Solutions to Exercises
Chapter 6: Latin squares and SDRs

1 Show that the number ofx n Latin squaresis 1, 2,112,576 for=1, 2, 3, 4
respectively.

(b) Prove that, up to permutations of the rows, columns, and symbols in a
Latin square, there are unique squares of orders 1, 2, 3, and two different squares
of order 4.

(c) Show that one of the two types of Latin square of order 4 has an orthogo-
nal ‘mate’ and the other does not.

(a) Build up the Latin squares row by row. Note that, oncel rows have
been entered, there is a unique way to complete the last row. Note also that each
of then! possible first rows can be completed in the same number of ways.

Forn =1, there is only one Latin square, namély.

Forn =2, if the first row is(1 2), then the second i, 1), andvice versa

Forn = 3, we count the Latin squares with first rad 2 3), and multiply the
number by 3= 6. Now the first entry in the second row is either 2 or 3, and in
either case, the entire square is determined. For suppose itis 2. The third entry
of this row then cannot be 2, and cannot be 3 (since there is already a 3 in its
column); so it must be 1, and the row(3 1). So there are two squares with the
given first row, and 26 = 12 altogether.

The casen = 4 is a little more complicated. Assume that the first row is
(12 34). The second row (regarded as a permutation) is then a derangement. We
know (Chapter 1, Question 1) that there are nine derangements, which fall into
two types: six are cyclic permutations, and three consist of two transpositions.
We show that a cyclic permutation can be completed in two different ways, and a
permutation of the other type in four ways.

Suppose that the second row(B3 4 1). The first element of the third row
is either 3 or 4; in each case the square can be completed uniquely (much as for
n= 3 above).

Suppose that the second rom(1 4 3. Now, in the third and fourth rows,
the first two entries are 3 and 4, and the last two are 1 and 2. So the last two rows
consist of two Latin squares using the symbol §&s1} and{1,2}. There are
two choices for each (by the result o= 2, so four possible completions.

So the total number of squares is(842+ 3-4) = 576.

(b) By permuting the columns, the first row of any square can be brought to the
form (12 ... n). Then permuting rows other than the first brings the first column
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to the same form. So at leasdt (n—1)! squares can be obtained from any one by
row and column permutations. Dividing the numbers obtained in part (a) by this
factor, we see that there are at most, 1,2 squares fon = 1,2, 3,4, up to row

and column permutations. It remains to show that there are really two different
squares in the case= 4.

To see this, we count subsquares of order 2. For the square obtained from
the non-cyclic derangement, any two rows consist of two disjoint Latin squares of
order 2 (using disjoint symbol sets). This property remains true if rows or columns
are permuted. But for the square obtained from the cyclic derangement, the first
two rows contain no Latin square of order 2. So this square is not obtained from
the other by row and column permutations.

The solution to Chapter 1, Question 3 gives two orthogonal Latin squares of
order 4, and by inspection, each of them is of the ‘non-cyclic type’. We have to
show that the ‘cyclic’ square has no orthogonal mate. We can take the square to

be
3 4

4 1
1 2|
4 1 2 3

since the property of having an orthogonal mate is not changed by row and column
permutations. Furthermore, we can assume that the first row of the orthogonal
mate is(1 2 3 4). The first element of the second row is then 3 or 4, and it is easily
checked that neither case can be completed.
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2 Show that, fom < 4, any Latin square of order can be obtained from the
multiplication table of a group by permuting rows, columns, and symbols; but
this is not true fon = 5.

There is a unique group of each order 1, 2, 3, and two of order 4 (up to iso-
morphism); check that these give all the Latin squares.

Forn=>5, the cyclic group is the only type of group, and gives a Latin square
containing no subsquare of order 2. If we complete the two rows

1 2 3 45
2 1 4 5 3

to a Latin square, the resulting square contains a subsquare of order 2, and so is
not equivalent to the one derived from the cyclic group.



3 A Latin squareA = (&) of ordernis said to beow-completef every ordered
pair (x,y) of distinct symbols occurs exactly once in consecutive positions in the
same row (i.e., a&j, aj j+1) for somei, j). (Note that there ane(n— 1) ordered
pairs of distinct symbols, and each of theows contain®— 1 consecutive pairs
of symbols.)

(a) Prove that there is no row-complete Latin square of order 3 or 5, and con-
struct one of order 4.

(b) Define analogously eolumn-completéatin square.

(c) Suppose that the elementsf(n) are written in a sequendg;, Xz, . .., Xn)
with the property that every non-zero elementZof(n) can be written
uniquely in the formx; .1 —x; forsomei = 1,...,n— 1. LetA be the Latin
square (with rows, columns and entries indexed by.0n — 1 insteag
of 1,...,n) whose(i, j) entry isa;j = X +Xj. (This is the addition table
of the integers modadh, written in a strange order.) Prove thatis both
row-complete and column-complete.

(d) If nis even, show that the sequence
1 1 1
(0,4,n-1,2,n—-2,...,5n—1,5n+1,35n)

has the property described in (c).

(a) Since the property of row-completeness is unaffected if we rename the
symbols, or if we permute the columns, for= 3 we need only check that the
square
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is not row-complete: indeed, the pai 2)
all.

Forn =5, we may assume that the first ron(Is... 5) and that the 1s occur
on the main diagonal of the square. The 1s in row& £ must be followed by
3,4,5in some order; the Latin property gives the possibilitigs 3 or 5 3,4 only.

In each case the square can be completed uniquely, and is not row-complete.

ccurs twice and the paf@ 1) not at



Forn =4, trial and error (or the construction in parts (c) and (d)) gives
1 2 4 3

1 4
3 2
2 1
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(b) A Latin squareA = (& of ordernis column-completé every ordered pair
(x,y) of distinct symbols occurs exactly once in consecutive positions in the same
column (that is, agajj, a1 j) for somei, j).

(c) Suppose that the sequenpe,...,x,) has the property specified in the
question, and leA = (&), whereaj; = X + Xj.
A is a Latin square If ajj = aj, thenx; +Xj = X + Xk, whencex; = x¢ and
j =k (sincexy,...,X, are all distinct). So the entries in any row are distinct. The
argument for columns is similar.
A is row-complete Let (x,y) be given, withx #y. We seek values and
j such thataj; = X, ajj+1 =Y. This givesx +Xj = X, Xi +Xj+1 =Y, whence
Xj+1—Xj = Y—X. By the property of the sequence, the non-zero elemenk
occurs just once as the difference of consecutive elements; so from this equation
we determine a unique value pfNow x; = X —X; is determined, and hence there
is a unique value aofalso.
A is column-completeEither argue similarly, or use the fact thfats symmet-
ric.
(d) The differencesgyi; 1 —Xoi, fori=0,1,2, ..., %n— 1l,are-0=1,2—(n—
1)=3,3—(n—2)=5,...: thatis, all the odd numbers less timafThe differences
Xoi —Xpi_1, fori=1,2,....4n—1, are(n-1)-1=n-2, (n-2) - 2=n—4,
.... thatis, all the even numbers.
4 (a) Find a family of three subsets of a 3-set having exactly three SDRs.
(b) How many SDRs does the family

{{1,2,3},{1,4,5},{1,6,7},{2,4,6},{2,5,7},{3,4,7},{3,5,6} }

have?

(@) TakeA; = {1,2}, A, = {1,3}, Az = {1,2,3}. The representatives fay;
andA; must be(1,3), (2,1) or (2,3), and the unused element must be the repre-
sentative forAgz.

(b) There are 24 SDRs. This can be proved by laboriously listing them all.
The argument can be shortened by using the symmetry of the family, though it is
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necessary to use some care in justifying the symmetry arguments. Whenever it
is claimed that ‘by symmetry, we may assume that the representatieiof’,
say, the justification consists of permutations which preserve the family and fix all
the choices already made while permuting the possible choices at the next stage
among themselves. | will not list all these permutations: see Section 14.6.

By symmetry, we can assume that the representatiyd.& 3} is 1 (and we
must multiply the number of SDRs we find by 3 to allow for the other possible
choices here). We may further assume that the representatives of the other sets
containing 1, namelyf1,4,5} and{1,6,7}, are 4 and 6, and must multiply the
number of SDRs also by-2 = 4. Now we must represefe, 4,6} by 2. If we
remove these points from the remaining sets, we are left {@tb}, {3,7} and
{5, 7}, which have two SDRs. So there are 24 altogether.

5 Let (Aq,...,A,) be a family of subsets ofl,...,n}. Suppose that the ingi-
dence matrix of the family is invertible. Prove that the family possesses a SDR.

LetM = (m;;) be the incidence matrix of the family: that is,

o { 1 ifjeA,
Mi =10 otherwise.
SinceM is invertible, we have dé) # 0. Using the formula for the determinant
as a sum over permutations, we see that there is a permutatibfl,2,...,n}
such thamj;; £ 0 for all i. This means thatte A for all i. Sincertis a permuta-
tion, (1r,...,nm) is a SDR.

Note: Each SDR corresponds to a non-zero term in the expansion of the deter-
minant; and the value of the term4sl (the sign is the sign of the corresponding
permutation). So we can say more: the number of SDRs is not lessdatéi )|,
and is congruent to dg¥l) mod 2.

6 Use the truth of the van der Waerden permanent conjecture to prove that the
numberd(n) of derangements dfl, ..., n} satisfies

d(n) >n! (1—%)n.

How does this estimate compare with the truth?

In the language of SDRs, a derangemen{Df .. n} is precisely a SDR for
the family of set§ A1, A, ..., An), whereA = {1,...,n}\ {i}. Then (6.5.2) ap-
plies, withr = n— 1; so the number of SDRs is at leasf(n— 1) /n)".
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Since(1—1/n)" — e asn — oo, the formula is asymptotically correct. How-
ever, it does not give the correct value as the nearest integen £@; 4,5, the
lower bound is approximately. 178, 7594, 39322, whereas the actual value is 2,
9, 44.

7 Prove the following generalisation of Hall's Theorem:

If a family (Aq,...,An) of subsets of X satisfies |[A(J)| > |J| —r for
all 3 C {1,...,n}, then there is a subfamily of size N—r which has
a SDR.

Lety1,...,Yr ber new elements not iiX. DefineAl = A U {y1,...,y } for
i=1,...,n. Then, foranyd C {1,...,n}, we have

A =|AQ)|+r > I —r+r=]J].

So the family(A7, ..., A,) satisfies Hall’s condition, and has an SDR. Now at most
r of the elements of the SDR ays; the remainder (at least- r of them) belong
to X, and so are representatives of the correspondisg



