Solutions to Exercises
Chapter 7. Extremal set theory

|1 Verify the claim in Example 2 of Section 7.1. |

B is an intersecting family, by inspection; $C F. A 4-set contains at most
one member of8; so there 74 = 28 4-sets containing members®Bf(as each 3-
set lies in four 4-sets). Every 5-set contains a membét, gince at most = 6
members ofB meet its complementA fortiori, each 6-set or 7-set contains a
member ofB. So

|F|=7+28+21+7+1=064

2 If n= 2k, an intersecting family ok-subsets of am-set has size at most
I(M = (R-1), because it contains at most one of each complementary pair of
k-sets. We proceed to generalise this result and argument. What follows could
be regarded as a very simple version of the LYM techniqureo\R:

Suppose that k divides n. Then an intersecting family F of k-subsets

of an nN-set X has size at most (Ej)

Follow the hint. LetC be the set of all partitions of an-set inton/k sets
of sizek, wherek dividesn. Count pairs(B,C) with B ak-set andB € C € (.
By symmetry, each of th¢;) choices forB lies in the same number, say of
members of”. On the other hand, each member®fontainsn/k k-sets. So

(1)x= ik,
sox = |C|/(_1), as claimed.

Now let 7 be an intersecting family dé-sets. Count pair&B,C) with B € 7,
C e ¢, andB € C. Each of the | choices forB lies in x choices forC, with x
as above. Sincé is intersecting, each of the’| members ofC contains at most
one member off. Substituting forx gives the displayed inequality, and hence
that| ¥ | < (_1), as required.

Note that the bound is attained if and only if every membe¢ afontains a
member off .

3 Prove that, ik dividesn andn > 3k, then any intersecting family of siZ§_})
of k-subsets of the-setX consists of alk-sets containing some point Xt
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First, we show that there are two s&&<B € 7 which intersect in just one
point. For suppose that the smallest intersection of two sefs Imas sizd, and
suppose for a contradiction tHat- 1. Let|ANB| = 1. Choose two disjoink-sets
U,V such that

¢ U contains one point AN B, all of A\ B, and none 0B\ A;

¢ V contains the remaining points i B, all of B\ A, and none oA\ B.

Choose a partitiol© of X into k-sets includindJ andV. ThenC must contain
an element off, necessarily eithdd orV (since the other sets i@ are disjoint
from AandB). But U NB| =1 and|V NA| =1 — 1, contradicting the minimality
of |]ANB|.

Now assume that > 3k. LetA,B € # with ANB = {x}. We show that every
set containingis in ¥ ; this will finish the proof, sincg}}_1) sets contai, which
is just the right number. So lét be any set containing Choose twdk-setsV,W
disjoint from one another and frobh, such that

e V contains all ofA\ U and none 0B\ U;

e W contains all oB\ U and none oA\ U;

Choose a partitio@ of X into k-sets includindJ,V,W. ThenC contains a member
of 7, necessarily (sinceV is disjoint fromB, W from A, and the other sets
are disjoint from both). That i) € ¥, as required.

4 Show that(%1) is even if and only ik is not a power of 2.

Use Lucas’ Theorem (3.4.1). L&t— 1 have digitsajg_1...a; in base 2,
with & = 1. Then X— 1 has digitsaja_;...apl (it is obtained fromk — 1 by
multiplying by 2 and adding 1). By Lucas’s Theorem,

G D)=n(y) moea,

with the convention thad 1 = 1, a3 = 0. If there is a value of such that
a;_1 = 0 anda = 1, then the right-hand side has a fac@) =0, and so is even.

So, if (%71) is odd, then(a = 1) = (ai_1 = 1. Sincea = 1, we conclude that
a_1=...=a =1 Thus

k—1=24+214...41=02+1_1

andk is a power of 2, as claimed.



5 (a) If nis not a power of 2, construct a regular intersecting family of subsets
of ann-set, having size2 .
(b) If n=2,4 or 8, show that there is no such family.

(a) Suppose that = 2k is not a power of 2. By (7.4.2), there is a regular
intersecting family ok-subsets of an-set, containing one of each complementary
pair of k-sets. Adjoin to it all sets of cardinality greater thian The resulting
family is still intersecting, is regular (since tmesets form a regular family for
anym) and has cardinality2 ! (since it contains one of each complementary pair
of sets of whatever size).

(b) Case analysis. The case- 2 is trivial.

Let n =4 and suppose that contains one of each complementary pair of
subsets. Iff contains a singletor, then it consists of all sets containirgwhich
is not a regular family. Otherwis¢;, contains all 3-sets and 4-sets, and a regular
intersecting family of three 2-sets, which is impossible since the degree would
have to be 32/4, not an integer.

The casen = 8 is a bit more complicated, so we begin with some observations.
Let F be an intersecting family of sizé"2L. Then, ifA € F andA C B, then also
B € 7. For ¥ contains eitheB or its complement; and the latter is disjoint from
A

In the casen = 8, a family consisting of the largest 2= 128 sets (viz. all of
size 87,6,5, and 35 of size 4) has average degree

(8+8-7+28-6+56-5-+35.4)/8 =815,

so a regular intersecting family has degree at most 81. Hence it cannot contain
a singleton: if{x} € ¥, thenx lies in 128 sets). Also, it has at most one set of
size 2: for, if{x,y},{X,z} € F, thenxis contained in 96 sets which also contgin
orz

The remainder of the argument involves case analysis.

6 Prove that, in any intersecting family of si@i—ll) of k-subsets of akset,
the replication numbers all have the same parity.

6. Replacing one set in such a family by its complement changes the parity of
all the replication numbers. By a sequence of such switches, we can move from
any such family to any other. So it is enough to show that there is a family in
which all the replication numbers have the same parity. See the proof of (7.4.2)
for this.



7 Let F be any intersecting family of subsets of thaetX. Show that there i
an intersecting familyf’ O # with |F'| = 2"1,

[72)

Let (Y,Z) be any partition oiX. Then at most one of andZ can contain an
element of 7. If neither of them does, then bothandZ are blocking sets. So, if
we let ¥/ consist of all sets containing a memberbftogether with one of each
complementary pair of blocking sets, thhcontains one of each complementary
pair of sets, and spgF/| = 2"1,

Furthermore, sincé is intersecting, then any two sets which contain mem-
bers of F must intersect; a set containing a membefrahtersects each blocking
set; and, if we choose the larger of each pair of blocking sets (as in the question),
then any two of the chosen blocking sets intersect. So we have an intersecting
family containing¥ .

Let ¥ be the Steiner triple system. We saw in Question 1 that any set of 5
or more points contains a member $f so blocking sets have size 3 or 4, and it
is enough to show that there are none of size 3.YLbe a set of size 3, and let
A be the set of members ¢f containingi € Y. Then, with the notation of PIE,
|A|=7,3,1for|l|=0,1,2. So, ifmsets contain all three points ¥f the number
of sets containing none of them is

7—3-3+3-1-m=1—-m.

Thus, eithely € F, or there is a set of disjoint fromY. In either caseY is not
a blocking set.

So the construction of the first part of the question produces just the sets which
contain a member of ; there are 2= 64 of them.



8 Let ¥ be a Sperner family of subsets of thesetX. Defineb(¥) to be the
family of all subset¥ of X such that

) YNF #£0forallF € F;
(i) Y is minimal subject to (i) (i.e., no proper subsetro$atisfies (i)).
(a) Prove thab( ¥ ) is a Sperner family.

(b) Show that, for any € # and anyy € F, there exist¥ € b(#) withYNF =
{y}.

(c) Deduce thab(b(F)) = ¥.

(d) Let  denote the Sperner family of &isubsets oK. Prove thab( %) =
Fnr1-k for k> 0. What isb(0)?

(a) If one member ob(¥ ) properly contained another, the larger would not
be minimal with respect to intersecting all the setin

(b) TakeF € # andy € F. As in the Hint, letZ be minimal with respect to
meeting every sek’\ F for F' € #, F' #F. (Sincef is a Sperner family, all
these differences are non-empty.) Note thatF = 0. Now {y} UZ meets every
member of7, so it contains a sét € b(F); and certainlyy € Y, since otherwise
YNF=0.

(c) TakeF € F. ThenF meets every set df( F ). But, by (b), for every € F,
F\ {y} is disjoint from some member & 7). So no proper subset & meets
every member ob(#). ThusF is minimal with respect to this property, that is,
F € b(b(¥)).

Conversely, takeés € b(b(¥)), and suppose tha ¢ F. ThenG contains
no member off, sinceb(b(¥)) is a Sperner family and containg. So the
complemeniX \ G meets every member ¢f. ThenX \ G contains a membef
of b(¥), so thaty NG = 0, a contradiction.

(d) If k> 0, then anln+ 1—k)-set meets every-set, whereas afn— k)-set is
disjoint from onek-set (viz., its complement). S#,,1-« C b(¥x). The inclusion
cannot be strict, else( #c) would not be a Sperner family.

We have7o = {0}. No set meets the empty set, Bg7o) = 0. (Note the
difference. Note also that, to calculdi@), the condition of meeting every mem-
ber of 0 is vacuous, so every set satisfies it; the unique minimal such 8es®
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b(0) = {0}, in agreement with (c).



