained in a base not dominatedB)y and so it contains a cycle includeirg

This is the unique cycle whose minimal element is greatest. This is just the dual
of the property in Theoreim 2.4.

Remark The second characterisation has led to a subtle but far-reaching gener-
alisation of matroids by Borovik, Gel'fand, White and others, to the so-called
Coxeter matroidsWe do not discuss this here. Sée [1], for example.

4 The dual matroid

LetM = (E, I) be a matroid, and leB be its set of bases.

Thedual matroid M is the matroid on the s& whose bases are precisely the
complements of the bases . (Thus a set is independent* if and only if
it is disjoint from some basis dfl.) Checking that it is a matroid requires a little
care.

The set of all complements of bases of a matiidatisfies (MB): Lemma?2.2
is exactly what is needed to show this. ForBét= E \ B; andB; = E \ B, where
B1 andB; are bases d¥l. If x € B} \ B, thenx € B\ By; so there existg € B1 \ B,
such thaBy \ {y} U {x} is a basis; its complement; \ {x} U{y}.
For what comes later, we need to prove a technical result about the rank func-
tion of the dual of a matroid.

Lemma 4.1 Let M* be the dual of the matroid M on E, and let A be a subset of E
and A = E\ A. If pandp* are the rank functions of M and Mespectively, we
have

(A" —p"(A") =p(E) —p(A) and p"(E")—p*(A") = |A|—p(A).

Proof Let| be a maximal independent subsetfofin M). Extendl to a basis
I UJ of M, so thatl C A*. If K =A"\J, thenK is an independent subsetAf (in
M*), since it is contained in the badis\ (I UJ). Hence

P (A") = [K| = |A[=[J] = |A"| = p(E) +p(A).
Dualising the argument gives

P(A) = |A[—p*(E)+p"(AY).
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But we have
|Al+|A"| = |[E| = p(E) +p"(E),

so the two inequalities are equalities, and the equations of the lemma follow.

A cycle in a matroidM is a set minimal with respect to being contained in no
basis. Thus, a cycle in the dudl* is a set minimal with respect to being disjoint
from no basis oM, that is, meeting every basis.

What does the dual of the cycle matroid of a gr&plook like? Its cycles are
easily described. Assuming th@tis connected, a cycle dfl* is a set of edges
minimal with respect to meeting every spanning tre€&pthat is, a set minimal
with respect to the property that its removal disconn&tSuch a set is autset
of G; so the dual of the cycle matroid &fis called thecutset matroicbf G.

What about the dual of a vector matroid? Suppose that the vectors representing
M are the columns of am x n matrix A. We may suppose that these vectors span
F™: in other wordsA has rankm, and is the matrix of a linear transformatidn
fromF" ontoF™. LetU be the kernel of, andB the matrix of a linear embedding
of U into F". (ThusB is ann x (n—m) matrix whose columns form a basis for
U; the matrixB has rankn —m, and we havd' A = 0. Consider thgn—m) x n
matrix B". The columns oB' are indexed by the same set as the columns, of
and we claim thaB' represents the dual matradid.

To see this, take a set ofi columns which form a basis for the spa€®'.

For convenience of notation, we suppose that they are thenficelumns. Then

we can apply elementary row operationsAtd@these do not affect the linear in-
dependence or dependence of sets of columns, and so don’'t change the matroid
represented byA) so that the firsm columns form amm x m identity matrix|.

Thus,A has the fornjl X}, whereX ismx (n—m).

Consider the matri8 = [-X 1] T, of sizen x (n—m). ClearlyB has rankn—m.

Also, B"A = O, soB the columns oM lie in the null space of\; considering
dimensions, we see that the columnsBoform a basis for the null space &t
Also, itis clear that the last— mcolumns form a basis for the matroid represented
byB'.

We have shown that the complement of any basigl & a basis in the matrix
represented b '. Reversing the argument shows the converse implication, So
BT represents the dual matraidi.
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5 Restriction and contraction

A loopis an elemeng¢ of a matroid such th&fe} is not independent. Equivalently,

e which lies in no independent set, or in no maximal independent set. The termi-
nology arises from the cycle matroid of a graph, where loops are just loops in the
graph-theoretic sense. In a vector matroid, the inde»a loop if and only if the

ith vector (or column of the matrix) is zero.

If eis not a loop, we define theontraction M/e as follows: the elements
are those oE \ {e}, and a set is independent itM /e if and only if | U {e} is
independent ilM. The name arises from the interpretation in cycle matroids: if
M is the cycle matroid of5, thenM /e is the cycle matroid of the grapB/e
obtained bycontractingthe edgee (that is, removing it and identifying the two
distinct vertices which were its ends).

If eis a non-loop in a vector matroid (corresponding to a non-zero vegtor
thenM /e is a vector matroid obtained by projecting the other vectors onto the
factor spac&//(v). In matrix terms, assuming thais the first coordinate, apply
elementary row operations to convert the first columrit® ...0)", and then
delete the first row and column to obtain a matrix represeriirig.

These concepts dualise. An elemerns acoloopif it is contained in every
basis ofM. A coloop in a connected graph is an edge whose removal disconnects
the graph. (Such an edge is commonly calldaidge or isthmus)

If eis not a coloop, we define thestriction M\e to have element sé& \ {e},

a set being independent M\ e if and only if it is independent iM. In the cycle
matroid ofG, this operation simply corresponds to deleting the exjgea vector
matroid, to deleting the corresponding vector or column.

Proposition 5.1 (a) eis aloop in M if and only if e is a coloop in‘iMlandvice
versa

(b) If e is not a loop in M, theriM /e)* = M*\e.
(c) If e is not a coloop in M, thefiM\e)* = M*/e.

Proof We see that lies in every basis oM (that is,e is a coloop inM) if and
only if it lies in no basis oM* (that is,eis a loop inM*), and dually.

Suppose thae is a non-loop inM. The bases oM /e are the bases d¥l
containinge, with e removed. Their complements (i) {e}) are the bases of
M* not containinge, that is, the bases dfi*\e. So(M/e)* = M*\e. The other
statement is proved dually.
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6 The Tutte polynomial

The Tutte polynomial of a matroid can be regarded as a generalisation of the
chromatic polynomial of a graph. We sketch this in order to see the issues involved
in its definition.

Let G be a graph. Avertex-colouringof G is a mapf from the vertex set o
to a seC of colours with the property that, fandw are joined, therf (v) # f(w).
Let P(g;A) denote the number of vertex-colourings®1iising a set oh colours.
It is clear thatP(G; A\) does not depend on the set of colours. What is less clear is
that it is the evaluation at of a polynomial with integer coefficients. To see this,
we observe:

e If G hasn vertices and no edges, thB(G;\) = A".
e If G contains a loop, theR(G;A) = 0.

e If eis an edge which is not a loop, then
P(G;A) =P(G\eA) —P(G/g ),

whereG\e andG/e are the graphs obtained fro@ by deleting and con-
tractinge, respectively.

The first and second assertions are clear. For the third, we consider all colourings
of G\e, wheree = {x,y}, and observe that it can be partitioned into two subsets:
colouringsf with f(x) = f(y) (counted byP(G/e;A)), and those witH (x) # f(y)
(counted byP(G;\)).

Now the fact thaP(G; ) is polynomial inA follows by an easy induction on
the number of edges.

The point here is that the three conditions above enable us to calP(Gite),
by applying a sequence of edge deletions and contractions; but they give no guar-
antee that a different sequence of deletions and contractions will lead to the same
value. The guarantee comes from the fact #@s;A) counts something, inde-
pendently of the recurrence.

Similar considerations apply to the Tutte polynomial. Its most important prop-
erties are those which allow us to calculate it by means of a recurrence similar to
that for P(G;A). But we must adopt a different definition in order to show that
it is well-defined. In what follows, as in most enumeration theory, we adopt the
conventions that® = 1 for anyu (includingu = 0), and 0 = 0 for any positive
integern.
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Let M = (E, I) be a matroid, with rank functiop. The Tutte polynomial
T(G;x,y) is the polynomial ik andy (with integer coefficients) given by

T(M;x,y) = ZEO(_ 1)PE)=PA) (y _ 1)IAI=P(A)
AC
Proposition 6.1 (a) T(0;x,y) = 1, where0 is the empty matroid.
(b) If e is a loop, then T™M; x,y) = yT(M\g;X,y).
(c) If eis a coloop, then TM;x,y) = XT(M/e x,y).
(d) If e is neither aloop nor a coloop, ther(M; x,y) =T (M\ex,y)+ T(M/eXx,y).

Proof (a) is trivial; the other parts are proved by careful analysis of the definition.
All the arguments are similar and similarly tedious. We prove (b) here and leave
the rest as an exercise.

Suppose that is a loop, Every subsek of E \ {e} corresponds to a pair of
subsetsA, AU {e} of E. So each term in the sum fdr(M\e) gives rise to two
terms in the sum foff (M). Let p’ denote the rank function dfl\e. Then the
following hold:

o [(E\{e}[=[E|-1;
 0'(E\{e}) =p(E);
o [AU{e}|=|Al+1;
* p(A) =p(AU{e}) = p'(A).

Lett be the term inT (M\e) corresponding to the sét Then the term ifl (M)
corresponding té ist, while the term corresponding foU {e} is (y— 1)t, giving
a contribution ofyt to T(M). SoT(M) =yT(M\e).

As an application, we show that the chromatic polynomial of a graph is, up to
normalisation, a specialisation of the Tutte polynomial.

Proposition 6.2 For any graph G,
P(G;\) = (—1)PONCIT(G;1-A,0),

wherek(G) is the number of connected components of G af@) + k(G) the
number of vertices.
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Proof Let f(G;\) denote the expression on the right-hand side in the theorem.
We verify that it satisfies the same recurrence relation and initial conditions as the
chromatic polynomial. If5 hasn vertices and no edges, the(G) =n, p(G) =0,
andT (G;x,y) = 1, so the initialisation is correct. @ has a loop, thefi(G;A) =0
by (b), which is also correct. Eis neither a loop nor a coloop, then contracting
ereduce9 by one without changing, while deletinge changes neithgy nork,
so the inductive condition holds.

The most interesting case is that wheris a coloop or bridge, so th&\e
has one more component théh Let e = {x,y}. Then a fraction I\ of the
colourings ofG\ e put any given colour o, and the same proportion gnthese
events are independent, sirncandy lie in different components of this graph.
Thus, a proportion of A\ of the colourings givex andy the same colour (and
induce colourings 06/¢€), while the remaining proportiof\ — 1) /A give x andy
different colours (and so give colourings@§. Thus,P(G;A) = (A—1)P(G/e ).
This agrees with the recurrence fom this case, since contractiegeduce$ by
one without changing.

Many other graph invariants related to trees and forests, flows, percolation,
reliability, and knot polynomials, are evaluations or specialisations of the Tutte
polynomial. Two of these are obvious from the definition:

Proposition 6.3 (a) T(M;1,1) is the number of bases of M;
(b) T(M;2,1) is the number of independent sets in M.

Proof The only terms contributing t6(M; 1,1) are those withA| = p(A) =p(E),
that is, bases dfl. Similarly, the only terms contributing t6(M;2,1) are those
with |A| = p(A), that is, independent sets.

A useful tool for identifying specialisations of the Tutte polynomial is ob-
tained by considering a more general form of the Tutte polynomial. We could ask
whether there exists a polynomig{M; x,y, u, v) satisfying the recurrence relation

(@) T(0;x,y,u,v) = 1.

(b) If eis a loop, therl (M;x,y,u,v) = yT (M\e&X,y,u,V).
(c) If eis a coloop, thef (M;x,y,u,v) = XT (M/€;X,y,u,V).
(d) If eis neither a loop nor a coloop, then

-F(M;Xaya U,V) = U-F(M\G;X,y, LI,V) —|—Vf(M/e;X,y,U,V).
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As before, itis clear that there is at most one solution to this recurrence. In fact
there is one, which can be obtained from the usual Tutte polynomial by a simple
renormalisation:

Proposition 6.4 The unique solution to the above recurrence is given by

T(M;x,y,u,v) = uE-PEWPE T (\_); %) ,

Proof This is easily checked using the facts that

e if eis a non-loop, then the passage frdhto M /ereduces both the number
of elements and the rank by 1,

e if eis a non-coloop, then the passage frivhto M\ e reduces the number of
elements by 1 but doesn’t change the rank.

The Tutte polynomial of the dual matroid is obtained very simply:
Proposition 6.5 T(M*;x,y) = T(M;y,X).

Proof Lemma[4.1L shows that the contribution of a 8¢b T(M,y, x) is identical
to the contribution of the complementary #ét=E\ Ato T(M*;xy).

7 Codes

We have seen that anx n matrix A over a fieldF gives rise to a vector matroid on
the set{1,...,n}. We may assume that the matrix has ramiso that the vectors
span the spacé in which they live). We examine the effect of various operations
OnA.

e Elementary row operationtsave the effect of changing the basis in the space
V without altering the vectors used for the representation. So the matroid is
unchanged.

e Column permutationsimply re-name the vectors, and so replace the ma-
troid by an isomorphic one.
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e Multiplying columns by non-zero scalathanges the vectors by scalar mul-
tiples; this does not affect whether a collection of vectors is linearly inde-
pendent, so again the matroid is unchanged.

From the matrixA, we can also obtain am-dimensional subspace &",
namely the row space @&. Such a subspace is calledimear code or codefor
short. We do not here go into the applications of codes to information transmission
(in the case wherE is a finite field), though some of the most important concepts
will be defined shortly (and there is further discussion in Segfion 9. A code, then,
is not a subspace of an arbitrary vector space, but a subspd€t (tat is, a
subspace of a vector space with a prescribed basis).

How do the operations oA affect the code?

¢ Elementary row operationsist change the basis for the code.

e Column permutations, and multiplication of columns by scalhes/e the
effect of changing the prescribed basis fdt in a limited way: we can
permute basis vectors or multiply them by non-zero scalars. As we will see,
the important properties of the code are not changed. So we call two codes
equivalentf they are related in this way.

These operations generate a certain equivalence relation on the sehofrall
matrices of rankm over F. We see that each equivalence class of matrices cor-
responds to a unique vector matroid (up to re-labelling and change of basis in
the ambient space), and also to a unique code (up to a natural notion of equiva-
lence). So vector matroids and linear codes (up to the appropriate equivalence)
correspond bijectively.

Thus, it comes as no surprise that properties of the codes and matroids are very
closely related.

We now define a few important concepts from coding theory. The motivation
is that the fieldF is regarded as an alphabet, and elements (or words) in the code
are used for sending messages over a noisy communication channel. We require
that any two codewords differ in sufficiently many positions that even if a few
errors occur, the correct codeword can be recovered (as the codeword which re-
sembles the received word most closely). Since the number of positions in which
v andw differ is equal to the number of positions where w has a non-zero entry,
we are led to the following definitions.

A word of lengthn overF is an element oF". Theweightwt(c) of a word
c is the number of coordinates in whichhas non-zero entries. An important
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parameter of a cod€ is its minimum weightthe smallest weight of a non-zero
word inC.
Theweight enumeratoof a codeC of lengthn is the polynomial

n PR
We(x,y) = § X WHOWWIE) — A x-iyi
Cgb i;)

whereA; is the number of words of weightin C. It is really a polynomial in
one variable, since we lose no information by putting 1; the form given is
homogeneous (every term has degmge

We now come to the theorem of Curtis Greene [3] asserting that the weight
enumerator of a code is a specialisation of the Tutte polynomial of the corre-
sponding matroid.

Theorem 7.1 Let C be a code over a field with g elements, and M the correspond-
ing vector matroid. Then

_\-dim(C) (y _ \\dim©)T (M;X+(q—1)y >_<)_
We(xy) = y" (x—y) >y 'y

Proof This result is an application of Propositipn]6.4. We have to describe the
code<C’ andC” corresponding to deletion and contraction of itthecoordinate in
the matroid, and verify the following.

(@)We(x,y) =1, if Cis the ‘empty code’.
(b) If theith coordinate is a loop, thahc(X,y) = XW&/ (X, Y).
(c) If theith coordinate is a coloop, th&kt(x,y) = (x+ (g— 1)y)Wer (X, Y).

(d) If theith coordinate is neither a loop nor a coloop, thés{x,y) = YW (X, y) +
(X=yWer (x,Y).

Then Propositioif 6.4 shows that

~

V\b(x7y) = T(M’X_I_(q_ 1)y7xayvx_y>

i | —Ly x
_ dim(C) X — dlm(C)-I- (M; X+ (q ’_>
y' (X=y) x—y_ 'y

as required.
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Clearly, theith coordinate o is a loop inM if and only if theith column of
the matrixA is zero (that is, every codeword has 0 in ttieposition). Dually, the
ith coordinate is a coloop if and only if, applying elementary row operations so
that theith column ofAis (10... 0)", all other entries in the first row ok are
zero. Put another way, this means t@ait the direct sum of the code! and a
code of lengtm — 1.

If the ith coordinate is not a coloop, we define fhenctured code Qo be the
code obtained fror@ by deleting thath coordinate from every codeword @ If
theith coordinate is not a loop, we define thleortened code ‘Cto be obtained
as follows: take all codewords which have entry 0 inithecoordinate (these will
form a subcode of codimension 1@) and then delete théh coordinate. Itis eas-
ily checked that the punctured and shortened codes correspond to the restriction
M /i and contractioM\i respectively.

Now we check the recurrence relations. Part (a) is trivial. Consider (b). If the
ith coordinate is a loop, then every codewolths zero there, and the contribution
of ctoWe(x,y) is justx times its contribution t&\t/(x,y). So (b) holds.

Suppose that théh coordinate is a coloop. Then each codeworadf C”’
corresponds tg codewords o€, obtained by putting each possible symbol of the
alphabet in theth coordinate. Of these, one (obtained by writing in 0) has the
same weight as, and the remaining— 1 have weight one greater. So (c) holds.

Finally, suppose that thiéh coordinate is neither a loop nor a coloop. Write

We = WY + W, wherew" is the sum of terms™WHSyWI(©) corresponding

to wordsc having zero in theth coordinate, anet\(cz) to words having non-zero
entry in theith coordinate. Then by definition

Wer =WE /x
and
We =W /x+w y,
from which we deduce that
Ve =W WD = W + (x—y)Wer,
as required for (d).
Note that, ifX = (x+ (q—1)y)/(x—Yy) andY = x/y, then
X=1)(Y-1)=q.

So the weight enumerator is an evaluation of the Tutte polynomial along a partic-
ular hyperbola in the ‘Tutte plane’.
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From this result, we can deduce the MacWilliams relation which shows that
the weight enumerator of the dual cadé can be calculated from that 6f

Theorem 7.2
1

V\/Cl (X7 y) - ’C|

We (x4 (q— 1)y, x—y).

Proof SinceC! has dimensiom — dim(C) and corresponds to the dual matroid
M*, we have

Wei (xy) = yImO (x—yn-amET (M; § 7X+iq__yl>y) -

On the other hand, we have

iV\b(X—f— (q—1)y,x—y) = q—dim(C) (X— y)n—dim(C)(qy)dim(C) %

C|
T (M; ax x+(q—1)y 1)y) .
ay x-y

The two expressions are equal.

8 Tutte polynomial and bases

The Tutte polynomiall (M;x,y) of a matroidM has the property thakt(M;1,1)

is the number of bases of the matroid. (This is clear from the formuld fas

a sum over subsets. When we substitute y = 1, all those terms which have

a factor(x—1) or (y— 1) vanish, and we are left only with subsé&ssuch that

|Al =p(A) = p(E), that is, bases.) This means that the sum of all the coefficients
in the Tutte polynomial is equal to the number of bases.

Crapo [2], who first extended Tutte’s definition from graphs to matroids, ob-
served that the Tutte polynomial has an alternative definition as a sum over bases.
The definition is somewhat complicated, however, depending on a total ordering
of E. Let B be any base dfl. For eacty ¢ B, there is a unique cycle containing
y and contained ify} UB, called thefundamental cyclef y (with respect to the
baseB). To show this, note thaB U {y} contains a cycle (since it is not inde-
pendent), whereaB contains no cycle; so there is at least one cycl8in{y}
containingy. If there were more than one, s@y andC,, then (MC2) would give
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the existence of a cycle containedGnuU C, not containingy, hence contained in
B, a contradiction.

Dually, for all x € B, there is a unique cocycle (that is, cycle of the dual ma-
troid) containingk and contained igx} U (E \ B), called thefundamental cocycle
of x (with respect tdB); it is just the fundamental cycle of with respect to the
baseE \ B of the dual matroid.

For example, if the matroi is graphic and comes from a connected graph
G, then a bas® is the edge set of a spanning treeGf The fundamental cycle
containing an edgg ¢ B is the unique cycle in the graph with edge Bet {y}.
Dually, if x € B, then removal ok disconnects the spanning trBento two com-
ponents; the fundamental cocycle consists of all edg€3 which have one end
in each component.

Now suppose that the ground ¢$eis totally ordered, and leB be any base.
We say thak € B isinternally activelf it is the greatest element in its fundamental
cocycle; ands ¢ B is externally activef it is the greatest element in its fundamen-
tal cycle. Theinternal activityof B is the number of internally active elements,
and theexternal activityis the number of externally active elements. Now Crapo
showed:

Theorem 8.1 The coefficient of'y) in T(M;x,y) is equal to the number of bases
of M with internal activity i and external activity |j.

A remarkable feature of this theorem is that the number of bases with given
internal and external activity is independent of the ordering of the elements, al-
though of course the internal and external activity of any given base will change.

We saw in Theorend 3.2 that, for any orderingEf there is a unique base
B which dominates all others, in the sense that foii alp(E), theith greatest
element ofB is at least as large as thtt greatest element of any other base. We
call it thelast base Dually, there is dirst base whoseith smallest element is at
least as small as théh smallest element of any other base. Now the internal and
external activity of these bases can be calculated:

Proposition 8.2 (a) The internal activity of the first base is the number of coloops
of M, while its external activity is equal {&| — p(E).

(b) The internal activity of the last base fgE), while its external activity is
equal to the number of loops of M.
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Proof (a) LetB be the first base ang¢ B. We show thay is the greatest element
in its fundamental cycl€. Suppose not: that is, there exigts BNC with x > y.
We can assume thatis the greatest element @ Let X consist of all elements
of B smaller tharx, together withy. ThenX is independent, since it contains no
cycle; soX is contained in a basB’. Now we have a contradiction, since the
elements oB andB’ less thany agree, buty is smaller than the corresponding
element ofB.

Dually, if x € B, thenx is the smallest element in its fundamental cocycle.
This follows on dualising and reversing the order, wBe(B is the new first base,
since therx is the greatest element in its fundamental cycle with respeet\tB
in the reversed order.

Now it is clear that, with respect to the first bdseevery element outsidg is
externally active, while an element Bfis internally active if and only if it is both
smallest and largest in its fundamental cocycle, that is, its fundamental cocycle
consists of a single element, that is, it is a coloop.

(b) Dual.

For a trivial example, the matroid offl, 2,3} with two bases of size 2 has
no loops and one coloop, so its Tutte polynomiakis- xy. This matroid is rep-

resentable over GB), by the matrix(cl) é 2) Theorel shows that the

weight enumerator of the corresponding code is

) (G-

In fact, we see directly that the code has one word of each possible weight®.

y(x—y)?

9 Trellis decoding

We discuss trellis decoding here for two reasons. First, it provides a general
method of decoding, which has some advantages over conventional methods such
as syndrome decoding. Second, it poses some questions which have a tantalising
similarity to aspects of the Tutte polynomial, which we don’t yet understand.
Conventional coding works as follows. L&tbe a linear code of lengtlhand
dimensionk over a fieldF. In order to transmit information (which we suppose
is presented in ‘blocks’ dk-tuples of elements d¥), we first encode it by a one-
to-one linear transformation fromk to the subspac€ of F". The information
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will be transmitted more slowly, since it will takeunits of time to send a block,
rather thark if we sent the information unencoded. (We say that the codedtas
k/n.) We employ this redundancy for error correction.

Classically, we assume that the received information is-tuple of elements
of F (but not necessarily a codeword, since errors may have occurred). Assuming
that only a small number of errors are likely, the received word will hopefully
be nearer to the transmitted codeword than to any other codeword. (Precisely,
this is the case if at mos{d — 1) /2] symbols are received incorrectly, whete
is the minimum distance of the code.) So we search through the codewords and
select the one nearest to the received word (in terms of Hamming distance). This
strategy imearest-neighbour decoding

For example, suppose tht= GF(2), and letC be therepetition codeof
length 3, consisting of the two codewords 000 and 111. Assuming that at most
one bit is altered during transmission, we may conclude that if a word with more
zeros than ones is received, then 000 was sent, while if the received word has more
ones than zeros, then 111 was transmitted.

In practice, however, what is received is an electrical voltage which varies con-
tinuously, and is sampled at appropriate time intervals to determine the symbols
of the received word. The simplest strategy is to round each voltage level to the
nearest value which corresponds to a symbdl ifFor example, suppose that the
symbols 0 and 1 are represented by voltages 0 and 1 respectively. Using the above
repetition code, suppose that we received the voltage0@t. 14. If we round
and then decode, we obtain 000. But it appears that 111 might be a better choice.
Indeed, the Euclidean distance from the received vect@,@O0) is

V0.42 4042+ 1.42 =151

whereas the Euclidean distanceg191,1) is

v/0.6240.62+0.42 = 0.94.

(The choice of Euclidean distance is not arbitrary. Under certain technical as-
sumptions on the errors, namely that they are independent Gaussian random vari-
ables with mean zero and constant variance, minimum Euclidean distance corre-
sponds to maximum likelihood.)

Trellis decodingis a method of decoding which finds the codeword at min-
imum Euclidean distance from the received word directly, avoiding the errors
caused by rounding as above.

A trellis for a codeC of lengthn is a graph with the following properties:
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e The vertices lie im+ 1 disjointlayers ly,...,L,, whereLo andL, each
contain just one vertex (th@urce sandtarget trespectively).

e The edges are directed, and each edge goes from a vertex in_jdgesne
in layerL;1, for somei.

e Each edge haslabel, which is an element df.

e There is a bijection between the codeword€aind the paths frorsto t,
so that then-tuple of edge labels on any path is equal to the corresponding
codeword.

For example, Figurg 2 is a trellis for the repetition code of length 3. We assume
that edges are directed from left to right.

Figure 2: A trellis

Now suppose thati(c) is the voltage level corresponding to the symbel
F. Assume thatx,...,X,) is the ‘receivedh-tuple’ of voltage levels. An edge
between leveld;_; andL; which carries the labet is assigned dength (x —
a(c))?. Now the total length of a path frosito t with edge labelgcy, ..., cn) is

(X1 =0 (C1))*+ -+ (%o —at(Cn))?,

which is just the square of the Euclidean distance fi{am). .., xy) to the point
(a(cy),...,a(cn)) representing the codewords,...,c,). So nearest-neighbour
decoding is achieved by finding the shortest path fedot in the trellis. This can
be done by standard algorithms such as Dijkstra’s algorithm.

There is an added benefit. Dijkstra’s algorithm works in two passes. First, the
shortest distances frosto the vertices irL; are computed by induction anif v;
is such a vertex, then

d(s,vi) = min{d(s,vi_1) +1(Vi_1,Vi),
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where the minimum is over all vertices_; € Lj_1 for which (vi_1,Vv;) is an edge.
This calculation can be done layer by layer as the componeritg of ., x,) are
received, sincé(vi_1,Vv;) depends only orx;. When the entire word has been
receivedd(s,t) is known, and the path realising this distance is found by a simple
backtracking.

For example, consider the trellis for the repetition code shown above, with
a(c) = c for c € {0,1}. When we receive the value4) we assignd(s,v) =
0.16,0.36 for the two nodes ih;. When 04 is received again, we assigr8@ and
0.72. Finally, when M4 is received, we assigi(s,t) = min{2.28,0.88} = 0.88.

The backtracking in this case is trivial.

10 Minimal trellises

Any codeC, not necessarily linear, can be represented by a trellis. We can simply
take|C| disjoint paths fronsto t, one for each codeword, and label the edges on
the path corresponding to the codeweondith the symbols ot in order.

However, it is clear from the description of trellis decoding in the last section
that, the smaller the trellis, the more efficient the decoding algorithm will be.
The size of the trellis can be measured in various ways (for example, number of
vertices, number of edges, cycle rank); for simplicity we will use the number of
vertices in this section.

For example, le€ be the dual of the binary repetition code of length 3. This is
a code with four codewords, so the simple construction above gives a trellis with
10 vertices and 12 edges. But there is a trellis with only 6 vertices and 8 edges for
this code, as shown in Figufge 3.

Figure 3: A minimal trellis
It is not hard to see that this is the smallest trellis which represents the code.
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The following result of Muder(]5] settles the question of existence of a ‘best’
trellis for a linear code in a strong way.

Theorem 10.1 Let C be a linear code of length n. Then there is a trellis T for
C, with layers l,...,Ln, having the property that, if Tany other trellis for C,
having layers i, ..., Ly, we haveL| <|L{| fori=1,...,n.

We callL aminimal trellisfor C. For the proof, see the next result, which also
shows how the sizes of the layers in the minimal trellis are determined by the first
and last base of the corresponding matroid.

Theorem 10.2 Let C be a linear code over a field of order q. Let A and B be
the first and last base of the corresponding matroid on the{$&2,...,n}. Let
a=|ANn{L,...,i}Jand h = |BN{1,...,i}| fori =0,...,n. Then the cardinality
of the ith layer of the minimal trellis for C is@y?, and the number of edges
between the ith and + 1)st layers is §+17.

Proof We construct a trellis whose layers have the sizes claimed in the theorem.
Then we show that it represents the code and is minimal.

Let P, denote the subcode @f consisting of words which have entries 0 in
positions +1,...,n, and leti denote the subcode consisting of words which have
entries 0 in positions,1..,i. (These are called théh past and future subcodes
of C.) We have dinjF) = k—g& and dimR) = b;, wherek = dim(C). (To see
the first equation, take a generator matrix @m reduced echelon form. Then
the first base consists of the coordinate positions where the leading ones occur.
Also, a codeword is zero in the firsi positions if and only if theg; rows with
leading 1s in the first positions do not occur in the expression toas a linear
combination of rows. The second equation is proved similarly by reversing the
order.)

Now we construct the trellis as follows. By definitioR, N F = {0}, so
dm(P +F) =k—a +bj. We letL; be the vector spacg/(P + F); thenL;
has dimensiom — b;, and so has cardinalit;}i’*"bi as claimed.

For each word: € C, we associate the vertex bf which is the cosefP, +
F)+c. Join these vertices by a path fragno t, labelling the edges with the
coordinates ot. We identify edges which have the same start and end vertices
and the same label. This produces a trellis in which every codeword is represented
by a path. We must show that every path arises in this way.

First, note that there is at most one edge with any given label entering or
leaving any vertex of the trellis. For two edges with the same label leaving a vertex
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of Lj would arise from two codewordsc’ lying in the same coset ¢ + F and
having the same entry in position- 1. Writec— ¢’ = p+ f with pe P andf € F.
Thenp andc — ¢ both have zero in the+ 1 position, and hence so doésThus
f € F1. Clearlype P, sinceP C P, ;. Soc—c € By1+F.y1, and the two
edges have the same end, and are equal (by our convention).

Now we see that a vertex in layerhasg edges leaving itif+1 € A, and just
one edge otherwise. So the number of paths in the trellis is equél te IC|; so
every path corresponds to a codeword.

Finally we show that the trellis is minimal. L&t be any trellis forC. We
prove that two paths containing the same vertex inithiéayerL; correspond to
codewords in the same coset®f+ F. So|L{| > |C/(R + F)| = |Li|, and we are
done.

So letc = (cy,...,Cy) andd = (dy,...,dn) be two codewords represented by
paths containing the same vertex of ttielayer. There= (cy,...,Cj,dit1,...,dn) €
C. Soe—d=(cp—dy,...,¢ci—d;,0,...,0) € C (asC is linear); so, in fact,
e—d e R. Similarly,c—e€ F, and scc—d € P, +F, as required.

Exercise Show that the minimal trellis for the code with generator matrix

1 10
0 0 1
has five vertices and six edges, whereas the minimal trellis for the equivalent code

with generator matrix
1 01
010

has six vertices and eight edges.

As this exercise shows, equivalent codes can have different minimal trellises.
We say that a trellis is mninimal equivalent trelligor ME-trellis) for a codeC if it
is a minimal trellis for a code equivalent@ Since the size of the minimal trellis
depends on the ordering, it cannot be calculated from data about the matroid alone.
However, it may be that some weighted average of the sizes of the ME-trellises
for C can be derived from the matroid (perhaps even from the Tutte polynomial).
This is unknown.

Another problem is to find the smallest ME-trellis for a code. Jial. [4]
have shown that this problem is NP-hard for codes over large fields. Its status for
binary codes seems to be unknown.
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Example Consider the two generator matrices
10101007 1 001100170
01100 1 1], 0101011
0O 00111 0 01 011
for the dual Hamming code of length 7, differing by a transposition of the third
and fourth columns. For the first matrix, the first and last base$la&4} and
{5,6,7}, giving a minimal trellis with 26 vertices and 32 edges. For the second
matrix, the first and last bases drk 2,3} and{5,6, 7}, giving a minimal trellis
with 30 vertices and 36 edges.

Exercise A k x n matrix A is in trellis-oriented formor TOF if
(a) no row ofA is zero;
(b) the first non-zero entries in the rows occur in different columns;
(c) the last non-zero entries in the rows occur in different columns.

Prove that anyk x n matrix of rankk can be put into TOF by elementary row
operations.

Note that the columns referred to in (b) and (c) comprise the first and last bases
of the corresponding matroid respectively.

Find generator matrices in TOF corresponding to the two codes equivalent to
the dual Hamming code of length 7 given above.

Exercise Show that the minimal trellises for a code and its dual have the same
number of vertices in layerfor eachi.
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