
The Erdős–Ko–Rado theorem

What is the size of the largest intersecting family ofk-subsets of ann-set? There
is an intersecting family of size

(n−1
k−1

)
consisting of allk-sets containing a fixed

element. Ifn< 2k, we can do better: any twok-sets intersect, so the maximum
size is

(n
k

)
.

The Erd̋os–Ko–Rado theorem answers the question by showing that, ifn≥ 2k,
the examples constructed above are optimal: that is, no intersecting family is
larger. Moreover, ifn> 2k, they are the only examples which meet the bound.

This is one of the landmark results of extremal set theory. It was published by
the authors, Paul Erdős, Chao Ko, and Richard Rado in 1961, though the proof
had been found over two decades earlier.

We begin with a lemma of independent interest. Aclique in a graph is a set
of vertices, any two of which are joined. A graphG is vertex-transitiveif, for any
two verticesx andy of G, there is an automorphismg of G with xg = y.

Lemma 1 Let G be a vertex-transitive graph with vertex set X. Let Y be a subset
of X with the property that any clique in Y has size at most|Y|/m. Then any
clique in the graph has size at most|X|/m. A clique C meeting the bound satisfies
|Cg∩Y|= |Y|/m for all automorphisms g of G.

Proof Let N be the order of the automorphism group ofG. By vertex transitivity,
for any two verticesx andy, the number of automorphismsg satisfyingxg = y is
N/|X|.

Count pairsx,g, wherex is a vertex inC andg an automorphism such that
xg ∈Y. There are|C| choices forx, andN/|X| choices forg satisfyingxg = y for
each of the|Y| possibley∈Y. So the number of pairs is|C| · |Y| ·N/|X|.

On the other hand, for each of theN automorphismsg, there are at most|Y|/m
choices ofx∈ X (in the inverse image ofXg∩Y).

So|C| · |Y| ·N/|X| ≤ N · |Y|/m, whence|C| ≤ |X|/m as required.
The characterisation of equality is clear from the proof.

A cocliquein a graph is a set of vertices with no pair joined. Since a clique
and a coclique intersect in at most one point, the lemma shows that, in a vertex-
transitive graphG with vertex setX, any cliqueC and cocliqueD satisfy|C| · |D| ≤
|X|. (TakeY = D andm= |D|.) Simple examples show that this is false in arbitrary
regular graphs.

Theorem 2 Suppose that n≥ 2k. Then an intersecting family of k-subsets of an
n-set has cardinality at most

(n−1
k−1

)
.
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Proof Consider the graphG whose vertices are thek-subsets of ann-set, adjacent
of their intersection is non-empty. The graph is vertex-transitive (since any per-
mutation of then-set is an automorphism) and has

(n
k

)
vertices. We have to show

that the size of a clique is at most
(n−1

k−1

)
=
(n

k

)
/(n/k). So, by the lemma, it suffices

to find a familyY of k-sets with|Y|= n such that any intersecting subfamily ofY
has size at mostk.

Take then-set to be the integers modn, and consider the set of alln intervals
of lengthk (regardingX as cyclically ordered). It is clear thatk intervals with
consecutive starting points form a clique. We must show that there is no larger
clique. Any such clique would have to contain three intervals covering the entire
circle, say[0,k−1], [k−x,2k−x−1] and[2k−x−y,3k−x−y−1], with 3k−x−
y−1≥ n. The size of such a clique is at mostx+y+(3k−x−y−n) = 3k−n≤ k,
sincen≥ 2k. So the claim is proved.

We can use the characterisation of equality in the lemma to find all the ex-
tremal families, ifn> 2k. (If n = 2k, then any choice of one of each complemen-
tary pair ofk-sets gives an intersecting family of size1

2

(n
k

)
=
(n−1

k−1

)
.)

Theorem 3 If n > 2k, then any intersecting family of k-subsets of an n-set of
cardinality

(n−1
k−1

)
consists of all the k-sets containing some fixed point.

Proof Let F be an intersecting family of cardinality
(n−1

k−1

)
. We start with two

observations.
First, suppose that there are two pointsx andy such that everyk-set containing

x but noty belongs toF . ThenF consists of all thek-sets containingx. For,
given ak-setK not containingx, there is ak-setL containingx but noty disjoint
from K (since there are at least 2k points different fromy). ThusK /∈ F . So every
set inF conntainsx, and by considering the cardinality we must have every such
set. So, ifF is a counterexample, then for everyx andy there is ak-set not inF
containingx but noty.

Second, there are twok-setsK,K′ intersecting ink−1 points, such thatK is in
F andK′ is not. For, if not, then for eachK ∈ F , everyk-set meetingK in k−1
points is also inF ; by induction, everyk-set is inF , which is impossible.

ChooseK,K′ as above, and label the points inK \K′ andK′ \K as 0 andk
respectively. Assuming thatF is a counterexample to the theorem, chooseK′′ /∈F
with 0∈ K′′ andk /∈ K′′. Let K∩K′′ = {0, . . . , l −1} with l < k; then number the
remaining points ofK as l , . . . ,k−1, and the remaining points ofK′′ asn− k+
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l , . . . ,n−k+ 1. Number the remaining points with the remaining elements of the
integers modn.

By the lemma,F containsk intersecting intervals on the cycle, and by the
proof of the theorem, these intervals must be consecutive. But we have chosen
the sets so that this is impossible, since the interval[0,k− 1] is in F while the
intervals[1,k] and[n−k+ l , l −1] are not.

This contradiction proves the theorem.
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