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1 Fields and vector spaces

In this section we revise some algebraic preliminaries and establish notation.

1.1 Division rings and fields

A division ring or skew fieldis a structurd= with two binary operations called
additionandmultiplication, satisfying the following conditions:

(@) (F,+) is an abelian group, with identity 0, called thdditive groupof F;
(b) (F\0,-) is a group, called theultiplicative groupof F;

(c) left or right multiplication by any fixed element &fis an endomorphism of
the additive group oF.

Note that condition (c) expresses the two distributive laws. Note that we must
assume both, since one does not follow from the other.

The identity element of the multiplicative group is called 1.

A field is a division ring whose multiplication is commutative (that is, whose
multiplicative group is abelian).

Exercise 1.1 Prove that the commutativity of addition follows from the other ax-
ioms for a division ring (that is, we need only assume fffat\-) is a group in

(@)).

Exercise 1.2 A real quaternionhas the forma -+ bi + ¢j + dk, wherea,b,c,d €
R. Addition and multiplication are given by “the usual rules”, together with the
following rules for multiplication of the elementsilj, k:

10k
11 i | K
il -1 k]
il —k -1 i
klk j —i -1

Prove that the séil of real quaternions is a division ringHint: If q=a+bi +
¢j +dk, letg* = a—bi —¢j — dk; prove thalg' = a®+b?+ ¢+ d?.)



Multiplication by zero induces the zero endomorphisngfeft). Multiplica-
tion by any non-zero element induces an automorphism (whose inverse is mul-
tiplication by the inverse element). In particular, we see that the automorphism
group of (F,+) acts transitively on its non-zero elements. So all non-zero ele-
ments have the same order, which is either infinite or a ppmi@ the first case,
we say that theharacteristicof F is zero; in the second case, it ldmaracteristic
p.

The structure of the multiplicative group is not so straightforward. However,
the possible finite subgroups can be determined: i$ a field, then any finite
subgroup of the multiplicative group is cyclic. To prove this we req\fader-
monde’s Theorem

Theorem 1.1 A polynomial equation of degree n over a field has at most n roots.

Exercise 1.3 Prove Vandermonde’s TheoremHift: If f(a) =0, thenf(x) =
(x=a)g(x).)

Theorem 1.2 A finite subgroup of the multiplicative group of a field is cyclic.

Proof An elementw of a fieldF is annth root of unityif " = 1; it is aprimitive
nth root of unity if alsow™ # 1 for0< m< n.

Let G be a subgroup of orderin the multiplicative group of the fiel&. By
Lagrange’s Theorem, every element®is annth root of unity. If G contains a
primitive nth root of unity, then it is cyclic, and the number of primitimth roots
is @(n), whereg@is Euler’s function. If not, then of course the number of primitive
nth roots is zero. The same considerations apply of course to any diviso6of,
if Y(m) denotes the number of primitiveth roots of unity inG, then

(a) for each divisom of n, eithery(m) = @(m) or y(m) = 0.
Now every element o has some finite order dividing so

(0) 5 w(m) =n.

min

Finally, a familiar property of Euler’s function yields:

© > om) =n.

min

From (a), (b) and (c) we conclude th@gtm) = @(m) for all divisorsm of n. In
particular,yy(n) = @(n) # 0, andG is cyclic. =
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For division rings, the position is not so simple, since Vandermonde’s Theorem
fails.

Exercise 1.4 Find all solutions of the equatiof +1 =0 in H.

However, the possibilities can be determined. Gdbe a finite subgroup of
the multiplicative group of the division rinf. We claim that there is an abelian
groupA such thats is a group of automorphisms éfacting semiregularly on the
non-zero elements. L& be the subgroup afF, +) generated bys. ThenB is a
finitely generated abelian group admitti@gacting semiregularly. IF has non-
zero characteristic, theB is elementary abelian; takde= B. Otherwise, choose
a primep such that, for alk,g € G, the elementxg— x)p~! is not inB, and set
A=B/pB.

The structure of semiregular automorphism groups of finite groups (a.k.a.
Frobenius complementsvas determined by Zassenhaus. See PassReamu-
tation Groups Benjamin, New York, 1968, for a detailed account. In particular,
either G is metacyclic, or it has a normal subgroup isomorphic tq258) or
SL(2,5). (These are finite grougs having a unique subgroupof order 2, such
thatG/Z is isomorphic to the alternating grody or As respectively. There is a
unique such group in each case.)

Exercise 1.51dentify the division ringH of real quaternions with the real vec-
tor spaceR* with basis{1,i,j,k}. LetU denote the multiplicative group afnit
quaternionsthose elements+ bi -+ ¢j + dk satisfyinga+ b?+c2+d? = 1. Show
that conjugation by a unit quaternion is an orthogonal transformati&f dixing
the 1-dimensional space spanned by 1 and inducing an orthogonal transformation
on the 3-dimensional subspace spanned jpk.i

Prove that the map frotd to the 3-dimensional orthogonal group has kernel
+1 and image the group of rotations of 3-space (orthogonal transformations with
determinant 1).

Hence show that the groups &.3) and SL(2,5) are finite subgroups of the
multiplicative group ofH.

Remark This construction explains why the groups(8L3) and SL(2,5) are
sometimes called thanary tetrahedrabndbinary icosahedrafjroups. Construct
also abinary octahedrabroup of order 48, and show that it is not isomorphic to
GL(2,3) (the group of 2« 2 invertible matrices over the integers mod 3), even
though both groups have normal subgroups of order 2 whose factor groups are
isomorphic to the symmetric gro.



1.2 Finite fields

The basic facts about finite fields are summarised in the following two theorems,
due to Wedderburn and Galois respectively.

Theorem 1.3 Every finite division ring is commutative.

Theorem 1.4 The number of elements in a finite field is a prime power. Con-
versely, if q is a prime power, then there is a unique field with g elements, up to
isomorphism.

The unique finite field with a given prime power ordgris called theGalois
field of orderq, and denoted by G) (or sometimesy). If g is prime, then
GF(q) is isomorphic tdZ/qZ, the integers mod.

We now summarise some results about GF

Theorem 1.5 Let q= p?, where p is prime and a is a positive integer. LetF
GF(q).

(a) F has characteristic p, and its additive group is an elementary abelian p-
group.

(b) The multiplicative group of F is cyclic, generated by a primitfpé — 1)th
root of unity (called gprimitive elemenbf F).

(c) The automorphism group of F is cyclic of order a, generated b¥tbbenius
automorphisnx — xP.

(d) For every divisor b of a, there is a unique subfield of F of ord&rcpnsisting
of all solutions of & = X; and these are all the subfields of F.

Proof Part (a) is obvious since the additive group contains an element of prder
and part (b) follows from Theorem 1.2. Parts (c) and (d) are most easily proved
using Galois theory. LeE denote the subfield/pZ of F. Then the degree of

F overE is a. The Frobenius map : x — xP is anE-automorphism of, and

has ordefa; soF is a Galois extension dE, ando generates the Galois group.
Now subfields of necessarily contaii; by the Fundamental Theorem of Galois
Theory, they are the fixed fields of subgroups of the Galois gtoup =



For explicit calculation inF = GF(p?), it is most convenient to represent it
asE([x]/(f), whereE = Z/pZ, E[x] is the polynomial ring oveE, andf is the
(irreducible) minimum polynomial of a primitive element Bf If a denotes the
coset(f)+x, thena is a root of f, and hence a primitive element.

Now every element df can be written uniquely in the form

Co+C10+ -+ Ca 10?7,
wherecy,C1,...,Cq_1 € E; addition is straightforward in this representation. Also,
every non-zero element d&& can be written uniquely in the formm™, where
0 < m< p?—1, sincea is primitive; multiplication is straightforward in this
representation. Using the fact thita) = 0, it is possible to construct a table
matching up the two representations.

Example The polynomial® + x+ 1 is irreducible oveE = Z/2Z. So the field
F = E(a) has eight elements, whegesatisfiesa® + a + 1 = 0 overE. We have
a’ =1, and the table of logarithms is as follows:

a? 1
al a
a? | o2

as a+1
a*| a?+a
a® | oa?+a+1
abla2 41

Hence
(@®+a+1)(a®+1)=a°-a®=a*=a?+a.

Exercise 1.6 Show that there are three irreducible polynomials of degree 4 over
the field Z/27Z, of which two are primitive. Hence construct @®) by the
method outlined above.

Exercise 1.7 Show that an irreducible polynomial of degneeover GKq) has a
root in GHq") if and only if mdividesn.
Hence show that the numbay, of irreducible polynomials of degre® over
GK(q) satisfies
> man = q".

min



Exercise 1.8 Show that, ifq is even, then every element of Gfj is a square;
while, if g is odd, then half of the non-zero elements of(GfFare squares and
half are non-squares.

If qis odd, show that-1 is a square in Gfg) if and only ifg=1 (mod 4).

1.3 Vector spaces

A left vector spacever a division ringF is a unital leftF-module. That is, it is
an abelian groul, with a anti-homomorphism fror to EndV) mapping 1 to
the identity endomorphism &f.

Writing scalars on the left, we hayed)v = c(dv) for all c,d € F andv € V:
that is, scalar multiplication bgd is the same as multiplication l/followed by
multiplication byc, not vice versa. (The opposite convention would m¥ke
right (rather than left) vector space; scalars would more naturally be written on
the right.) The unital condition simply means that2v for allve V.

Note thatF is a vector space over itself, using field multiplication for the scalar
multiplication.

If F is a division ring, theoppositedivision ring F° has the same underlying
set af and the same addition, with multiplication given by

aob=Dba

Now a right vector space ovér can be regarded as a left vector space &ver
A linear transformation T: V — W between two lefF-vector space¥ and
W is a vector space homomorphism; that is, a homomorphism of abelian groups
which commutes with scalar multiplication. We write linear transformations on
the right, so that we have
(cv)T =c(vT)

forallce F,veV. We add linear transformations, or multiply them by scalars,
pointwise (as functions), and multiply then by function composition; the results
are again linear transformations.

If a linear transformatio is one-to-one and onto, then the inverse map is
also a linear transformation; we say tfAats invertibleif this occurs.

Now Hom(V,W) denotes the set of all linear transformations frgnto W.
Thedual spaceof F is F* = Hom(V,F).

Exercise 1.9 Show thatv* is a right vector space ové.



A vector space idinite-dimensionailf it is finitely generated a$-module.

A basisis a minimal generating set. Any two bases have the same number of
elements; this number is usually called the dimension of the vector space, but in
order to avoid confusion with a slightly different geometric notion of dimension,

| will call it the rank of the vector space. The rankdfis denoted by riv/).

Every vector can be expressed uniquely as a linear combination of the vectors
in a basis. In particular, a linear combination of basis vectors is zero if and only if
all the coefficients are zero. Thus, a vector space of reoker F is isomorphic
to F" (with coordinatewise addition and scalar multiplication).

| will assume familiarity with standard results of linear algebra about ranks
of sums and intersections of subspaces, about ranks of images and kernels of
linear transformations, and about the representation of linear transformations by
matrices with respect to given bases.

As well as linear transformations, we require the concepteinailinear trans-
formationbetweerF-vector space¥ andW. This can be defined in two ways. It
is a mapTl fromV toW satisfying

(@) (vi+Vv2)T =wiT +VvoT for all vy, v € V;

(b) (cv)T =c°vT forallc e F, ve V, whereo is an automorphism df called
theassociated automorphisaf T.

Note that, if T is not identically zero, the associated automorphism is uniquely
determined byl .

The second definition is as follows. Given an automorplosohF, we extend
the action ofo to F" coordinatewise:

(c1,...,¢n)? = (cY,...,cP).

Hence we have an action ofon anyF-vector space with a given basis. Now a
o-semilinear transformatiofromV to W is the composition of a linear transfor-
mation fromV to W with the action ofo onW (with respect to some basis).

The fact that the two definitions agree follows from the observations

e the action ofo on F" is semilinear in the first sense;

e the composition of semilinear transformations is semilinear (and the associ-
ated automorphism is the composition of the associated automorphisms of
the factors).



This immediately shows that a semilinear map in the second sense is semilinear
in the first. Conversely, i is semilinear with associated automorphismnthen
the composition of with 6~ is linear, soT is o-semilinear.

Exercise 1.10Prove the above assertions.

If a semilinear transformatioi is one-to-one and onto, then the inverse map
is also a semilinear transformation; we say thas invertibleif this occurs.

Almost exclusively, | will consider only finite-dimensional vector spaces. To
complete the picture, here is the situation in general. In ZFC (Zermelo—Fraenkel
set theory with the Axiom of Choice), every vector space has a basis (a set of
vectors with the property that every vector has a unigque expression as a linear
combination of &inite set of basis vectors with non-zero coefficients), and any
two bases have the same cardinal number of elements. However, without the
Axiom of Choice, there may exist a vector space which has no basis.

Note also that there exist division ringswith bimodulesV such tha has
different ranks when regarded as a left or a right vector space.

1.4 Projective spaces

It is not easy to give a concise definition of a projective space, since projective
geometry means several different things: a geometry with points, lines, planes,
and so on; a topological manifold with a strange kind of torsion; a lattice with
meet, join, and order; an abstract incidence structure; a tool for computer graphics.

Let V be a vector space of rank+ 1 over a fieldF. The “objects” of the
n-dimensional projective space are the subspac¥s apart fronV itself and the
zero subspacg0}. Each object is assigned a dimension which is one less than its
rank, and we use geometric terminology, so thaints lines andplanesare the
objects of dimension 0, 1 and 2 (that is, rank 1, 2, 3 respectivelflyplerplands
an object having codimension 1 (that is, dimengienl, or rankn). Two objects
areincidentif one contains the other. So two objects of the same dimension are
incident if and only if they are equal.

Then-dimensional projective space is denoted by(RG). If F is the Galois
field GHq), we abbreviate P&, GF(q)) to PGn,q). A similar convention will
be used for other geometries and groups over finite fields.

A 0-dimensional projective space has no internal structure at all, like an ide-
alised point. A 1-dimensional projective space is just a set of points, one more
than the number of elements Bf with (at the moment) no further structure. (If
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{e1,ex} is a basis foV, then the points are spanned by the veclas+ e, (for
A € F) andey.)

Forn > 1, PGn,F) contains objects of different dimensions, and the relation
of incidence gives it a non-trivial structure.

Instead of our “incidence structure” model, we can represent a projective space
as a collection of subsets of a set. ISdie the set of points of P@, F). Thepoint
shadowof an objecU is the set of points incident witd. Now the point shadow
of a pointP is simply {P}. Moreover, two objects are incident if and only if the
point shadow of one contains that of the other.

The diagram below shows R& 2). It has seven points, labelled 1, 2, 3, 4, 5,

6, 7; the line shadows are 123, 145, 167, 246, 257, 347 356 (where, for example,
123 is an abbreviation fofl, 2, 3}).

2 6 4

The correspondence between points and spanning vectors of the rank-1 sub-
spaces can be taken as follows:

1 2 3 4 5 6 7
(0,0,1) | (0,1,0) | (0,1,1) | (1,0,0) | (1,0,1) | (1,1,0) | (1,1,1)

The following geometric properties of projective spaces are easily verified
from the rank formulae of linear algebra:

(a) Any two distinct points are incident with a unique line.
(b) Two distinct lines contained in a plane are incident with a unique point.

(c) Any three distinct points, or any two distinct collinear lines, are incident with
a unique plane.

(d) A line not incident with a given hyperplane meets it in a unique point.

(e) If two distinct points are both incident with some object of the projective
space, then the unique line incident with them is also incident with that
object.

10



Exercise 1.11Prove the above assertions.

It is usual to be less formal with the language of incidence, and say “the point
P lies on the linel”, or “the line L passes through the poiRt rather than “the
point P and the lineL are incident”. Similar geometric language will be used
without further comment.

An isomorphisnfrom a projective spacl; to a projective spacB» is a map
from the objects of14 to the objects of1, which preserves the dimensions of ob-
jects and also preserves the relation of incidence between objectslieation
of a projective spacH is an isomorphism froml to I'.

The important theorem which connects this topic with that of the previous
section is thé=undamental Theorem of Projective Geometry

Theorem 1.6 Any isomorphism of projective spaces of dimension at least two
is induced by an invertible semilinear transformation of the underlying vector
spaces. In particular, the collineations &G(n,F) for n > 2 are induced by
invertible semilinear transformations of the rafik-+- 1) vector space over F.

This theorem will not be proved here, but | make a few comments about the
proof. Consider first the case= 2. One shows that the field can be recov-
ered from the projective plane (that is, the addition and multiplicatioR ran
be defined by geometric constructions involving points and lines). The construc-
tion is based on choosing four points of which no three are collinear. Hence any
collineation fixing these four points is induced by a field automorphism. Since
the group of invertible linear transformations acts transitively on quadruples of
points with this property, it follows that any collineation is induced by the com-
position of a linear transformation and a field automorphism, that is, a semilinear
transformation.

For higher-dimensional spaces, we show that the coordinatisations of the planes
fit together in a consistent way to coordinatise the whole space.

In the next chapter we study properties of the collineation group of projective
spaces. Since we are concerned primarily with groups of matrices, | will normally
speak of PGh— 1,F) as the projective space based on a vector space ofrrank
rather than PG, F) based on a vector space of ramk 1.

Next we give some numerical information about finite projective spaces.

Theorem 1.7 (a) The number of points in the projective sp&@8(n—1,q) is
(@"-1)/(q-1).
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(b) More generally, the number @ih— 1)-dimensional subspaces®(n—1,q)

is
(@ =)@ -q) (" =g ")
(@"—1)(g™—a)--- (" —q™ 1)
(c) The number ofm— 1)-dimensional subspaces BG(n—1,q) containing a

given(l — 1)-dimensional subspace is equal to the numbemot-| — 1)-
dimensional subspaces®BG(n—1 —1,q).

Proof (a) The projective space is based on a vector space ofrrankich con-
tainsq" vectors. One of these is the zero vector, and the remaifinrgl each
span a subspace of rank 1. Each rank 1 subspace coqgtaihsion-zero vectors,
each of which spans it.

(b) Count the number of linearly independaenttuples of vectors. Theth
vector must lie outside the rar{lf — 1) subspace spanned by the preceding vec-
tors, so there arg” — g/~ choices for it. So the number of suaftuples is the
numerator of the fraction. By the same argument (replanibhg m), the num-
ber of linearly independentr-tuples which span a given ramk subspace is the
denominator of the fraction.

(c) If U is a rankl subspace of the rank vector spacé/, then the Second
Isomorphism Theorem shows that there is a bijection betweenmesubspaces
of V containingU, and rank(m— 1) subspaces of the rar(k — ) vector space
V/U. =

The number given by the fraction in part (b) of the theorem is call€has-
sian coefficientwritten [m] . Gaussian coefficients have properties resembling
q
those of binomial coefficients, to which they tendggs: 1.

Exercise 1.12 (a) Prove that
n —k+1| N n+1
] [
|:k:|q k—1], k |q
(b) Prove that fon > 1,
= i S k)2 [Nk
1+gx) = - X,
il:L( ™ kZOq [k}q

(This result is known as thg-binomial theoremsince it reduces to the
binomial theorem ag — 1.)
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If we regard a projective space RG- 1,F) purely as an incidence structure,
the dimensions of its objects are not uniquely determined. This is because there
is an additional symmetry known dsiality. That is, if we regard the hyperplanes
as points, and define new dimensions by dich) = n— 2 —dim(U), we again
obtain a projective space, with the same relation of incidence. The reason that it
is a projective space is as follows.

LetV* =Hom(V,F) be the dual space &f, whereV is the underlying vector
space of P@—1,F). Recall thaV* is a right vector space ovet, or equivalently
a left vector space over the opposite fi€ltl To each subspade of V, there is a
corresponding subspatg of V*, theannihilator of U, given by

UT={fev*:uf=0forallueU}.

The correspondendg — U is a bijection between the subspaced/cénd the
subspaces of *; we denote the inverse map from subspacegofo subspaces
of V also by t. It satisfies

(@ uhHT=u;
(b) U1 < U, if and only if U, > UJ;
(©) rk(UT) =n—rk(U).

Thus we have:

Theorem 1.8 The dual oPG(n— 1,F) is the projective spacBG(n—1,F°). In
particular, if n > 3, thenPG(n— 1,F) is isomorphic to its dual if and only if F is
isomorphic to its opposite &

Proof The first assertion follows from our remarks. The second follows from the
first by use of the Fundamental Theorem of Projective Geomeiry.

Thus, PGn—1,F) is self-dual ifF is commutative, and for some non-commutative
division rings such a#l; but there are division rings for whichF 2 F°.
An isomorphism fronF to its opposite is a bijectioa satisfying

(a+b)° = a’+hb°,
(ab)® = b°a’,

for all a,b € F. Such a map is called amti-automorphisnof F.

Exercise 1.13Show thatH = H°. (Hint: (a+ bi +¢j +dk)° = a— bi — ¢j — dk.)
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2 Linear and projective groups

In this section, we define and study the general and special linear groups and their
projective versions. We look at the actions of the projective groups on the points of
the projective space, and discuss transitivity properties, generation, and simplicity
of these groups.

2.1 The general linear groups

Let F be a division ring. As we saw, a vector space of ran@ver F can be
identified with the standard spaEé& (with scalars on the left) by choosing a basis.
Any invertible linear transformation &f is then represented by an invertilole n
matrix, acting orF" by right multiplication.

We let GL(n,F) denote the group of all invertiblex n matrices oveF, with
the operation of matrix multiplication.

The group Gl(n,F) acts on the projective space RG- 1,F), since an in-
vertible linear transformation maps a subspace to another subspace of the same
dimension.

Proposition 2.1 The kernel of the action &L (n,F) on the set of points (fG(n—
1,F) is the subgroup
{cl:ce Z(F),c#0}

of central scalar matrices in F, where(B) denotes the centre of F.

Proof LetA= (&j) be an invertible matrix which fixes every rank 1 subspace of
F". Thus,Amaps each non-zero vectod, . . ., X,) to a scalar multiplécxg, ..., CX,)
of itself.

Let g be theith basis vector, with 1 in positionand O elsewhere. Then
eA = ¢ig, so theith row of Ais ¢jg. This shows thaf is a diagonal matrix.

Now fori # j, we have

cie +cjej = (e +e)A=d(a +e)

for somed. Soc; = ¢;. Thus,Ais a diagonal matrixl.
Finally, letae F,a# 0. Then

c(ae ) = (ae)A=a(e]A) = ace,

soac=ca Thusce Z(F). =

14



Let Z be the kernel of this action. We define thmjective general linear
group PGL(n,F) to be the group induced on the points of the projective space
PG(n—1,F) by GL(n,F). Thus,

PGL(n,F) = GL(n,F)/Z.

In the case wherE is the finite field GFq), we write GL(n,q) and PGLn, q)
in place of GLn,F) and PGL(n,F) (with similar conventions for the groups we
meet later). Now we can compute the orders of these groups:

Theorem 2.2 (a) |GL(n,q)| = (q"—1)(q"—q)---(q"—g"1);

(b) [PGL(n,q)[ = [GL(n,q)|/(q—1).

Proof (a) The rows of an invertible matrix over a field are linearly independent,
thatis, fori =1,...,n, theith row lies outside the subspace of rarkl generated
by the preceding rows. Now the number of vectors in a subspace of rahkver
GF(q) is g1, so the number of choices for tii# row isq” — ¢ . Multiplying
these numbers far=1,...,n gives the result.

(b) PGL(n,q) is the image of GIn,q) under a homomorphism whose kernel
consists of non-zero scalar matrices and so has oyder. =

If the field F is commutative, then the determinant function is defined gm
matrices oveF and is a multiplicative map t6:

detAB) = det(A) det(B).

Also, detA) # 0 if and only if A is invertible. So det is a homomorphism from
GL(n,F) to F*, the multiplicative group of (also known as G[1,F)). This
homomorphism is onto, since the matrix within the top left corner, 1 in the
other diagonal positions, and 0 elsewhere has determimant

The kernel of this homomorphism is tepecial linear grougsL(n,F), a nor-
mal subgroup of G[n, F) with factor group isomorphic t&*.

We define theprojective special linear grouSL(n,F) to be the image of
SL(n,F) under the homomorphism from G, F) to PGL(n, F), that is, the group
induced on the projective space by(@LF). Thus,

PSL(n,F) = SL(n,F)/(SLn,F)NZ).

The kernel of this homomorphism consists of the scalar matdcegich have
determinant 1, that is, thosg for which c" = 1. This is a finite cyclic group
whose order dividen.

Again, for finite fields, we can calculate the orders:
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Theorem 2.3 (a) |SL(n,q)| = |GL(n,q)|/(q— 1);

(b) |PSL(n,q)| =|SL(n,q)|/(n,g—1), where(n,q— 1) is the greatest common
divisor of n and g 1.

Proof (a) SL(n,q) is the kernel of the determinant homomorphism on(Gh)
whose imagé-* has ordeig— 1.

(b) From the remark before the theorem, we see that R§l.is the image of
SL(n,q) under a homomorphism whose kernel is the grouptbfroots of unity
in GF(q). Since the multiplicative group of this field is cyclic of ordgr 1, the
nth roots form a subgroup of ordém,q—1). =

A group G actssharply transitivelyon a seQ if its action is regular, that is, it
is transitive and the stabiliser of a point is the identity.

Theorem 2.4 Let F be a division ring. Then the grolgGL(n, F) acts transitively

on the set of al(n+ 1)-tuples of points oPG(n — 1, F ) with the property that no

n points lie in a hyperplane; the stabiliser of such a tuple is isomorphic to the
group of inner automorphisms of the multiplicative group of F. In particular, if
F is commutative, theRGL(n,F) is sharply transitive on the set of sugh+ 1)-
tuples.

Proof Considem points not lying in a hyperplane. Thevectors spanning these
points form a basis, and we may assume that this is the standarehasise, of

F", whereg hasith coordinate 1 and all others zero. The proof of Proposition 2.1
shows thats acts transitively on the set of suaktuples, and the stabiliser of the

n points is the group of diagonal matrices. Now a veatoot lying in the hy-
perplane spanned by amy- 1 of the basis vectors must have all its coordinates
non-zero, and conversely. Moreover, the group of diagonal matrices acts transi-
tively on the set of such vectors. This proves tha{RE) is transitive on the set

of (n+ 1)-tuples of the given form. Without loss of generality, we may assume
thatv=e;+---+e,=(1,1,...,1). Then the stabiliser of the+ 1 points consists

of the group of scalar matrices, which is isomorphic to the multiplicative group
F*. We have seen that the kernel of the action on the projective spaCE i3, so

the group induced by the scalar matriceBigZ(F*), which is isomorphic to the
group of inner automorphisms &f*. =

Corollary 2.5 The groupPGL(2,F) is 3-transitive on the points of the projective
line PG(1,F); the stabiliser of three points is isomorphic to the group of inner
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automorphisms of the multiplicative group of F. In particular, if F is commutative,
thenPGL(2,F) is sharply3-transitive on the points of the projective line.

For n > 2, the groupPGL(n, F) is 2-transitive on the points of the projective
spacePG(n—1,F).

This follows from the theorem because, in the projective plane, the hyper-
planes are the points, and so no two distinct points lie in a hyperplane; while, in
general, any two points are independent and can be extended motalh)-tuple
as in the theorem.

We can represent the set of points of the projective lingoasu F, where
o = ((1,0)) anda = ((a,1)) for a€ F. Then the stabiliser of the three points
0,0,1 acts in the natural way dn\ {0, 1} by conjugation.

For consider the effect of the diagonal mataixon the point((x,1)). This is
mapped to/(xa, a)), which is the same rank 1 subspace @s xa, 1)); so in the
new representatiom| induces the mag— a~xa.

In this convenient representation, the action of P&E) can be represented

by linear fractional transformations. The matn(xf:1 b) maps(x,1) to (xa+

d
¢,xb+d), which spans the same point@sgb-+d)~*(xa+c),1) if xo+d # 0, or
(1,0) otherwise. Thus the transformation induced by this matrix can be written as

x— (xb+d)~(xa+c),

provided we make standard conventions abogior example, 01a = o for a #
0 and(wb+d)~1(wa+c) = b~ta. If F is commutative, this transformation is
conveniently written as a fraction:

ax—+c
X — )
bx+d

Exercise 2.1 Work out carefully all the conventions required to use the linear
fractional representation of PG2, F).

Exercise 2.2 By Theorem 2.4, the order of PG, g) is equal to the number of
(n+ 1)-tuples of points of PG — 1,q) for which non lie in a hyperplane. Use
this to give an alternative proof of Theorem 2.2.

Paul Cohn constructed an example of a division fnguch that all elements
of F\ {0,1} are conjugate in the multiplicative group Bf For a division ring
F with this property, we see that PGL F) is 4-transitive on the projective line.
This is the highest degree of transitivity that can be realised in this way.
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Exercise 2.3 Show that, ifF is a division ring with the above property, thén
has characteristic 2, and the multiplicative groug-a$ torsion-free and simple.

Exercise 2.4Let F be a commutative field. Show that, for al>> 2, the group
PSL(n,F) is 2-transitive on the points of the projective spacg®G1,F); it is
3-transitive if and only iln = 2 and every element &f is a square.

2.2 Generation

For the rest of this section, we assume fhas a commutative field. Aransvec-
tion of the F-vector spac¥ is a linear mapV — V which satisfies rkT —1) =1
and(T —1)?=0. Thus, if we choose a basis such tegspans the image af — |
andey,....ey_1 span the kernel, then is represented by the matrix- U, where
U has entry 1 in the top right position and O elsewhere. Note that a transvection
has determinant 1. Thexisof the transvection is the hyperplane Ker 1); this
subspace is fixed elementwise ByDually, thecentreof T is the image off —I;
every subspace containing this point is fixedToyso thatT acts trivially on the
guotient space).

Thus, a transvection is a map of the form

X— X+ (xf)a,

whereacV andf € V* satisfyaf = 0 (that is,f € a'). Its centre and axis ar@)
and ke( f) respectively.

The transformation of projective space induced by a transvection is called an
elation The matrix form given earlier shows that all elations lie in PSE).

Theorem 2.6 For any n> 2 and commutative field F, the grolpSL(n,F) is
generated by the elations.

Proof We use induction on.

Consider the case = 2. The elations fixing a specified point, together with
the identity, form a group which acts regularly on the remaining points. (In the
linear fractional representation, this elation group is

{x—x+a:acF},

fixing «.) Hence the grou® generated by the elations is 2-transitive. So it is
enough to show that the stabiliser of the two pomtand 0 inG is the same as in
PSL(2,F), namely

{x—a’x:acF,a#0}.
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Givenae F, a+# 0, we have

(0 1)t P 1 )(ale 1)= a1)

and the last matrix induces the linear fractional nxap ax/a—! = a’x, as re-
quired.

(The proof shows that two elation groups, with centresind 0, suffice to
generate PS[2,F).)

Now for the general case, we assume that (PSL1,F) is generated by ela-
tions. LetG be the subgroup of PSh, F) generated by elations. First, we observe
thatG is transitive; for, given any two poingg; and py, there is an elation on the
line (p1, p2) carryingp; to pz, which is induced by an elation on the whole space
(acting trivially on a complement to the line). So it is enough to show that the
stabiliser of a poinip is generated by elations. Take an elemgrt PSL(n,F)
fixing p.

By induction, Gy, induces at least the group P@L—- 1,F) on the quotient
spaceV/p. So, multiplyingg by a suitable product of elations, we may assume
thatginduces an element &/ p which is diagonal, with all but one of its diagonal
elements equal to 1. In other words, we can assumegthas the form

A 0O ... O 0
o 1 ... O 0
o o .. 1 0
X1 Xo ... Xp-1 A1
By further multiplication by elations, we may assume tkat= ... = X517 = 0.

Now the result follows from the matrix calculation given in the case2.

Exercise 2.5A homologyis an element of PG{n, F) which fixes a hyperplane
pointwise and also fixes a point not in this hyperplane. Thus, a homology is
represented in a suitable basis by a diagonal matrix with all its diagonal entries
except one equal to 1.

(a) Find two homologies whose product is an elation.

(b) Prove that PG(n,F) is generated by homologies.
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2.3 Ilwasawa’s Lemma

Let G be a permutation group on a <t this means that is a subgroup of the
symmetric group off2. Iwasawa’s Lemma gives a criterion f& to be simple.
We will use this to prove the simplicity of P$h, F) and various other classical
groups.

Recall thatG is primitive on Q if it is transitive and there is no non-trivial
equivalence relation 0@ which is G-invariant: equivalently, if the stabilise&s,
of a pointa € Q is a maximal subgroup @b. Any 2-transitive group is primitive.

lwasawa’s Lemma is the following.

Theorem 2.7 Let G be primitive or2. Suppose that there is an abelian normal
subgroup A of @ with the property that the conjugates of A generate G. Then any
non-trivial normal subgroup of G contains'An particular, if G= G/, then G is
simple.

Proof Suppose thall is a non-trivial normal subgroup @. ThenN £ Gy for
someda. SinceGq is a maximal subgroup @b, we haveN Gy = G.
Let g be any element d&. Write g = nh, wheren € N andh € Gy. Then

gAg* =nhAhint=nAn?

sinceA is normal inGg. SinceN is normal inG we havegAg ! < NA Since the
conjugates oA generatés we see thaG = NA
Hence
G/N =NA/N=A/(ANN)

is abelian, whenchl > G’, and we are done.m

2.4 Simplicity

We now apply Iwasawa’s Lemma to prove the simplicity of PSE). First, we
consider the two exceptional cases where the group is not simple.
Recall that PS[2, q) is a subgroup of the symmetric groGg, 1, having order

(9+1)a(q-1)/(g—1,2).

(@) If g= 2, then PSI2,q) is a subgroup o&; of order 6, so PS(2,2) = S;.
It is not simple, having a normal subgroup of order 3.

(b) If g=3, then PSI2,q) is a subgroup 0%, of order 12, so PS(2,3) = Ay.
It is not simple, having a normal subgroup of order 4.
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(c) For comparison, we note that,df= 4, then PSI2,q) is a subgroup o&s
of order 60, so PS(2,4) = As. This group is simple.

Lemma 2.8 The groupPSL(n,F) is equal to its derived group if i+ 2 or if |F| >
3.

Proof The groupG = PSL(n,F) acts transitively on incident point-hyperplane
pairs. Each such pair defines a unique elation group. So all the elation groups are
conjugate. These groups gener@e So the proof will be concluded if we can
show that some elation group is containedsin

Suppose thdfF| > 3. It is enough to consider= 2, since we can extend all
matrices in the argument below to ranky appending a block consisting of the
identity of rankn— 2. There is an elememtc F with a®> # 0,1. We saw in the

proof of Theorem 2.6 that SR, F) contains the matri><g a01>' Now

D6 DEIE -6 M)

this equation expresses any element of the corresponding transvection group as a
commutator.

Finally suppose thdf| = 2 or 3. As above, it is enough to consider the case
n= 3. This is easier, since we have more room to manoeuvre in three dimensions:
we have

1 —x O 1 0 O 1 x O 1 0 O 1 0 x
0O 1 O 01 1 01 0 01 1]=(0 1 0. =m
0O 0 1 0 0 1 0 0 1 0 0 1 0O 0 1

Lemma 2.9 LetQ be the set of points of the projective sp&@&n—1,F). Then,
for a € Q, the set of elations with centee, together with the identity, forms an
abelian normal subgroup of &

Proof This is more conveniently shown for the corresponding transvections in
SL(n,F). But the transvections with centre spanned by the vextamsist of all
mapsx — x+ (xf)a,, for f € AT; these clearly form an abelian group isomorphic
to the additive group c&!. =

Theorem 2.10 The groupPSL(n,F) is simple if n> 2 or if |F| > 3.
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Proof let G=PSL(n,F). ThenG is 2-transitive, and hence primitive, on the
setQ of points of the projective space. The groApof elations with centrex

is an abelian normal subgroup &, and the conjugates & generateG (by
Theorem 2.6, since every elation has a centre). Apart from the two excluded
casesG = G'. SoGis simple, by lwasawa’s Lemmam

2.5 Small fields

We now have the family PShn, q), for (n,q) # (2,2), (2, 3) of finite simple groups.
(The first two members are not simple: we observed that(P2l) = S; and
PSL(2,3) = A4, neither of which is simple.) As is well-known, Galois showed
that the alternating groufy, of degreen > 5 is simple.

Exercise 2.6 Prove that the alternating grodg is simple forn > 5.
Some of these groups coincide:
Theorem 2.11 (a) PSL(2,4) = PSL(2,5) = As.
(b) PSL(2,7) = PSL(3,2).
(c) PSL(2,9) = As.
(d) PSL(4,2) = Ag.

Proofs of these isomorphisms are outlined below. Many of the details are left
as exercises. There are many other ways to proceed!

Theorem 2.12 Let G be a simple group of ordép+1)p(p—1)/2, where pis a
prime number greater thaB Then G= PSL(2, p).

Proof By Sylow’s Theorem, the number of Sylgwwsubgroups is congruent to 1
mod p and divides(p+ 1)(p— 1)/2; also this number is greater than 1, si@e
is simple. So there arp+ 1 Sylow p-subgroups; and P is a Sylowp-subgroup
andN = Ng(P), then|N| = p(p—1)/2.

ConsiderG acting as a permutation group on the Qedf cosets ofN. Let o
denote the coséN. ThenP fixesco and permutes the oth@rcosets regularly. So
we can identifyQ with the set{e} UGK(p) such that a generator &facts onQ
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as the permutatior— x+ 1 (fixing ). We see thal is permutation isomorphic
to the group
{x+— a’x+b:abe GF(p),a+0}.

More conveniently, elements df can be represented as linear fractional transfor-
mations ofQ with determinant 1, since

ax+a b

2
axX+b= )
+ Ox+a1

SinceG is 2-transitive o, N is a maximal subgroup d, andG is gener-
ated byN and an elemerttinterchangingo and 0, which can be chosen to be an
involution. If we can show thatis also represented by a linear fractional trans-
formation with determinant 1, the@ will be a subgroup of the group P&2, p)
of all such transformations, and comparing orders will show@atPSL(2, p).

We treat the casp= —1 (mod 4); the other case is a little bit trickier.

The element must normalise the stabiliser of and 0, which is the cyclic
groupC = {x— a?x} of order(p—1)/2 (having two orbits of sizép —1)/2,
consisting of the non-zero squares and the non-squares (ip)5FAIso, t has
no fixed points. For the stabiliser of three points@ns trivial, sot cannot fix
more than 2 points; but the two-point stabiliser has odd ofder 1)/2. Thust
interchanges the two orbits Gf

There are various ways to show thanvertsC. One of them uses Burnside’s
Transfer Theorem. Lej be any prime divisor ofp—1)/2, and letQ be a Sylow
g-subgroup ofZ (and hence 06). ClearlyNg(Q) = C(t), sot must centralise or
invertQ. If t centralise®, thenQ < Z(Ng(Q), and Burnside’s Transfer Theorem
implies thatG has a normat-complement, contradicting simplicity. $onverts
every Sylow subgroup d, and thus invert€.

Now C(t) is a dihedral group, containingp — 1)/2 involutions, one inter-
changing the point 1 with each point in the otl@porbit. We may choosé so
that it interchanges 1 with-1. Then the fact that invertsC shows that it inter-
changes? with —a~2 for each non-zera € GF(p). Sot is the linear fractional
mapx — —1/x, and we are done.m

Theorem 2.11(b) follows, since P&, 2) is a simple group of order
(28 -1)(2°2—2)(22—2%) =168= (7T+1)7(7T—1)/2.

Exercise 2.7 (a) Complete the proof of the above theorem in the qase5.
Hence prove Theorem 2.11(a).
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(b) Show that a simple group of order 60 has five Sylow 2-subgroups, and hence
show that any such group is isomorphicAg Give an alternative proof of
Theorem 2.11(a).

Proof of Theorem 2.11(d)The simple group PS[3,2) of order 168 is the group
of collineations of the projective plane over &, shown below.

Since its index ir§; is 30, there are 30 different ways of assigning the structure
of a projective plane to a given dét={1,2,3,4,5,6, 7} of seven points; and since
PSL(3,2), being simple, contains no odd permutations, it is containe&jrso
these 30 planes fall into two orbits of 15 under the actioAf

Let Q be one of theA7-orbits. Each plane contains seven lines, so there 15
7 = 105 pairs(L,IT), whereL is a 3-subset oN, M € Q, andL is a line of.
Thus, each of thég) = 35 triples is a line in exactly three of the plane<in

We now define a new geometty whose ‘points’ are the elements @f and
whose ‘lines’ are the triples of elements containing a fixed LineClearly, any
two ‘points’ lie in at most one ‘line’, and a simple counting argument shows that
in fact two ‘points’ lie in a unique line.

Let N’ be a plane from the othé-orbit. For each poind € N, the three lines
of M’ containingn belong to a unique plane of the @t (Having chosen three
lines through a point, there are just two ways to complete the projective plane,
differing by an odd permutation.) In this way, each of the seven pointsgives
rise to a ‘point’ of Q. Moreover, the three points of a line BF correspond to
three ‘points’ of a ‘line’ in our new geometry. Thus,G contains ‘planes’, each
isomorphic to the projective plane P%2).

It follows that G is isomorphic to PG3,2). The most direct way to see this is
to consider the se& = {0} UQ, and define a binary operation @by the rules

O+N=nN+0=N foralNeQ;
M+MnN=0 forallll e Q;
Nn+n’ =n”" if {M,N.N"}isa’line’.

ThenA is an elementary abelian 2-group. (The associative law follows from the
fact that any three non-collinear ‘points’ lie in a ‘plane’.) In other woriss the
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additive group of a rank 4 vector space over(&Fand clearlyg is the projective
geometry based on this vector space.

Now A7 < Aut(G) = PSL(4,2). (The last inequality comes from the Funda-
mental Theorem of Projective Geometry and the fact that(BSl) = PI'L(4,2)
since GK2) has no non-trivial scalars or automorphisms.) By calculating orders,
we see thaA7 has index 8 in PS4, 2). Thus, PSI4,2) is a permutation group
on the cosets oy, that is, a subgroup g, and a similar calculation shows that
it has index 2 infSs. We conclude that PSK,2) = Ag. =

The proof of Theorem 2.11(c) is an exercise. Two approaches are outlined
below. Fill in the detalils.

Exercise 2.8 The field GK9) can be represented &+ bi: a,b € GF(3)}, where

i2=—1. Let
(1 1+ (0 1
(o) e (8 0)

AP=1, B’=-1, (AB)®=—I.
So the corresponding elememtd € G = PSL(2,9) satisfy
a®=b?=(ab)® =1,

Then

and so generate a subgrodpisomorphic toAs. ThenH has index 6 inG, and
the action ofG on the cosets dfi shows thaG < S. Then consideration of order
shows thatG = Ag.

Exercise 2.9Let G = Ag, and letH be the normaliser of a Sylow 3-subgroup of
G. Let G act on the 10 cosets ¢i. Show thatH fixes one point and acts is
isomorphic to the group

{x— a’x+b:abe GF9),a# 0}

on the remaining points. Choose an element outdidead, following the proof of
Theorem 2.12, show that its action is linear fractional (if the fixed point is labelled
aso). Deduce thafs < PSL(2,9), and by considering orders, show that equality
holds.

Exercise 2.10A Hall subgroupof a finite groupG is a subgroup whose order and
index are coprime. Philip Hall proved that a finite soluble gr@ipas Hall sub-
groups of alladmissibleordersm dividing |G| for which (m,|G|/m) = 1, and that

any two Hall subgroups of the same order in a finite soluble group are conjugate.
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(a) Show that PS(2,5) fails to have a Hall subgroup of some admissible order.
(b) Show that PS(2,7) has non-conjugate Hall subgroups of the same order.
(c) Showthat PS[2,11) has non-isomorphic Hall subgroups of the same order.

(d) Show that each of these groups is the smallest with the stated property.

Exercise 2.11Show that PS[4,2) and PSI(3,4) are non-isomorphic simple groups
of the same order.
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3 Polarities and forms

3.1 Sesquilinear forms

We saw in Chapter 1 that the projective spacgiPG1,F) is isomorphic to its
dual if and only if the fieldF is isomorphic to its opposite. More precisely, we
have the following. Let be an anti-automorphism &f, andV anF-vector space
of rankn. A sesquilinear form BnV is a functionB: V x V — F which satisfies
the following conditions:

(@) B(cixg+ Cax2,Y) = c1B(X1,Y) + C2B(x2,Y), that is,B is a linear function of
its first argument;

(b) B(x,c1y1+Coy2) = B(X,y1)c +B(X,y2)c3, that is,Bis a semilinear function
of its second argument, with field anti-automorphigm

(The word ‘sesquilinear’ means ‘one-and-a-half’.plis the identity (so thaf is
commutative), we say th&tis abilinear form

Theleft radical of B is the subspacgx eV : (Vy € V)B(x,) = 0}, and theight
radical is the subspacgy €V : (Vx € V)B(x,y) = 0}.

Exercise 3.1 (a) Prove that the left and right radicals are subspaces.

(b) Show that the left and right radicals have the same ran¥ (s finite
rank).

(c) Construct a bilinear form on a vector space of infinite rank such that the
left radical is zero and the right radical is no-zero.

The sesquilinear form is callednon-degeneratd its left and right radicals
are zero. (By the preceding exercise, it suffices to assume that one of the radicals
iS zero.)

A non-degenerate sesquilinear form induces a duality ihRG., F) (an iso-
morphism from PG —1,F) to PGn—1,F°)) as follows: for any € V, the map
x+— B(x,y) is a linear map fronV to F, that is, an element of the dual space
(which is a left vector space of ramkoverF°); if we call this elemenpy, then the
mapy — By is ac-semilinear bijection fronV toV*, and so induces the required
duality.

Theorem 3.1 For n > 3, any duality ofPG(n— 1,F) is induced in this way by a
non-degenerate sesquilinear form or2V/F".
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Proof By the Fundamental Theorem of Projective Geometry, a duality is induced
by ac-semilinear bijectiompfromV to V*, for some anti-automorphism Set

B(x.y) =x(yp). =
We can short-circuit the passage to the dual space, and write the duality as
U—Ut={xeV:B(xy)=0forallycU}.

Obviously, a duality applied twice is a collineation. The most important types
of dualities are those whose square is the identitypofarity of PG(n,F) is a
duality | which satisfies)*+ = U for all flatsU of PG(n,F).

It will turn out that polarities give rise to a class of geometries (the polar
spaces) with properties similar to those of projective spaces, and define groups
analogous to the projective groups. If a duality is not a polarity, then any collineation
which respects it must commute with its square, which is a collineation; so the
group we obtain will lie inside the centraliser of some element of the collineation
group. So the “largest” subgroups obtained will be those preserving polarities.

A sesquilinear fornB is reflexiveif B(x,y) = 0 impliesB(y,x) = 0.

Proposition 3.2 A duality is a polarity if and only if the sesquilinear form defining
it is reflexive.

Proof Bis reflexive if and only ifx € (y)* =y € (x)*. Hence, ifB is reflexive,
thenU C U for all subspace® . But by non-degeneracy, didh-+ = dimV —
dimU+ = dimU; and soU = U+ for all U. Conversely, given a polarity,, if
y € (x)*, thenx € (x)*+ C (y)* (since inclusions are reversedm

We now turn to the classification of reflexive forms. For convenience, from
now onF will always be assumed to be commutative. (Note that, if the anti-
automorphisno is an automorphism, and in particularafis the identity, ther-
is automatically commutative.)

The formB is said to beo-Hermitianif B(y,x) = B(x,y)° forall x,y e V. If B
IS a non-zera-Hermitian form, then

(a) for anyx, B(x,x) lies in the fixed field ofo;

(b) 0% = 1. For every scalaris a value o3, sayB(x,y) = c; then

< =B(xy)% =B(y,x)° =B(x,y) =¢C.
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If ois the identity, such a form (which is bilinear) is callegmmetric
A bilinear formb is calledalternatingif B(x,x) = 0 for allx € V. This implies
thatB(x,y) = —B(y, x) for all x,y € V. For

0=B(X+Y,x+Y) = B(x,X) + B(X,y) + B(Y,X) + B(y,y) = B(X,y) + B(Y, X).

Hence, if the characteristic is 2, then any alternating form is symmetric (but not
conversely); but, in characteristic different from 2, only the zero form is both
symmetric and alternating.

Clearly, an alternating or Hermitian form is reflexive. Conversely, we have the
following:

Theorem 3.3 A non-degenerate reflexiveesesquilinear form is either alternat-
ing, or a scalar multiple of ao-Hermitian form. In the latter case, & is the
identity, then the scalar can be taken tobe

Proof | will give the proof just for a bilinear form. Thus, it must be proved that
a non-degenerate reflexive bilinear form is either symmetric or alternating.
We have
B(u,v)B(u,w) — B(u,w)B(u,v) =0
by commutativity; that is, using bilinearity,
B(u, B(u,v)w—B(u,w)v) = 0.

By reflexivity,
B(B(u,v)w— B(u,w)v,u) =0,

whence bilinearity again gives
B(u,Vv)B(w,u) = B(u,w)B(v,u). (1)

Call a vectoru goodif B(u,v) = B(v,u) # O for somev. By Equation (1), if
u is good, therB(u,w) = B(w,u) for all w. Also, if uis good andB(u,v) # 0,
thenv is good. But, given any two non-zero vectars Up, there existss with
B(u;,v) # 0 fori = 1,2. (For there existy, v, with B(u;,vi) # 0 fori = 1,2, by
non-degeneracy; and at least onesgfvp, v + Vo has the required property.) So,
if some vector is good, then every non-zero vector is good Basdsymmetric.
But, puttingu = win Equation (1) gives

B(u,u) (B(u,v) —B(v,u)) =0

for all u,v. So, ifuis not good, them(u,u) = 0; and, if no vector is good, the®
is alternating. =
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Exercise 3.2 (a) Show that the left and right radicals of a reflexive form are
equal.

(b) Assuming Theorem 3.3, prove that the assumption of non-degeneracy in the
theorem can be removed.

Exercise 3.3Let 0 be a (non-identity) automorphism &f of order 2. LetE be
the subfield Fixo).

(a) Prove thaF is of degree 2 oveE, i.e., a rank Z-vector space.

[See any textbook on Galois theory. Alternately, argue as follows: Xake
F\E. ThenA is quadratic ovelE, so E(A) has degree 2 ovef. Now E(A)
contains an elemend such thatw® = —w (if the characteristic is not 2) apo =
w-+ 1 (if the characteristic is 2). Now, given two such elements, their quotient or
difference respectively is fixed hy, so lies inE.]

(b) Prove that

ANeF:M°=1}={¢/e:ecF}.

[The left-hand set clearly contains the right. For the reverse inclusion, separate
into cases according as the characteristic is 2 or not.

If the characteristic is not 2, then we can tdke= E(w), wherew? =a € E
andw’ = —w. If A =1, then takee = 1; otherwise, ifA = a+ bw, takee =
ba + (a—1)w.

If the characteristic is 2, show that we can t&#ke: E(w), wherew?’ +w+o =
0,a € E, andw® = w+ 1. Again, if A = 1, sete = 1, else, ifA = a+ bw, take
e=(a+1)+bw]

Exercise 3.4 Use the result of the preceding exercise to complete the proof of
Theorem 3.3 in general.

[If B(u,u) =0 for all u, the formB is alternating and bilinear. If not, suppose
that B(u,u) # 0 and letB(u,u)® = AB(u,u). Choosinge as in Exercise 3.3 and
re-normalisingB, show that we may assume that 1, and (with this choice) that
B is Hermitian.]

3.2 Hermitian and quadratic forms

We now change ground slightly from the last section. On the one hand, we restrict
things by excluding some bilinear forms from the discussion; on the other, we
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introduce quadratic forms. The loss and gain exactly balance if the characteristic
is not 2; but, in characteristic 2, we make a net gain.

Let o be an automorphism of the commutative fiEldof order dividing 2. Let
Fix(o) = {A € F : A° = A} be thefixed fieldof o, and T{o) = {A+A°: A € F}
thetrace of 0. Sincea? is the identity, it is clear that Fjg) D Tr(c). Moreover,
if o is the identity, then Fifo) = F, and

0 if F has characteristic 2
Tr(o) = : ’
(0) { F otherwise.

Let B be ac-Hermitian form. We observed in the last section tB&t, x) €
Fix(o) for all x € V. We call the formB trace-valuedf B(x,x) € Tr(o) for all
XeV.

Exercise 3.5Let o be an automorphism of a commutative fi€lduch thao? is
the identity.

(a) Prove that Fifo) is a subfield of-.

(b) Prove that Tfo) is closed under addition, and under multiplication by ele-
ments of FiXo).

Proposition 3.4 Tr(o) = Fix(o) unless the characteristic of F Band o is the
identity.

Proof E = Fix(0) is a field, andK = Tr(0) is anE-vector space contained i
(Exercise 3.5). So, K # E, thenK = 0, ando is the mapx— —x. But, since
o is a field automorphism, this implies that the characteristic is 2@l the
identity. m

Thus, in characteristic 2, symmetric bilinear forms which are not alternating
are not trace-valued; but this is the only obstruction. We introduce quadratic forms
to repair this damage. But, of course, quadratic forms can be defined in any char-
acteristic. However, we note at this point that Theorem 3.3 depends in a crucial
way on the commutativity of; this leaves open the possibility of additional types
of polar spaces defined by so-calleseudoquadratic formswWe will not pursue
this here: see Tits’s classification of spherical buildings.

LetV be a vector space over. A quadratic formonV is a functionq:V — F
satisfying
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(@) q(Ax) =A?f(x) forallA e F,xeV;
(b) a(x+y) =q(x) +a(y) + B(x,y), whereB is bilinear.

Now, if the characteristic oF is not 2, therB is a symmetric bilinear form.
Each ofg andB determines the other, by

B(xy) = a(x+y)—a(x) —a(y),
qx) = 3B(xX),

the latter equation coming from the substitutios y in (b). So nothing new is
obtained.

On the other hand, if the characteristicfofis 2, thenB is an alternating bi-
linear form, andqy cannot be recovered froB Indeed, many different quadratic
forms correspond to the same bilinear form. (Note that the quadratic form does
give extra structure to the vector space; we’ll see that this structure is geometri-
cally similar to that provided by an alternating or Hermitian form.)

We say that the bilinear forf is obtained bypolarisationof g.

Now let B be a symmetric bilinear form over a field of characteristic 2, which
is not alternating. Set(x) = B(x,x). Then we have

f(AX) A2 £ (x),
fx+y) = f(x)+f(y),

sinceB(x,y) + B(y,x) = 0. Thusf is “almost” a semilinear form; the map— A?

is a homomorphism of the field with kernel 0, but it may fail to be an automor-
phism. But in any case, the kernel bfis a subspace of, and the restriction of

B to this subspace is an alternating bilinear form. So again, in the spirit of the
vague comment motivating the study of polarities in the last section, the structure
provided by the fornB is not “primitive”. For this reason, we do not consider
symmetric bilinear forms in characteristic 2 at all. However, as indicated above,
we will consider quadratic forms in characteristic 2.

Now, in characteristic different from 2, we can take either quadratic forms or
symmetric bilinear forms, since the structural content is the same. For consistency,
we will take quadratic forms in this case too. This leaves us with three “types” of
forms to study: alternating bilinear forms:Hermitian forms where is not the
identity; and quadratic forms.

We have to define the analogue of non-degeneracy for quadratic forms. Of
course, we could require that the bilinear form obtained by polarisation is non-
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degenerate; but this is too restrictive. We say that a quadratic épismon-
degeneratéf

gx)=0 & (YyeV)B(x,y)=0 = x=0,

whereB is the associated bilinear form; that is, if the fogis non-zero on every
non-zero vector of the radical.

If the characteristic is not 2, then non-degeneracy of the quadratic form and of
the bilinear form are equivalent conditions.

Now suppose that the characteristic is 2, and\fdbe the radical oB. Then
B is identically zero oiW; so the restriction of| to W satisfies

q(x+y) = a(x) +a(y),
qAx) = Nq(x).
As above,f is very nearly semilinear.
The field F is called perfectif every element is a square. F is perfect,

then the mapx — X2 is onto, and hence an automorphismFafso q is indeed
semilinear, and its kernel is a hyperplan&wfWe conclude:

Theorem 3.5 Let q be a non-singular quadratic form, which polarises to B, over
afield F.

(a) If the characteristic of F is not 2, then B is non-degenerate.

(b) If F is a perfect field of characteristic 2, then the radical of B has rank at
most1.

Exercise 3.6 Let B be an alternating bilinear form on a vector spscaver a field
F of characteristic 2. Letv; : i € ) be a basis fo¥, and(c; : i € 1) any function
from 1 to F. Show that there is a unique quadratic fogwith the properties that
q(vi) = ¢; for everyi € |, andq polarises td.

Exercise 3.7 (a) Construct an imperfect field of characteristic 2.

(b) Construct a non-singular quadratic form with the property that the radical
of the associated bilinear form has rank greater than 1.

Exercise 3.8 Show that finite fields of characteristic 2 are perfect.

Exercise 3.9 Let B be ac-Hermitian form on a vector spatkoverF, whereo is
not the identity. Sef (x) = B(x,x). LetE = Fix(o), and letv’ beV regarded as an
E-vector space by restricting scalars. Prove thiata quadratic form ok’, which
polarises to the bilinear form TB) defined by T(B)(x,y) = B(X,y) + B(x,y)°.
Show further that TiB) is non-degenerate if and onlyBfis.
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3.3 Classification of forms

As explained in the last section, we now consider a vector spaufefinite rank
equipped with a form of one of the following types: a non-degenerate alternating
bilinear formB; a non-degenerate trace-valuedHermitian formB, whereao is
not the identity; or a non-singular quadratic fogn In the third case, we |éB
be the bilinear form obtained by polarisiggthenB is alternating or symmetric
according as the characteristic is or is not 2, Butay be degenerate. We also let
f denote the functiog. In the other two cases, we define a functiorV — F by
f(x) = B(x,X) — this is identically zero ib is alternating. See Exercise 3.10 for
the Hermitian case.

Such a paifV,B) or (V,q) will be called aformed space

Exercise 3.10LetB be ac-Hermitian form on a vector spateoverF, whereo is
not the identity. Sef (x) = B(x,X). LetE = Fix(0), and letv’ beV regarded as an
E-vector space by restricting scalars. Prove thiata quadratic form ok’, which
polarises to the bilinear form TB) defined by T(B)(x,y) = B(x,y) + B(x,y)°.
Show further that Tib) is non-degenerate if and onlyHfis.

We say thaV is anisotropicif f(x) # 0 for all x # 0. Also,V is ahyperbolic
planeif it is spanned by vectorg andw with f(v) = f(w) =0 andB(v,w) = 1.
(The vectorsy andw are linearly independent, 8bhas rank 2.)

Theorem 3.6 A non-degenerate formed space is the direct sum of a number r of
hyperbolic lines and an anisotropic space U. The number r and the isomorphism
type of U are invariants of V.

Proof If V is anisotropic, then there is nothing to prove, sikiceannot contain
a hyperbolic plane. So suppose tWatontains a vectov # 0 with f(v) = 0.

We claim that there is a vectav with B(v,w) # 0. In the alternating and
Hermitian cases, this follows immediately from the non-degeneracy of the form.
In the quadratic case, if no such vector exists, thenin the radical oB; butv is
a singular vector, contradicting the non-degenerack. of

Multiplying w by a non-zero constant, we may assume Bigtw) = 1.

Now, for any value oA, we haveB(v,w—Av) = 1. We wish to choosa so
that f (w— Av) = O; thenv andw will span a hyperbolic line. Now we distinguish
cases.

(a) If Bis alternating, then any value afworks.
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(b) If Bis Hermitian, we have
f(w—Av) = f(w)—AB(V,w)—A°B(W,V)+AA°f(V)
= f(w)—(A+A%);

and, sinceB is trace-valued, there exiskswith Tr(A) = f(w).
(c) Finally, if f = qis quadratic, we have

f(Ww—Av) = f(w)—AB(W,V)+A>f(v)

so we choosa = f(w).

Now letW; be the hyperbolic linév,w— Av), and letv; = Wf, where orthog-
onality is defined with respect to the fon It is easily checked that =V Wi,
and the restriction of the form 14, is still non-degenerate. Now the existence of
the decomposition follows by induction.

The uniqueness of the decomposition will be proved later, as a consequence
of Witt's Lemma (Theorem 3.15).=

The number of hyperbolic lines is called thpolar rank of VV, and (the iso-
morphism type of)J is called thegermof V.

To complete the classification of forms over a given field, it is necessary to
determine all the anisotropic spaces. In general, this is not possible; for exam-
ple, the study of positive definite quadratic forms over the rational numbers leads
quickly into deep number-theoretic waters. | will consider the cases of the real
and complex numbers and finite fields.

First, though, the alternating case is trivial:

Proposition 3.7 The only anisotropic space carrying an alternating bilinear form
is the zero space.

In combination with Theorem 3.6, this shows that a space carrying a non-
degenerate alternating bilinear form is a direct sum of hyperbolic planes.

Over the real numbers, Sylvester’'s theorem asserts that any quadratic form in
n variables is equivalent to the form

2 2|2 2
XT4 .o X =X — - — Xrps)

for somer, s with r +s < n. If the form is non-singular, then+s=n. If bothr
ands are non-zero, there is a non-zero singular vector (with 1 in positions 1 and
r+1, 0 elsewhere). So we have:
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Proposition 3.8 If V is a real vector space of rank n, then an anisotropic form
onV is either positive definite or negative definite; there is a unique form of each
type up to invertible linear transformation, one the negative of the other.

The reals have no non-identity automorphisms, so Hermitian forms do not
arise.
Over the complex numbers, the following facts are easily shown:

(&) There is a unique non-singular quadratic form (up to equivalenceyani-
ables for anyn. A space carrying such a form is anisotropic if and only if
n<l.

(b) If o denotes complex conjugation, the situationdeliermitian forms is the
same as for quadratic forms over the reals: anisotropic forms are positive or
negative definite, and there is a unique form of each type, one the negative
of the other.

For finite fields, the position is as follows.

Theorem 3.9 (a) An anisotropic quadratic form in n variables ov@F(q) ex-
ists if and only if n< 2. There is a unique form for each n except wheah
and g is odd, in which case there are two forms, one a non-square multiple
of the other.

(b) Let g=r? and leto be the field automorphism — a’. Then there is an
anisotropico-Hermitian form in n variables if and only if & 1. The form
IS unique in each case.

Proof (a) Consider first the case where the characteristic is not 2. The multiplica-
tive group of GKq) is cyclic of even ordeq — 1; so the squares form a subgroup
of index 2, and if) is a fixed non-square, then every non-square has therform
for somea. It follows easily that any quadratic form in one variable is equivalent
to eitherx? or nx2.

Next, consider non-singular forms in two variables. By completing the square,
such a form is equivalent to one x¥+ y2, X2+ ny2, nx2 + ny2.

Suppose first thay =1 (mod 4. Then—1 is a square, say1= 2. (In
the multiplicative group,—1 has order 2, so lies in the subgroup of even order
3(q— 1) consisting of squares.) Thud+y? = (x-+ By)(x— By), and the first and
third forms are not anisotropic. Moreover, any form in 3 or more variables, when
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converted to diagonal form, contains one of these two, and so is not anisotropic
either.

Now consider the other casgq,= —1 (mod4). Then—1 is a non-square
(since the group of squares has odd order), so the second fagxm-ig) (X —y),
and is not anisotropic. Moreover, the set of squares is not closed under addition
(else it would be a subgroup of the additive group, %J(un;+ 1) doesn't divideq);
so there exist two squares whose sum is a non-square. Multiplying by a suitable
square, there exif}, y with B2 +y2 = —1. Then

O +Y%) = (Bx+Vy)? + (yx— By)?,

and the first and third forms are equivalent. Moreover, a form in three variables
is certainly not anisotropic unless it is equivalentdot y2 + 2, and this form
vanishes at the vectdB,y, 1); hence there is no anisotropic form in three or more
variables.

The characteristic 2 case is an exercise (see below).

(b) Now consider Hermitian forms. 4 is an automorphism of GK) of order
2, thenqis a square, say=r?, anda® = a'. We need the fact that every element
of Fix(o) = GF(r) has the formm0 (see Exercise 3.3).

In one variable, we havé(x) = uxX° for some non-zerqi € Fix(o); writing
u=0a° and replacing by ax, we can assume thpt= 1

In two variables, we can similarly take the form to€ +yy°. Now —1 €
Fix(0), so—1 = AA%; then the form vanishes &t A). It follows that there is no
anisotropic form in any larger number of variables eithar.

Exercise 3.11Prove that there is, up to equivalence, a unique non-degenerate al-
ternating bilinear form on a vector space of countably infinite dimension (a direct
sum of countably many isotropic planes).

Exercise 3.12Let F be a finite field of characteristic 2.
(a) Prove that every element Bfhas a unique square root.

(b) By considering the bilinear form obtained by polarisation, prove that a non-
singular form in 2 or 3 variables ovédt is equivalent toax? -+ xy+ By?
or ax? + xy+ By? + yz2 respectively. Prove that forms of the first shape
(with a, 3 # 0) are all equivalent, while those of the second shape cannot be
anisotropic.
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3.4 Polar spaces

Polar spaces describe the geometry of vector spaces carrying a reflexive sesquilin-
ear form or a quadratic form in much the same way as projective spaces describe
the geometry of vector spaces. We now embark on the study of these geometries;
the three preceding sections contain the prerequisite algebra.

First, some terminology. The polar spaces associated with the three types of
forms (alternating bilinear, Hermitian, and quadratic) are referred to by the same
names as the groups associated with thegmplecti¢ unitary, andorthogonal
respectively. Of what do these spaces consist?

LetV be a vector space carrying a form of one of our three types. Recall that
as well as a sesquilinear forin two variables, we have a forihin one variable
— either f is defined byf (x) = B(x,X), or b is obtained by polarising — and
we make use of both forms. A subspacevobn whichB vanishes identically
is called aB-flat subspaceand one on which vanishes identically is called a
f-flat subspace(Note: these terms are not standard; in the literature, such spaces
are calledtotally isotropic (t.i.) andtotally singular (t.s.) respectively.) The
unqualified ternflat subspacevill mean aB-flat subspace in the symplectic or
unitary case, and @flat subspace in the orthogonal case.

Thepolar spaceassociated with a vector space carrying a form is the geometry
whose flats are the flat subspaces (in the above sense). Note that, if the form is
anisotropic, then the only member of the polar space is the zero subspace. The
polar rank of a classical polar space is the largest vector space rank of any flat
subspace; it is zero if and only if the form is anisotropic. Where there is no
confusion, polar rank will be called simphank. (We will soon see that there is
no conflict with our earlier definition of rank as the number of hyperbolic planes
in the decomposition of the space.) We use the tgraist, line, planeetc., just
as for projective spaces.

Polar spaces bear the same relation to formed spaces as projective spaces do
to vector spaces.

We now proceed to derive some properties of polar space$. het classical
polar space of polar rank

(P1) Any flat, together with the flats it contains, is a projective space of dimen-
sion at most — 1.

(P2) The intersection of any family of flats is a flat.

(P3) IfU is aflat of dimensiom — 1 andp a point not inUJ, then the union of the
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planes joiningp to points ofU is a flatw of dimensionr — 1; andU NW is
a hyperplane in botbd andw.

(P4) There exist two disjoint flats of dimension- 1.

(P1) is clear since a subspace of a flat subspace is itself flat. (P2) is also clear.
To prove (P3), letp = (y). The functionx — B(x,y) on the vector spac¥ is
linear; letK be its kernel, a hyperplane . Then the line (of the projective
space) joiningp to a pointq € U s flat if and only ifq € K; and the union of all
such flat lines is a flat spat® = (K, y), such thaW nU =K, as required.

Finally, to prove (P4), we use the hyperbolic-anisotropic decomposition again.
If Ly,...,L, are the hyperbolic planes, amdy; are the distinguished spanning
vectors inL;, then the required flats af&, ..., X, ) and(y1,...,¥).

The significance of the geometric properties (P1)—(P4) lies in the major result
of Veldkamp and Tits which determines all the geometries of rank at least 3 which
satisfy them. All these geometries are polar spaces (as we have defined them) or
slight generalisations, together with a couple of exceptions of rank 3. In particular,
the following theorem holds:

Theorem 3.10 A finite geometry satisfying (P1)—(P4) witk>r3is a polar space.

Exercise 3.13Let P = PG(3,F) for some (not necessarily commutative) division
ring F. Construct a new geometfyas follows:

(a) the ‘points’ ofl" are the lines oP;

(b) the ‘lines’ of " are the plane pencils iR (consisting of all lines lying in a
planell and containing a poirp of M1);

(c) the ‘planes’ ofl” are of two types: the pencils (consisting of all the lines
through a point) and the dual planes (consisting of all the lines in a plane).

Prove thaf satisfies (P1)—(P4) with= 3.

Prove that, i is notisomorphic to its opposite, th€rcontains non-isomorphic
planes.

(We will see later that, ifF is commutative, ther is an orthogonal polar
space.)

Exercise 3.14Prove theBuekenhout-Shult propertyf the geometry of points
and lines in a polar space: jifis a point not lying on a lin&, thenp is collinear
with one or all points ot..
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You should prove this both from the analytic description of polar spaces, and
using (P1)—(P4).

In a polar spacé€, given any seSof points, we letS- denote the set of points
which are perpendicular to (that is, collinear with) every poinBoPolar spaces
have good inductive properties. L&tbe a classical polar space. There are two
natural ways of producing a “smaller” polar space frGn

(a) Take a poink of G, and consider the quotient space/x, the space whose
points, lines, ... are the lines, planes, .. Gofontainingx.

(b) Take two non-perpendicular pointgndy, and considef{x, y}+.

In each case, the space constructed is a classical polar space, having the same
germ asGs but with polar rank one less than that®f (Note that, in (b), the span
of x andy in the vector space is a hyperbolic plane.)

Exercise 3.15Prove the above assertions.

There are more general versions. For exampligfa flat of dimensiom — 1,
thenS'/Sis a polar space of rank— d with the same germ a8. We will see
below how this inductive process can be used to obtain information about polar
spaces.

We investigate just one type in more detail, the so-caigaerbolic quadri¢
the orthogonal space which is a direct sum of hyperbolic planes (that is, having
germ 0). The quadratic form defining this space can be taken xexe- x3x4 +
e Xor—1Xor.

Proposition 3.11 The maximal flats of a hyperbolic quadric fall into two classes,
with the properties that the intersection of two maximal flats has even codimension
in each if and only if they belong to the same class.

Proof First, note that the result holds whee: 1, since then the quadratic formis
X1X2 and there are just two singular poin{¢1,0)) and((0,1)). By the inductive
principle, it follows that any flat of dimension— 2 is contained in exactly two
maximal flats.

We take ther — 1)-flats andr — 2)-flats as the vertices and edges of a graph
that is, we join twa(r — 1)-flats if their intersection is afr — 2)-flat. The theorem
will follow if we show that[l is connected and bipartite, and that the distance
between two vertices df is the codimension of their intersection. Clearly the
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codimension of the intersection increases by at most one with every step in the
graph, so it is at most equal to the distance. We prove equality by induction.

LetU be a(r — 1)-flat andK a (r — 2)-flat. We claim that the twdgr — 1)-
spacedV;,Ws containingK have different distances frokd. Factoring out the
flat subspacé& NK and using induction, we may assume tbabh K = 0. Then
U NK+' is a pointp, which lies in one but not the other ¥4, Ws; sayp € W;. By
induction, the distance frotd to W, isr — 1; so the distance frotd to W, is at
mostr, hence equal to by the remark in the preceding paragraph.

This establishes the claim about the distance. The facttigbipartite also
follows, since in any non-bipartite graph there exists an edge both of whose ver-
tices have the same distance from some third vertex, and the argument given shows
that this doesn’'t happenin =

In particular, the rank 2 hyperbolic quadric consists of two families of lines
forming agrid, as shown in Figure 1. This is the so-called “ruled quadric”, famil-
iar from models such as wastepaper baskets.

Figure 1: A ruled quadric

Exercise 3.16 Show that Proposition 3.11 can be proved using only properties
(P1)—(P4) of polar spaces together with the fact thafranl)-flat lies in exactly
two maximal flats.

3.5 Finite polar spaces

The classification of finite classical polar spaces was achieved by Theorem 3.6.
We subdivide these spaces into six families according to their germ, viz., one
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symplectic, two unitary, and three orthogonal. (Forms which differ only by a
scalar factor obviously define the same polar space.) The following table gives
some information about them. In the tablejenotes the polar space rank, @nd

the vector space rank of the germ; the ranif the space is given by = 2r + 0.

The significance of the parametewill emerge shortly. This number, depending
only on the germ, carries numerical information about all spaces in the family.
Note that, in the unitary case, the order of the finite field must be a square.

Type 0| €
Symplectic| 0| 0
Unitary | 0| —3
Unitary | 1] 3
Orthogonal| 0 | —1
Orthogonal| 1| 0O
Orthogonal| 2 | 1

Table 1: Finite polar spaces

Theorem 3.12 The number of points in a finite polar space of rank 1%stq 1,
whereg is given in Table 1.

Proof LetV be a vector space carrying a form of rank 1 over(§F ThenV
is the orthogonal direct sum of a hyperbolic libeand an anisotropic gerk of
dimensiork (say). Letng be the number of points.

Suppose that > 0. If pis a point of the polar space, theries on the hyper-
planep’; any other hyperplane containinojs non-degenerate with polar rank 1
and having germ of dimensidn— 1. Consider a parallel class of hyperplanes in
the affine space whose hyperplane at infinitypis Each such hyperplane con-
tainsng_; — 1 points, and the hyperplane at infinity contains just one, pizSo
we have

—1=q(nk-1—1),
from which it follows thatn, = 1+ (ng— 1)g¥. So it is enough to prove the result
for the casé& = 0, that is, for a hyperbolic line.

In the symplectic case, each of the- 1 projective points on a line is isotropic.

Consider the unitary case. We can take the form to be

B((X1,Y1), (X2,¥2)) = X1¥2 + y1%2,
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wherex = x% = X', r2 = g. So the isotropic points satisfy+ yx = 0, that is,
Tr(xy) = 0. How many pairgx,y) satisfy this? Ify = 0, thenx is arbitrary. If
y # 0, then a fixed multiple of is in the kernel of the trace map, a set of Sip&
(since Tr is GFqY/?)-linear). So there are

q+(q-1)g"2 =1+ (q—1)(g?+1)

vectors, i.e.ql2+ 1 projective points.

Finally, consider the orthogonal case. The quadratic form is equivalewt to
and has two singular point§,1,0)) and((1,0)). =

Theorem 3.13 In a finite polar space of rank r, there afg’ —1)(q" ¢ +1)/(q—
1) points, of which § ~1*¢ are not perpendicular to a given point.

Proof We letF(r) be the number of points, ar(r) the number not perpen-
dicular to a given point. (We do not assume t@&4t) is constant; this constancy
follows from the induction that proves the theorem.) We use the two inductive
principles described at the end of the last section.

Claim 1: G(r) = ¢°G(r —1).

Take a poink, and count pairgy, z), wherey € x-, z¢ x*, andz € y*. Choos-
ing zfirst, there ar&s(r) choices; therjx, z) is a hyperbolic line, anglis a point in
(x,2)*, so there ar& (r — 1) choices fory. On the other hand, choosiwdirst, the
lines throughy are the points of the rank— 1 polar space /x, and so there are
F(r — 1) of them, withq points different fromx on each, givingjF(r — 1) choices
for y;, then(x,y) and(y,z) are non-perpendicular lines yt, i.e., points ofy" /y,
so there ar&(r — 1) choices for(y, z), and soqqG(r — 1) choices fory. thus

G(r)-F(r—1)=qF(r—1)-qG(r - 1),

from which the result follows.
SinceG(1) = g**¢, it follows immediately thaG(r) = g* ~1*¢, as required.
Claim 2: F(r) =1+qgF(r — 1)+ G(r).
For this, simply observe (as above) that points perpendicubatiéoon lines
of x*+ /x.
Now it is just a matter of calculation that the functitgi — 1)(q'*¢+1)/(q—

1) satisfies the recurrence of Claim 2 and correctly reduceg t®+ 1 when
r=1. m=m
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Theorem 3.14 The number of maximal flats in a finite polar space of rank r is

r

iu(1+qi+€)‘

Proof LetH(r) be this number. Count paifg,U), whereU is a maximal flat
andx € U. We find that

F(r)-H(r=1)=H(r)-(d - 1)/(a-1),

SO
H(r)=(1+qH(r-1).
Now the result is immediate.m

It should now be clear that any reasonable counting question about finite polar
spaces can be answered in termsggate. We will do this for the associated
classical groups at the end of the next section.

3.6 Witt's Lemma

LetV be a formed space, with sesquilinear foBnand (if appropriate) quadratic
form g. Anisometryof V is a linear mag : V — V which satisfied(xg,yg) =
B(x,y) for all x,y € V, and (if appropriatedj(xg) = q(x) for all x € V. (Note that,
in the case of a quadratic form, the second condition implies the first.)

The set of all isometries of forms a group, thésometry groupof V. This
group is our object of study for the next few sections.

More generally, itV andW are formed spaces of the same type, an isometry
fromV toW is a linear map fronV to W satisfying the conditions listed above.

Exercise 3.17LetV be a (not necessarily non-degenerate) formed space of sym-
plectic or Hermitian type, with radicAl. Prove that the natural map frovhto
V /V1is an isometry.

The purpose of this subsection is to priVet's Lemmaa transitivity assertion
about the isometry group of a formed space.

Theorem 3.15 Suppose that Yand U, are subspaces of the formed space V, and
h:U; — Uz is an isometry. Then there is an isometry g of V which extends h if
and only if(UyNV+)h=UNV+,

In particular, if V- = 0, then any isometry between subspaces of V extends to
an isometry of V.
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Proof Assume thah:U; — Uy is an isometry. Clearly, iR is the restriction of
an isometryg of V, thenV-g =V, and so

(UiNVHh= (UpnV4i)g=UignV+ig=UNV+,

We have to prove the converse.

First we show that we may assume thiatandU, containV-+. Suppose not.
Choose a subspa@é of V- which is a complement to botby NV andU, NV -+
(see Exercise 3.18), and extendo U; & W by the identity map oW. This is
easily checked to be an isometryldp»W.

The proof is by induction on iJ; /V1). If Up =V, = Uy, then choose any
complemenwV for V! in V and extend by the identity onW. So the base step
of the induction is proved. Assume that the conclusion of Witt's Lemma holds for
V’/, U], Us, W whenever rkU; /(V/)1) < rk(Up /V1).

Let H be a hyperplane df; containingV. Then the restrictiorf’ of f toH
has an extension to an isometryof V. Now it is enough to show that(g)~1
extends to an isometry; in other words, we may assumehtisahe identity orH.
Moreover, the conclusion is clearhfis the identity orlJ;; so suppose not. Then
ker(h—1) = H, and so the image d¢f— 1 is a rank 1 subspad®of U;.

Sinceh is an isometry, for alk,y € U; we have

B(xh,yh—y) = B(xhyh)—B(xh,y)

= B(X7 y) - B(Xh7 y)
= B(x—xhy).

So, ify € H, then any vectorh— x of P is orthogonal toy; that is,H < P+.

Now suppose tha® £ Ui-. ThenU; NP+ =U, NP+ =H. If W is a comple-
ment toH in P, then we can extenlby the identity orW to obtain the required
isometry. So we may assume further tblatU, < P*. In particular,P < P+.

Next we show that we may assume thit= U, = P-. Suppose first that
Ui # U If Ui = (H,u) for i =12, letWp be a complement fod; + Uz in
P+, andW = (W, u; + Up); thenh can be extended by the identity W to an
isometry onP. If Uy = U,, take any complemei to U; in PL. In either case,
the extension is an isometry Bf- which acts as the identity on a hyperpldné
of P+ containingH. So we may replace,U,, H by P P+ H’.

Let P = (x) and letx = uh— u for someu € U;. We haveB(x,x) = 0. In the
orthogonal case, we have

4(x) = q(uh—u) = q(uh) +q(u) — B(uh,u) = 2q(u) — B(u, u) = 0.
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(We haveB(uh,u) = B(u,u) becausé(uh—u,u) = 0.) SoP is flat, and there is a
hyperbolic plan€u,v), with v ¢ P+, Our job is to extendh to the vectow.

To achieve this, we show first that there is a vestosuch that(uh,v')+ =
(u,v)*. This holds becaus, v)~ is a hyperplane ifuh)* not containingv/ .

Next, we observe thguh,V') is a hyperbolic plane, so we can choose a vector
v’ such thaB(uh,v') = 1 and (if relevantQ(v") = 0.

Finally, we observe that by extendithgo mapv to v/ we obtain the required
isometry ofV.

Exercise 3.18Let U; andU, be subspaces of a vector spatdaving the same
rank. Show that there is a subspatfeof V which is a complement for both;
andUs.

Corollary 3.16 (a) The ranks of maximal flat subspaces of a formed space are
all equal.

(b) The Witt rank and isometry type of the germ of a non-degenerate formed
space are invariants.

Proof (a) LetU; andU, be maximal flat subspaces. Then bbothandU, con-
tainsV+. If rk(Uy) < rk(Uy), there is an isometrl from U into U. If g is the
extension ofh to V, then the image of), underg—1 is a flat subspace properly
containingUs, contradicting maximality.

(b) The result is clear ¥ is anisotropic. Otherwise, I&t; andU>» be hyper-
bolic planes. Thet); andU, are isometric and are disjoint frovh-. An isometry
of V carryingU; to U, takesU;- to U5-. Then the result follows by induction.m

Theorem 3.17 Let \} be a non-degenerate formed space with polar rank r and
germ W ovelGF(q). Let G be the isometry group ofVThen

G| = (ﬁ@—b@“+nﬁlﬁ>@d

=qwm<ﬁ@—mmw+n)mm

46



where|Go| is given by the following table:

Type |d] ¢ |Gol
Symplectic/| 0| 0 1
Unitary | 0| —3 1
Unitary |1 1 g2 +1
Orthogonal 0| —1 1
2 (godd)
Orthogonal 1| O {1 (q even)
Orthogonal 2| 1 2(q+1)

Proof By Theorem 3.13, the number of choices of a vect@panning a flat
subspace i’ —1)(q "¢+ 1). Then the number of choices of a vecympanning
a flat subspace and having inner product 1 witk g ~1*¢. Thenx andy span
a hyperbolic plane. Now Witt's Lemma shows ti@t acts transitively on such
pairs, and the stabiliser of such a paifds_1, by the inductive principle.

In the cases wher@= 0, Gy is the trivial group on a vector space of rank O.
In the unitary case with = 1, Gg preserves the Hermitian formd”’ ® so consists
of multiplication by (%2 + 1)st roots of unity. In the orthogonal case wih=
1, Go preserves the quadratic forrd, and so consists of multiplication b1
only. Finally, consider the orthogonal case wik=- 2. Here we can represent
the quadratic form as the norm from @F) to GFq), that is,N(x) = x4, The
GF(qg)-linear maps which preserve this form a dihedral group of ordgr-21):
the cyclic group is generated by tkig+ 1)st roots of unity in GFg?), which is
inverted by the non-trivial field automorphism over @ (since, ifx4t1 = 1, then
x4 =x"1).
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4 Symplectic groups

In this and the next two sections, we begin the study of the groups preserving
reflexive sesquilinear forms or quadratic forms. We begin with the symplectic
groups, associated with non-degenerate alternating bilinear forms.

4.1 The Pfaffian

The determinant of a skew-symmetric matrix is a square. This can be seen in
small cases by direct calculation:

0 a2\ 2
det(_a12 0) = aj,,

0 a;z a3 as
—a;2 O a3 a4
—a13 —a3 0 an
—a14 —aps —ags O

2
det (212834 — A13824 + A14823)".

Theorem 4.1 (a) The determinant of a skew-symmetric matrix of odd size is
zero.

(b) There is a unique polynomiRIf(A) in the indeterminatesjpfor 1 <i < j <
2n, having the properties

(i) if Ais a skew-symmetrizn x 2n matrix with(i, j) entry g; for 1 <i <
j <2n,then
det(A) = Pf(A)?;

(i) Pf(A) contains the term gaza- - - aon—1 2n With coefficientt1.

Proof We begin by observing that, i is a skew-symmetric matrix, then the
form B defined by
B(X,y) = XAy"

is an alternating bilinear form. Moreoves,is non-degenerate if and onlyAfis
non-singular: foxAy' = 0 for all y if and only if xA= 0. We know that there is

no non-degenerate alternating bilinear form on a space of odd dimension; so (a)
is proved.
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We know also that, ifA is singular, then déf) = 0, whereas ifA is non-
singular, then there exists an invertible matfisuch that

- 0 1 0 1
ore gl (% 2 (% D)

so that deA) = det(P) 2. Thus, detA) is a square in either case.

Now regardg;j as being indeterminates over the fi€lgthat is, letk = F (&;j :
1 <i < j <2n) be the field of fractions of the polynomial ring in{2n — 1) vari-
ables over. If Ais the skew-symmetric matrix with entrigg; for 1 <i <
j < 2n, then as we have seen, (&} is a square irK. It is actually the square
of a polynomial. (For the polynomial ring is a unique factorisation domain; if
detA) = (f/g)?, wheref andg are polynomials with no common factor, then
det(A)g? = f2, and sof? divides detA); this implies thag is a unit.) Now defA)
contains a term

ai,854 - @n 1

corresponding to the permutation

(12)(34)--- (2n—12n),

and so by choice of sign in the square root we may assume that (ii)(b) holds.
Clearly the polynomial RA) is uniquely determined.

The result for arbitrary skew-symmetric matrices is now obtained by speciali-
sation (that is, substituting values frdfnfor the indeterminates;j). =

Theorem 4.2 If A is a skew-symmetric matrix and P any invertible matrix, then
Pf(PAP") = det(P) - Pf(A).
Proof We have ddiPAP") = detP)?det A), and taking the square root shows

that P{PAP' ) = +det(P) Pf(A); it is enough to justify the positive sign. For this,
it suffices to consider the ‘standard’ skew-symmetric matrix

oo (% )% )

since all non-singular skew-symmetric matrices are equivalent. In this case, the
(2n—1,2n) entry inPAP' contains the ternpz,_1 2n_1P2n2n, SO that PfPAPT)
contains the diagonal entry of dB) with sign+1. =

49



Exercise 4.1 A one-factoron the set{1,2,...,2n} is a partitionF of this set
into n subsets of size 2. We represent each 2isgt by the ordered paifi, j)
with i < j. Thecrossing numbeg(F) of the one-factoF is the number of pairs
{(i,]),(k,1)} of sets inF for whichi <k < j <.

(@) Let#, be the set of one-factors on the $&t2,...,2n}. What is| 7,|?

(b) LetA= (ajj) be a skew-symmetric matrix of orden.2Prove that

PIAY= T (-19® T a.

Fec¥n (i,))eF

4.2 The symplectic groups

The symplectic grougSp(2n,F) is the isometry group of a non-degenerate al-
ternating bilinear form on a vector space of rank &er F. (We have seen
that any two such forms are equivalent up to invertible linear transformation of
the variables; so we have defined the symplectic group uniquely up to conju-
gacy in GL(2n,F).) Alternatively, it consists of ther2x 2n matricesP satisfying
PTAP = A, whereA is a fixed invertible skew-symmetric matrix. If necessary, we
can take for definiteness either

(% &)
oo 3(% 1)

The projective symplectic groupSg2n,F) is the group induced on the set
of points of PG2n— 1,F) by Sp2n,F). It is isomorphic to the factor group
Sp(2n,F)/(Sp2n,F)NZ), whereZ is the group of non-zero scalar matrices.

or

Proposition 4.3 (a) Sp(2n,F) is a subgroup oSL(2n,F).

(b) PSH2n,F) = Sp(2n,F)/{=£I}.
Proof (a) If P € Sp(2n,F), then P{A) = Pf(PAP" ) = detP) Pf(A), so detP) =
- (b) If (cl)A(cl) = A, thenc?=1,soc=+1. =

From Theorem 3.17, we have:
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Proposition 4.4
spzn )] = [|(@” Ve~ [](@ 2. =
i= i=
The next result shows that we get nothing new in the case 2.
Proposition 4.5 Sp(2,F) = SL(2,F) andPS{2,F) = PSL(2,F).

Proof We show that there is a non-degenerate bilinear forrf dpreserved by
SL(2,F). The formB is given by

B(x,y) = det(;)

for all x,y € F?, Where(§> is the matrix with rows< andy. This is obviously a

symplectic form. For any linear map: F2 — F2, we have
xP X
= P,
R =)

B(xPyP) = det(;;ﬁ) = B(x,y)detP),

and so all elements of SR, F) preserveB, as required.
The second assertion follows on factoring out the group of non-zero scalar
matrices of determinant 1, that istl}. =

whence

In particular, PS(2,F) is simple if and only ifjF| > 3.
There is one further example of a non-simple symplectic group:

Proposition 4.6 PS{4,2) = %.

Proof LetF = GF(2) andV = F®. OnV define the “standard inner product”
6
X-y= ) X
2
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(evaluated irF). Let j denote the all-1 vector. Then
X-X=X-]

for all x € X, so on the rank 5 subspage, the inner product induces an alternating
bilinear form. This form is degenerate — indeed, by definition, its radical contains
j — but itinduces a non-degenerate symplectic f@om the rank 4 spacg-/(j).
Clearly any permutation of the six coordinates induces an isomeBy $6 S <
Sp(4,2) = PS{4,2). Since

S5/ = 6! =15.8-3-2=|Sp(4,2)|,

the result is proved. m

4.3 Generation and simplicity

This subsection follows the pattern used for PSE ). We show that Sg2n,F) is
generated by transvections, that it is equal to its derived group, and th@5p
is simple, forn > 2, with the exception (noted above) of R82).

Let B be a symplectic form. Which transvections preseB® Consider the
transvectiorx — x+ (xf)a, whereac V, f € V¥, andaf = 0. We have

B(x+ (xf)a,y+ (yf)a) = B(x,y) + (xf)B(a,y) — (yf)B(a,x).

SoBis preserved if and only ifxf)B(a,y) = (yf)B(a,x) for all x,y € V. We claim
that this entailxf = AB(a,x) for all x, for some scalak. For we can choose
with B(a,x) # 0, and definé = (xf)/B(a,x); then the above equation shows that
yf =AB(ay) for all y.
Thus, asymplectic transvectiofone which preserves the symplectic form)
can be written as
X— X+AB(x,a)a

for a fixed vectora € V. Note that its centre and axis correspond under the sym-
plectic polarity; that is, its axis ia- = {x: B(x,a) = 0}.

Lemma 4.7 For r > 1, the groupPS{2r,F) acts primitively on the points of
PG(2r —1,F).

Proof Forr =1 we know that the action is 2-transitive, and so is certainly prim-
itive. So suppose that> 2.
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Every point of PG2r — 1, F) is flat, so by Witt's Lemma, the symplectic group
acts transitively. Moreover, any pair of distinct points spans either a flat subspace
or a hyperbolic plane. Again, Witt's Lemma shows that the group is transitive on
the pairs of each type. (In other wor@s= PS{2r,F) has three orbits on ordered
pairs of points, including the diagonal orbit

A={(p,p):pePG2r-1,F)};

we say that PS2r, F) is arank 3 permutation groupn PG2r — 1,F).)
Now a non-trivial equivalence relation preserved®yvould have to consist
of the diagonal and one other orbit. So to finish the proof, we must show:

(a) if B(x,y) = 0, then there existssuch thaB(x,z),B(y, z) # 0;
(b) if B(x,y) # 0, then there existssuch thaB(x,z) = B(y,z) # 0.

This is a simple exercise.m
Exercise 4.2 Prove (a) and (b) above.

Lemma 4.8 For r > 1, the groupSp(2r,F) is generated by symplectic transvec-
tions.

Proof The proof is by induction by, the case = 1 having been settled earlier
(Theorem 2.6).

First we show that the groug generated by transvections is transitive on the
non-zero vectors. Lat, v+ 0. If B(u,v) # 0, then the symplectic transvection

B(X,v—u)
B(u,v)

carriesutov. If B(u,v) =0, choosev such thaB(u,w), B(v,w) = 0 (by (a) of the
preceding lemma) and majto w to v in two steps.

Now it is enough to show that any symplectic transformagdixing a non-
zero vectoru is a product of symplectic transvections. By induction, since the
stabiliser ofu is the symplectic group on' /(u), we may assume thaf acts
trivially on this quotient; but theg is itself a symplectic transvections

X X+ (V—u)

Lemma 4.9 For r > 3, and for r= 2 and F # GHK2), the groupPS{2r,F) is
equal to its derived group.
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Proof If F # GF(2),GF(3), we know from Lemma 2.8 that any element induc-
ing a transvection on a hyperbolic plane and the identity on the complement is a
commutator, so the result follows. The same argument completes the proof pro-
vided that we can show that it holds for R62) and PS4, 3).

In order to handle these two groups, we first develop some notation which can
be more generally applied. For convenience we re-order the rows and columns of
the ‘standard skew-symmetric matrix’ so that it has the form

1-(S o)

whereO andl are ther x r zero and identity matrices. (In other words, ikte
and(i + r)th basis vectors form a hyperbolic pair, foe 1,...,r.) Now a matrix
C belongs to the symplectic group if and onlydf JC = J. In particular, we find
that

(a) for all invertibler x r matricesA, we have
Al O _
( o) AT) ES[XZf,F),

(b) for all symmetric rx r matricesB, we have

(c|> Ef) € Sp(2r,F).

Now straightforward calculation shows that the commutator of the two matrices
in (a) and (b) is equal to

| B—ABA'

O I ’
and it suffices to choos& and B such thatA is invertible, B is symmetric, and

B—ABA' has rank 1.
The following choices work:

() r=2,F =GF(3), A= (1 1),52 (2 cl));

o
=

11
(b) r=3,F=GF(2),A=(0 0
10



Theorem 4.10 The groupPSg2r,F) is simple for r> 1, except for the cases
(r,F)=(1,GK2)), (1,GFK3)), and(2,GF(2)).

Proof We now have all the ingredients for lwasawa’s Lemma (Theorem 2.7),
which immediately yields the conclusionm

As we have seen, the exceptions in the theorem are genuine.

Exercise 4.3 Show that PS@, 3) is a finite simple group which has no 2-transitive
action.

The only positive integers such thain(n— 1) divides|PS{d4,3)| aren =
2,3,4,5,6,9,10,16,81. It suffices to show that the group has no 2-transitive action
of any of these degrees. Most are straightforwardrbst16 andn = 81 require
some effort.

(Itis known that PS@, 3) is the smallest non-abelian finite simple group with
this property.)

4.4 A technical result

The result in this section will be needed at one point in our discussion of the
unitary groups. It is a method of recognising the groups(B$p geometrically.
Consider the polar space associated with(@83p). Its points are all the points
of the projective space RG,F), and its lines are the flat lines (those on which the
symplectic form vanishes). We call them F-lines for brevity. Note that the F-lines
through a pointp of the porojective space form the plane pencil consisting of all
the lines througlp in the planep*, while dually the F-lines in a plan@ are all
those lines of 1 containing the poinfl+-. Now two points are prthogonal if and
only if they line on an F-line.
The geometry of F-lines has the following property:

(a) Given an F-lind. and a pointp not onL, there is a unique poir € L such
thatpgis an F-line.

(The pointgis p-NL.) A geometry with this property (in which two points lie on
at most one line) is calledgeneralised quadrangle

Exercise 4.4 Show that a geometry satisfying the polar space axioms w2
is a generalised quadrangle, and conversely.
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We wish to recognise, within the geometry, the remaining lines of the projec-
tive space. These correspond to hyperbolic planes in the vector space, so we will
call them H-lines. Note that the points of a H-line are pairwise non-orthogonal.

We observe that, given any two poirggg not lying on an F-line, the set

{r: pr andqr are F-line$

is the set of points of p,q}+, and hence is the H-line containimgandg. This
definition works in any generalized quadrangle, but in this case we have more:

(b) Any two points lie on either a unique F-line or a unique H-line.
(c) The F-lines and H-lines within a spt form a projective plane.

(d) Any three non-collinear points lie in a unique et
Exercise 4.5Prove conditions (b)—(d).

Conditions (a)—(d) guarantee that the geometry of F-lines and H-lines is a pro-
jective space, hence is isomorphic tod- ) for some (possibly non-commutative)
field F. Then the correspondenge— p™ is a polarity of the projective space,
such that each point is incident with the corresponding plane. By the Funda-
mental Theorem of Projective Geometry, this polarity is induced by a symplectic
form B on a vector space of rank 4 overF (which is necessarily commutative).

Hence, again by the FTPG, the automorphism group of the geometry is in-
duced by the group of semilinear transformation¥ offhich preserve the set of
pairs{(x,y) : B(x,y) = 0}. These transformations are composites of linear trans-
formations preserving up to a scalar factor, and field automorphisms. It follwos
that, if F £ GF(2), the automorphism group of the geometry has a unique minimal
normal subgroup, which is isomorphic to R8g-).

56



5 Unitary groups

In this section we analyse the unitary groups in a similar way to the treatment
of the symplectic groups in the last section. Note that the treatment here applies
only to the isometry groups of Hermitian forms which are not anisotropic. So in
particular, the Lie groups Sld) over the complex numbers are not included.

LetV be a vector space ovér, o an automorphism df of order 2, and a
non-degenerate-Hermitian form orV (that is,B(y,x) = B(x,y)? for all x,y € V).
It is often convenient to denot® by c, for any element € F.

Let Fy denote the fixed field df. There are two important maps framto Fy
associated witlw, thetraceandnormmaps, defined by

Tr(c) =c+-c,
N(c)=c-C.

Now Tr is an additive homomorphism (indeed, Bgtlinear map), andN is a
multiplicative homomorphism. As we have seen, the image of Fg;ithe kernel
is the set ot such that® = —c (which is equal td if the characteristic is 2 but
not otherwise).

Suppose thaF is finite. Then the order of is a square, saff = GF(g?),
andFy = GF(q). Since the multiplicative group dfy has ordermg— 1, a non-
zero element € F lies in Ry if and only if ¢4t = 1. This holds if and only if
c = a¥*! for somea € F (as the multiplicative group of is cyclic), in other
words,c=a-a= N(a). So the image oN is the multiplicative group oFp, and
its kernel is the set ofq+ 1)st roots of 1. Also, the kernel of Tr consists of zero
and the set ofq — 1)st roots of—1, the latter being a coset Bf* in F*.

The Hermitian form on a hyperbolic plane has the form

B(X,y) = X1Y2 + y1X2.

An arbitrary Hermitian formed space is the orthogonal direct sumhyfper-
bolic planes and an anisotropic space. We have seen that, up to scalar multiplica-
tion, the following hold:

(a) overC, an anisotropic space is positive definite, and the form can be taken
to be
B(X,Y) =x1y1+ - +X¥si

(b) over a finite field, an anisotropic space has dimension at most one; if non-
zero, the form can be taken to be

B(X7 y) =Xy.
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5.1 The unitary groups

Let A be the matrix associated with a non-degenerate Hermitian Bxrifthen
A= KT, and the isometry group @& (the unitary groupU(V,B) consists of all

invertible matriced® which satisfy|5TAP =A
SinceA is invertible, we see that

N(detP)) = detP')detP) = 1.

So detP) € Fy. Moreover, a scalar matria lies in the unitary group if and only
if N(c) =cc=1.

The special unitary groupSU(V, B) consists of all elements of the unitary
group which have determinant 1 (that is, tB) = U(V,B) N SL(V)), and the
projective special unitary grouis the factor group S, B) /SU(V,B) N Z, where
Z is the group of scalar matrices.

In the case wherE = GF(¢?) is finite, we can unambiguously write $tlq)
and PSUn,q), since up to scalar multiplication there is a unique Hermitian form
on GHg?)" (with rank|n/2| and germ of dimension 0 or 1 accordingras even
or odd). (It would be more logical to write u,g°) and PSUn, ¢?) for these
groups; we have used the standard group-theoretic convention.

Proposition 5.1  (a) |U(n,q) =g"™Y/2M (¢ — (-1)").

(b) [SU(n,q)[ =[U(n,q)|/(q+1).

(c) [PSUn,q)[ =|SU(n,q)|/d, where d= (n,q+1).

Proof (a) We use Theorem 3.17, with eithee 2r, e = -1, orn=2r+1,e = 3,
and withq replaced byg?, noting that, in the latter casgGo| = g+ 1. It happens
that both cases can be expressed by the same formula! On the same theme, note
that, if we replace(—1)' by 1 (andq+1 by q— 1 in parts (b) and (c) of the
theorem), we obtain the orders of G1.q), SL(n,q), and PSIn, g) instead.

(b) As we noted, det is a homomorphism fronirl ) onto the group ofq+
1)st roots of unity in GFg?)*, whose kernel is SUh, q).

(c) A scalarcl belongs to Un, q) if ¢4t =1, and to SI(n,¢?) if c"=1. So
1ZNSL(n,q?)| = d, as required.

We conclude this section by considering unitary transvections, those which
preserve a Hermitian form. Accordingly, [€t: x — x+ (xf)a be a transvection,
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whereaf = 0. We have

B(xT,yT) = B(x+ (xf)a,y+(yf)a)

= B(xy)+ (xf)B(y,a) + (yf)B(x,a) + (xf)(yf)B(a, a).

SoT is unitary if and only if the last three terms vanish fonalf. Puttingy =awe
see thatxf)B(a,a) = 0 for all x, whence (sincd # 0) we must havé(a,a) = 0.
Now choosingy such thaB(y,a) = 1 and setting\ = (yf), we havexf = AB(x, a)
for all x. So a unitary transvection has the form

X— X+ AB(x,a)a,

whereB(a,a) = 0. In particular, an anisotropic space admits no unitary transvec-
tions. Also, choosing andy such thaB(x,a) = B(y,a) = 1, we find that T(A) =

0. Conversely, for ang € ker(Tr) and anya with B(a,a) = 0, the above formula
defines a unitary transvection.

5.2 Hyperbolic planes

In this section only, we use the convention thg2l#y) means the unitary group
associated with a hyperbolic plane o¥erando is the associated field automor-
phism, having fixed fieldr.

Theorem 5.2 SU(2,Fy) = SL(2, ).

Proof We will show, moreover, that the actions of the unitary group on the polar
space and that of the special linear group on the projective space correspond, and
that unitary transvections correspond to transvections {{2%%). LetK = {c e
F : ¢4+t =0} be the kernel of the trace map; recall that the image of the trace map
is Fo.

With the standard hyperbolic form, we find that a unitary matrix

()

must satisfiyP' AP = A, where
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Hence
ac+ac=0, bc+ad=1, bd+bd=0.

In addition, we require, that dg?) = 1, that is,ad — bc = 1.

From these equations we deduce thatb = c4¢ =0, that is )b, c € K, while
a—a=d—-d=0,thatisadc F.

Choose a fixed elemente K. ThenA € K if and only if uh € Fy. Also,

u~1 e K. Hence the matrix
+ _( a ub
P = (ulc d)

belongs to SI2,Fy). Conversely, any matrix in SR, Fp) gives rise to a matrix in
SU(2, /) by the inverse map. So we have a bijection between the two groups. It
is now routine to check that the map is an isomorphism.

Represent the points of the projective line okeby F U {o} as usual. Recall
thatoo is the point (rank 1 subspace) spanned@®yl ), while cis the point spanned
by (1,c). We see that is flat, whilec s flat if and only ifc+tT = 0, thatis,c € K.
So the mapx — x takes the polar space for the unitary group onto the projective
line overFy. It is readily checked that this map takes the action of the unitary
group to that of the special linear group.

By transitivity, it is enough to consider the unitary transvectians: x +
AB(x,a)a, wherea= (0,1). In matrix form, these are

1 A
(0 1)
T 1 uA
(5 9);

which is a transvection in SR, Fy), as required. m

with A € K. Then

In particular, we see that P$RI Fp) is simple if |Fp| > 3.

5.3 Generation and simplicity

We follow the now-familiar pattern. First we treat two exceptional finite groups,
then we show that unitary groups are generated by unitary transvections and that
most are simple. By the preceding section, we may assume that the rank is at
least 3.
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The finite unitary group PS(3,q) is a 2-transitive group of permutations of
theq® + 1 points of the corresponding polar space (since any two such points are
spanned by a hyperbolic pair) and has or¢gt+ 1)g3(q? — 1)/d, whered =
(3,g+1). Moreover, any two points span a line containipg 1 points of the
polar space. The corresponding geometry is calledital.

For g = 2, the group has order 72, and so is soluble. In fact, ghiarply
2-transitive a unique group element carries any pair of points to any other.

Exercise 5.1 (a) Show that the unital associated with RS\2) is isomorphic
to theaffine planeover GK 3), defined as follows: the points are the vectors
in a vector spac¥ of rank 2 over GI3), and the lines are the cosets of
rank 1 subspaces &f (which, over the field GE3), means the triples of
vectors with sum 0).

(b) Show that the automorphism group of the unital has the structu@l3 2, 3),
where % denotes an elementary abelian group of this order (the translation
group ofV) and : denotes semidirect product.

(c) Show that PS(B,2) is isomorphic to 3: Qg, whereQg is the quaternion
group of order 8.

(d) Show that PSKB, 2) is not generated by unitary transvections.

We next consider the group P&J2), and outline the proof of the following
theorem:

Theorem 5.3 PSU4,2) = PSf4,3).

Proof Observe first that both these groups have order 25920. We will construct
a geometry for the group P34l 2), and use the technical results of Section 4.4
to identify it with the generalised quadrangle for P&3). Now it has index 2

in the full automorphism group of this geometry, as also doeg£Sp which is
simple; so these two groups must coincide.

The geometry is constructed as follows. Mebe a vector space of rank 4 over
GK(4) carrying a Hermitian form of polar rank 2. The projective spacé PG
derived fromV has(4*—1)/(4— 1) = 85 points, of which(4? — 1)(4%/2+1)/(4—

1) = 45 are points of the polar space, and the remaining 40 are points on which
the form does not vanish (spanned by vectorgth B(x,x) = 1). Note that 46=
(3*—1)/(3—1) is equal to the number of points of the symplectic generalised
quadrangle over GB). Let Q denote this set of 40 points.
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Define an F-line to be a set of four points Qf spanned by the vectors of
an orthonormal basis fo¥ (a set of four vectorsy, 2, x3, x4 with B(x,x) = 1
andB(x;,xj) = 0 fori # j). Note that two orthogonal points,q of Q span a
non-degenerate 2-space, which is a line containing five points of the projective
space of which three are flat and the other two belon@toThen {p,q}* is
also a non-degenerate 2-space containing two poirs wfhich complete p,q}
to an F-line. Thus, two orthogonal points lie on a unique F-line, while two non-
orthogonal points lie on no F-line. Itis readily checked thalt,# { p1, p2, p3, pa}
is an F-line andj is another point of2, thenp has three non-zero coordinates in
the orthonormal basis correspondingtcsoq is orthogonal to a unique point of
L. Thus, the points of2 and the F-lines satisfy condition (a) of Section 4.4; that
is, they form a generalised quadrangle.

Now consider two points of2 which are not orthogonal. The 2-space they
span is degenerate, with a radical of rank 1. So of the five points of the corre-
sponding projective line, four lie iQ and one (the radical) is flat. Sets of four
points of this type (which are obviously determined by any two of their members)
will be the H-lines. It is readily checked that the H-lines do indeed arise in the
manner described in Section 4.4, that is, as the sets of poif2soosthogonal to
two given non-orthogonal points. So condition (b) holds.

Now a pointp of Q lies in four F-lines, whose union consists of thirteen points.
If gandr are two of these points which do not lie on an F-line watltheng and
r cannot be orthogonal, and so they lie in an H-line; sip@ndq are orthogonal
to p, so are the remaining points of the H-line containing them. Thus we have
condition (c). Now (d) is easily verified by counting, and the proof is compleie.

Exercise 5.2 (a) Give a detailed proof of the above isomorphism.

(b) If you are familiar with a computer algebra package, verify computation-
ally that the above geometry for P&J2) is isomorphic to the symplectic
generalised quadrangle for RS3).

In our generation and simplicity results we treat the rank 3 case separately. In
the rank 3 case, the unitary group is 2-transitive on the points of the unital.

Theorem 5.4 Let (V, B) be a unitary formed space of Witt radkwith rk(V) = 3.
Assume that the field F is nGtF(2?).

(a) SU(V,B) is generated by unitary transvections.

(b) PSUV,B) is simple.
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Proof We exclude the case of P$8)2) (with F = GF(2?), considered earlier.
Replacing the form by a scalar multiple if necessary, we assume that the germ
contains vectors of norm 1. Take such a vector as second basis vector, where the
first and third are a hyperbolic pair. That is, we assume that the form is

B((X1,%2,%3), (Y1.Y2,Y3)) = X1Y3 + X2¥2 + XaV1,

so the isometry group is

(P:P'AP=A}
where
0 0 1
A=10 1 O
1 00
Now we check that the group
1 -a b
Q= 0 1 a|:N@+Tr(b)=0
0O 0 1

is a subgroup o6 = SU(V, B), and its derived group consists of unitary transvec-
tions (the elements wita= 0).

Next we show that the subgrodpof V generated by the transvections@Gn
is transitive on the set of vectoxssuch thaB(x,x) = 1. Letx andy be two such
vectors. Suppose first thét,y) is nondegenerate. Then it is a hyperbolic line,
and a calculation in S(2, Fy) gives the result. Otherwise, there exig®uch that
(x,z) and(y,z) are nondegenerate, so we can get feormy in two steps.

Now the stabiliser of such a vector @ is SU(x",B) = SU(2,Fy), which is
generated by transvections; and every coset of this stabiliser contains a transvec-
tion. SoG is generated by transvections.

Now it follows that the transvections lie i@, and lwasawa’s Lemma (Theo-
rem 2.7) shows that P$Y,B) is simple. =

Exercise 5.3 Complete the details in the above proof by showing

(a) the group SR, Fy) acts transitively on the set of vectors of norm 1 in the
hyperbolic plane;

(b) given two vectors,y of norm 1 in a rank 3 unitary space as in the proof,
either(x,y) is a hyperbolic plane, or there exigtsuch that(x,z) and(y, z)
are hyperbolic planes.
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Theorem 5.5 Let(V, B) be a unitary formed space with Witt rank at le2stThen
(@) SU(V,B) is generated by unitary transvections.
(b) PSUV,B) is simple.

Proof We follow the usual pattern. The argument in the preceding theorem
shows part (a) without change i # GF4). In the excluded case, we know
that PSU4,2) =~ PSf4,3) is simple, and so is generated by any conjugacy class
(in particular, the images of the transvections o0f(8\2)). Then induction shows

the result for higher rank spaces over @F Again, the argument in 3 dimen-
sions shows that transvections are commutators; the action on the points of the
polar space is primitive; and so Iwasawa’s Lemma shows the simpliaity.
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6 Orthogonal groups

We now turn to the orthogonal groups. These are more difficult, for two related
reasons. First, it is not always true that the group of isometries with determinant 1
is equal to its derived group (and simple modulo scalars). Secondly, in character-
istic different from 2, there are no transvections, and we have to use a different
class of elements.

We let O Q) denote the isometry group of the non-degenerate quadratid@orm
and S@Q)the group of isometries with determinant 1. Further(@Pand PSQQ)
are the quotients of these groups by the scalars they contain. We @¢@hnéo be
the derived subgroup of @), and R2(Q) = Q(Q)/(Q(Q)NZ), whereZ consists
of the scalar matrices. Sometim@%Q) = SO(Q), and sometimes it is strictly
smaller; but our notation serves for both cases.

In the case wher€ is finite, we have seen that for everthere is a unique
type of non-degenerate quadratic form up to scalar multiplication, whiheisf
even there are two types, having germ of dimension O or 2 respectively, We
write O*(n,q), O(n,q) and O (n,q) for the isometry group of a non-degenerate
quadratic form on Gfg)" with germ of rank 0, 1, 2 (and even, odd, even respec-
tively). We use similar notation for SO(P and so on. Then we write’(h,q) to
mean either O(n,q) or O~ (n,q). Note that, unfortunately, this convention (which
is standard notation) makeghe negative of the appearing in our general order
formula (Theorem 3.17).

Now the order formula for the finite orthogonal groups reads as follows.

lo2m+1,g)| = dﬁ(qzi_l)qzi_l
— dqmz_[ml(qz—l),

[0f(2ma)| = _|'!(qi ~1)(d 1)
m-1
= 2" [ (@ -,
m-1 ) )
|0~ (2m.q)] = 2(q+1) rl (d-1(d* ™+ 1)
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m—1

= 2g™™ V(g™ +1) 1 (o~ 1),

i
whered = (2,g—1). Note that there is a single difference in sign between the
final formulae for G(2m, q) for € = +1; we can combine the two and write

m—1

|0°(2m.q)| = 2q™™ (g™~ ¢) n (" ~1).

We have| SO(n,q)| = |O(n,q)|/d (except possibly ifiis odd andj is even).
This is because, with this exclusion, the bilinear fdrassociated witlQ is non-
degenerate; and the orthogonal group consists of mafisasisfyingP' AP= A,
whereA is the matrix of the bilinear form, so that dB) = +1. Itis easy to show
that, forg odd, there are orthogonal transformations with determindht The
excluded case will be dealt with in Section 6.2. We see also that the only scalars
in O(Q) are+£l; and, in characteristic different from 2, we hav¢ € SO(Q) if
and only if the rank of the underlying vector space is even. Thugj fmid, we
have

|SAQ)| = |PAQ)| =[0(Q)[/2,
and
IPSQQ)| = [SAQ)I/(n,2).
Forqgandn even we have @) = SO(Q) = PO(Q) = PSQQ).

Exercise 6.1Let Q be a non-degenerate quadratic form over a field of character-
istic different from 2. Show that @) contains elements with determinant.
[Hint: if Q(v) # 0, then take the transformation which takes —v and extend it

by the identity orv* (in other words, the reflection in the hyperplans.]

6.1 Some small-dimensional cases

We begin by considering some small cases. \Ldie a vector space of rank
carrying a quadratic forr® of Witt indexr, whered = n— 2r is the dimension of
the germ ofQ. Let O(Q) denote the isometry group @ and SQQ) the subgroup
of isometries of determinant 1.

Casen=1, r =0. In this case the quadratic form is a scalar multiplexaf
(Replacingg by a scalar multiple does not affect the isometry group.) Then
O(Q) = {£1}, a group of order 1 or 2 according as the characteristic is or is
not 2; and SQQ) is the trivial group.
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Casen=2,r =1. The quadratic form i€Q(x1,X2) = X1X2, and the isometry

groupG =0O(Q) is
{5 3%) (% §)nerh

a group with a subgrould of index 2 isomorphic té*, and such that an element
t € G\ H satisfiest? = 1 andt—*ht = h=! for all h € H. In other wordsG is
ageneralised dihedral grouplf F = GF(q), then 2,q) is a dihedral group of
order Zg—1). Note thatH = SO(Q) if and only if the characteristic df is not 2.

Casen=2,r =0. Inthis case, the quadratic form is
2 2
OXq + PXaXz + Y,

whereq(x) = ax? + Bx+ yis an irreducible quadratic ovér. LetK be a splitting
field for g overF, andassumehatK is a Galois extension (in other words, tlat
is separable ovéf: this includes the cases where either the characteristic is not 2
or the fieldF is finite). Then, up to scalar multiplication, the fo@is equivalent
to theK /F norm on the=-vector spac&. The orthogonal group is generated by
the multiplicative group of elements of norm 1Knand the Galois automorphism
o of K overF.

In the casd= = GK(q), this group is dihedral of order(@+ 1). In the case
F =R, theC/R normis

z—zZz=12>

and so the orthogonal group is generated by multiplication by unit complex num-
bers and complex conjugation. In geometric terms, it is the group of rotations and
reflections about the origin in the Euclidean plane.

Again we see that S@) has index 2 in QF ) if the characteristic of is not 2.

Exercise 6.2 Prove that, ifK is a Galois extension d¥, then the determinant of
theF-linear mapx— AxonK is equal td\k /¢ (A). [Hint: if A ¢ F, the eigenvalues
of this map are\ andA°.]

Casen=3,r = 1. In this case and the next, we describe a group preserving a
guadratic form and claim without proof that it is the full orthogonal group. Also,
in this case, we assume that the characteristic is not equal to 2.
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LetV = F2, and lelW be the vector space of all quadratic forms\b(mot nec-
essarily non-degenerate). Ther\ik) = 3; a typical element AV is the quadratic
form ux? 4 vxy+ wy?, where we have represented a typical vectov ias(x,y).

We use the tripléu, v,w) of coefficients to represent this vectonaf Now GL(V)
acts onW by substitution on the variables in the quadratic form. In other words,

to the matrix o
a
A= (c d) € GL(2,F)

corresponds the map

Wé +vxy+wy? —  u(ax+cy)? + v(ax+ cy)(bx+ dy) +w(bx+dy)?
= (ua®+ vab+wb?)x? + (2uac+ v(ad+ bc) 4+ 2wbd)xy
+(uc®+ ved+wd?)y?,

which is represented by the matrix

a® 2ac @
p(A)= | ab ad+bc cd| e GL(3F).
b*>  2bd P
We observe several things about this representg@tioihGL(2,F ):
(@) The kernel of the representation{isl }.
(b) de(p(A)) = (delA))°.

(c) The quadratic fornQ(u,v,w) = 4uw— v is multiplied by a factor d¢i\)?
by the action op(A).

Hence we find a subgroup of(Q) which is isomorphic to SE(2,F)/{=£l},
where SE(2,F) is the group of matrices with determinafitl. Moreover, its
intersection with SK3,F) is SL(2,F)/{%1}. In fact, these are the full groups
O(Q) and SAQ) respectively.

We see that in this case,

PQ(Q) = PSL2,F) if|F|>2

and this group is simple jF| > 3.
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Casen =4, r = 2. Our strategy is similar. We take the rank 4 vector space
overF to be the spac#?*?(F), the space of & 2 matrices oveF (whereF is
any field). The determinant function dhis a quadratic formQ(X) = det(X).
Clearly X is the sum of two hyperbolic planes (for example, the diagonal and the
antidiagonal matrices).

There is an action of the group G, F) x GL(2,F) on X, by the rule

p(AB): X — A"IXB.
We see thap(A, B) preserve®) if and only if de{A) = detB), andp(A,B) is the
identity if and only if A= B = Al for some scalak. So we have a subgroup of
O(Q) with the structure
((SL(2,F) x SL(2,F))-F*)/{(AL,LAl) : A € F*}.

Moreover, the mag : X — X' also preserve®. It can be shown that together
these elements generaté@.

Exercise 6.3 Show that the above mdphas determinant 1 onV, while p(A, B)
has determinant equal to da)—?det(B)2. Deduce (from the information given)
that SQQ) has index 2 irO(Q) if and only if the characteristic d¥ is not 2.

Exercise 6.4 Show that, in the above case, we have
PQ(Q) = PSL(2,F) x PSL(2,F)
if [F|>3.

Exercise 6.5Use the order formulae for finite orthogonal groups to prove that
the groups constructed on vector spaces of ranks 3 and 4 are the full orthogonal
groups, as claimed.

6.2 Characteristic2, odd rank

In the case where the bilinear form is degenerate, we show that the orthogonal
group is isomorphic to a symplectic group.

Theorem 6.1 Let F be a perfect field of characteris@ic Let Q be a non-degenerate
quadratic form in n variables over F, where n is odd. TI&®Q) = Sp(n—1,F).
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Proof We know that the bilinear formB is alternating and has a rank 1 radical,
spanned by a vect@, say. By multiplyingQ by a scalar if necessary, we may
assume tha@(z) = 1. LetG be the group induced o/Z, whereZ = (z). Then
G preserves the symplectic form.

The kerneK of the homomorphism fror to G fixes each coset &. Since

Q(v+az) = Q(v) + a2,

and the mam — a? is a bijection ofF, each coset of contains one vector with
each possible value @. ThusK = 1, andG = G.

Conversely, leg be any linear transformation & /Z which preserves the
symplectic form induced bf3. The above argument shows that there is a unique
permutationg of V lifting the action ofg and preserving. Note that, sincg
inducesg onV /Z, it preserves. We claim thatg is linear. First, take any two
vectorsv,w. Then

Q(vg+wg) = Q(vg)+Q(wg) + B(vg,wg)
= Q(vV) +Q(w) +B(v,w)
= Q(v+w)
= Q((v+w)g);

and the linearity ofy shows thatvg+ wg and (v+ w)g belong to the same coset
of Z, and so they are equal. A similar argument applies for scalar multiplication.
SoG = Sp(n—1,F), and the result is proved.m

We conclude that, with the hypotheses of the theore(Q)ds simple except
forn=3 orn=5, F = GF2). Hence QQ) coincides with R(Q) with these
exceptions.

We conclude by constructing some more 2-transitive groupsFLs a per-
fect field of characteristic 2, arlla symplectic form orF?™. Then the set)(B)
of all quadratic forms which polarise Bis a coset of the set of “square-seminilear
maps” onV, those satisfying

L(x+y) = LOO+L(Y),
L(cx) = c2L(X)

(these maps are just the quadratic forms which polarise to the zero bilinear form).
In the finite case, wherlgé = GF(q) (q even), there are thug™ such quadratic
forms, and they fall into two orbits under &m,q), corresponding to the two
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types of forms. The stabiliser of a for@is the corresponding orthogonal group
O(Q). The number of forms of each type is the index of the corresponding orthog-
onal group in the symplectic group, which can be calculated tQ"ig™ +€) /2
for a form of typee.

Now specialise further t& = GF(2). In this case, “square-semilinear” maps
are linear. So, given a quadratic fognpolarising toB, we have

Q(B)={Q+L:LeV*}.

Further, each linear form can be writtenas- B(x, a) for some fixeca € V. Thus,
there is an QQ)-invariant bijection betwee®(B) andV. By Witt's Lemma,
O(Q) has just three orbits ovi, namely

{0}, {xeV:Q))=0x#0}, {xeV:Q(x) =1}
So Q) has just three orbits 0Q (B), namely

{Q), Q&CB\{Q}, Q)

whereQ has typee and Q¢(B) is the set of all forms of typein Q(B).
It follows that S2m, 2) acts 2-transitively on each of the two s&¥(B), with
cardinalities 2-1(2™4-¢). The point stabiliser in these actions arg(®n, 2).

Exercise 6.6 What isomorphisms between symmetric and classical groups are il-
lustrated by the above 2-transitive actions of&g)?

6.3 Transvections and root elements

We first investigaterthogonal transvectionshose which preserve the non-degenerate
guadratic formQ on theF-vector spac¥ .

Proposition 6.2 There are no orthogonal transvections over a field F whose char-
acteristic is different fron2. If F has characteristi@, then an orthogonal transvec-
tion for a quadratic form Q has the form

x— x—Q(a) 1B(x,a)a,

where a) # 0 and B is obtained by polarising Q.
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Proof Suppose that the transvectivr- X+ (xf)a preserves the quadratic form
Q, and letB be the associated bilinear form. Then

Q(x+ (xf)a) = Q(x)
forall x e V, whence
(xf)2Q(a) + (xf)B(x,a) = 0.

If xf # 0, we conclude thatxf)Q(a) + B(x,a) = 0. Since this linear equation
holds on the complement of a hyperplane, it holds everywhere; thBfx{sa) =
—(xf)Q(a) for all x.

If the characteristic is not 2, theB(a,a) = 2Q(a). Substitutingx = a in the
above equation, usingf = 0, we see thaB(a,a) = 0, soQ(a) = 0. But then
B(x,a) = O for all x, contradicting the nondegeneracyB®in this case.

So we may assume that the characteristic is B(Xfa) = 0 for allx € V, then
Q(a) # 0 by non-degeneracy. Otherwise, choosivgth B(x,a) # 0, we see that
againQ(a) # 0. Then

xf = —Q(a)'B(x,a),

and the proof is complete. (Incidentally, the fact thag non-zero now shows that
ais not in the radical oB.)

Exercise 6.7 In the characteristic 2 case, replaciadpy Aa for a # 0 does not
change the orthogonal transvection.

The fact that, ifQ is a non-degenerate quadratic form in three variables with
Witt rank 1 shows that we can find analogues of transvections acting on three-
dimensional sections &f. These are callembot elementsand they will be used
in our simplicity proofs.

A root elements a transformation of the form

X — X+ aB(x, v)u— aB(x, u)v— a’Q(v)B(x, u)u

whereQ(u) = B(u,v) = 0. The group of all such transformations for fixed sat-
isfying the above conditions, together with the identity, is calleda subgroup

Xu,v-

Exercise 6.8 Prove that the root elements are isometrieQofthat they have
determinant 1, and that the root subgroups are abelian. Show further that, if
Q(u) =0, then the group

Xu= (Xyy:Vveu)

is abelian, and is isomorphic to the additive groupiof (u).
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Exercise 6.9 Write down the root subgroux, y for the quadratic fornQ(xy, Xz, X3) =
X1X3 — x% relative to to the given basie;, e, e3}, whereu = e; andv = e;.

Now the details needed to apply Iwasawa’s Lemma are similar to, but more
complicated than, those that we have seen in the cases of the other classical
groups. We summarise the important steps. Qdéte a quadratic form with Witt
rank at least 2, and not of Witt rank 2 on a vector space of rank 4 (that is, not
equivalent taxy x> + X3X4). We also exclude the case wh&das Witt index 2 on
arank 5 vector space over G&: in this case R(Q) = PSf4,2) = %.

(@) The root subgroups are contained(Q), the derived group aD(Q).
(b) The abelian group, is normal in the stabiliser af.
(c) Q(Q) is generated by the root subgroups.

(d) Q(Q) acts primitively on the set of flat 1-spaces.

Note that the exception of the case of rank 4 and Witt index 2 is really necessary
for (d): the grou2(Q) fixes the two families of rulings on the hyperbolic quadric
shown in Figure 1 on p. 41, and each family is a system of blocks of imprimitivity
for this group.

Then from lwasawa’s Lemma we conclude:

Theorem 6.3 Let Q be a non-degenerate quadratic form with Witt rank at |@ast
but not of Witt rank on either a vector space of radlkor a vector space of rank
overGF(2). ThenPQ(Q) is simple.

It remains for us to discover the order o2RQ) over a finite field. We give
the result here, and defer the proof until later. The facts are as follows.

Proposition 6.4 (a) Let Q have Witt index at leagt and let F have character-
istic different from2. ThenSO(Q)/Q(Q) = F* /(F*)2.

(b) Let F be a perfect field of characteristitand let Q have Witt index at
least2; exclude the case of a rarkvector space oveBF(2). Then

S0Q): Q(Q)| = 2
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The proof of part (a) involves defining a homomorphism from QDto
F* /(F*)? called thespinor norm and showing that it is onto and its kernel is
Q(Q) except in the excluded case.

In the remaining cases, we work over the finite field(@Fand writeO(n,q),
understanding that ifi is even therO®(n, g) is meant.

Proposition 6.5 Excluding the case g even and n odd:

(a) [SQ(n,0) : Q(n,q)| =2.
(b) For qodd,—I € Q%(2m,q) ifand only if "= ¢ (mod 4.

The last part is proved by calculating the spinor norm-éf Putting this to-
gether with the order formula for S@,q) already noted, we obtain the following
result:

Theorem 6.6 For m> 2, excluding the casBQ™ (4, 2), we have

[PQ(2m+1.0)| = (q”‘zﬁmz‘—l)) /(Z,Q—l)-

Proof Forq odd, have already shown that the order of(8Q) is given by the
expression in parentheses. We divide by 2 on passifyjog), and another 2 on
factoring out the scalars if and only if 4 dividg® — €. Forq even,|SO(n,q)| is
twice the bracketed expression, and we lose the factor 2 on pasd@tq) =
PQ(n,q).

m-1
|PQS(2m,q)| = (q”‘(m‘”(qm—8> rl(qz'—l)> / (4,9™—¢),

Now we note thatPQ(2m+1,q)| = |PSg2m,q)| for all m. In the casen=1,
these groups are isomorphic, since they are both isomorphic tRBLWe have
also seen that they are isomorphigis even. We will see later that they are also
isomorphic ifm = 2. However, they are non-isomorphic for> 3 andq odd.
This follows from the result of the following exercise.

Exercise 6.10Let q be odd anan > 2.

(a) The group PS2m,q) has|m/2| + 1 conjugacy classes of elements of or-
der 2.
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(b) The group ®(2m+ 1,q) hasm conjugacy classes of elements of order 2.

Hint: if t € Sp(2m,q) ort € Q(2m+1,q) = PQ(2m+ 1,q) satisfies® = 1, then

V =Vt @&V, wherevt = Av for v e V?; and the subspac&st andV— are or-
thogonal. Show that there anepossibilities for the subspac¥s™ andV~ up to
isometry; in the symplectic case, replacingy —t interchanges these two spaces
but gives the same element of R3m,q). In the case PS@m,q), there is an
additional conjugacy class arising from elemertsSp(2m, q) with t> = —1.

It follows from the Classification of Finite Simple Groups that there are at
most two non-isomorphic simple groups of any given order, and the only instances
where there are two non-isomorphic groups are

PSp2m,q) 2 PQ(2m—+1,q) for m> 3, g odd

and
PSL(3,4) 22 PSL(4,2) = As.

The lecture course will not contain detailed proofs of the simplicity@fi q),
but at least it is possible to see why PS@m, g) contains a subgroup of index 2
for g even. Recall from Chapter 3 that, for the quadratic form

X1X2 + -+ - 4+ Xom—1Xom

of Witt index min 2m variables, the flam-spaces fall into two familieg + and

F —, with the property that the intersection of two flatspaces has even codimen-
sion in each if they belong to the same family, and odd codimension otherwise.
Any element of the orthogonal group must fix or interchange the two families.
Now, for g even, SO (2m,q) contains an element which interchanges the two
families: for example, the transformation which interchanges the coordirates
andx; and fixes all the others. So S(m,q) has a subgroup of index 2 fix-

ing the two families, which i€ (2m,q). (In the case wherg is odd, such a
transformation has determinantl.)
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7 Klein correspondence and triality

The orthogonal groups in dimension up to 8 have some remarkable properties.
These include, in the finite case,

(a) isomorphisms between classical groups:

- PQ7<47 q) = PSL(Zv q2)1
— PQ(5,0) = PSf4,q),

- PQ+(67 q) = Psu47 Q)’
— PQ7(6,0) = PSU4,q);

(b) unexpected outer automorphisms of classical groups:

— an automorphism of order 2 of P&pq) for g even,
— an automorphism of order 3 ofP (8,q);

(c) further simple groups:

— Suzuki groups;
— the groupsG,(q) and3D4(q);
— Ree groups.

In this section, we look at the geometric algebra underlying some of these phe-
nomena.

Notation: we use O(2mF) for the isometry group of the quadratic form of
Witt index m on a vector space of rankr2(extending the notation over finite
fields introduced earlier). We call this quadratic foghiyperbolic Moreover, the
flat subspaces of rank 1 f@ are certain points in the corresponding projective
space P@m— 1,F); the set of such points is calledheyperbolic quadricin
PG(2m—1,F).

We also denote the orthogonal group of the quadratic form

2
Q(X1,. ., Xom+1) = X1X2 + - - - + Xom—1X2om + X5my 1

by O(2m+ 1,F), again in agreement with the finite case.
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7.1 Klein correspondence

The Klein correspondenceelates the geometry of the vector spate= F* of
rank 4 over a fieldr with that of a vector space of rank 6 ovErcarrying a
guadratic form with Witt index 3.

It works as follows. LeWV be the space of all 4 4 skew-symmetric matrices
overF. ThenW has rank 6: the above-diagonal elements of such a matrix may be
chosen freely, and then the matrix is determined.

On the vector spad#/, there is a quadratic fori given by

Q(X) =Pf(X) forall X eW.

Recall the Pfaffian from Section 4.1, where we observed in particular théat=if
(xij), then
Pf(X) = X12X34 — X13X24 + X14X23.

In particularW is the sum of three hyperbolic planes, and the Witt indeQ «f 3.
There is an actiop of GL(4,F) onW given by the rule

p(P): X —P'XP
for P e GL(4,F), X € W. Now
Pf(PXP") = det(P) Pf(X),

so p(P) preserves) if and only if de{P) = 1. Thusp(SL(4,F)) < O(Q), and
since Sl(4,F) is equal to its derived group we haggSL(4,F)) < Q*(6,F).
It is easily checked that the kernel pfconsists of scalars; so in fact we have
PSL(4,F) < PQ"(6,F).

A calculation shows that in fact equality holds here. (More on this later.)

Theorem 7.1 PQ " (6,F) = PSL(4,F). =

Examining the geometry more closely throws more light on the situation.
Since the Pfaffian is the square root of the determinant, we have

Q(X) =0if and only if X is singular.
Now a skew-symmetric matrix has even rank; s@{X) = 0 butX # 0, thenX

has rank 2.
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Exercise 7.1 Any skew-symmetriar x n matrix of rank 2 has the form
X(v,w) =viw—w'v

for somev,w € F".

Hint: Let B be such a matrix and letandw span the row space & Then
B =x'v+y'w for some vectorsx andy. Now by transposition we see that
(x,y) = (v,w). Expressx andy in terms ofv andw, and use the skew-symmetry
to determine the coefficients up to a scalar factor.

Now X (v,w) # 0 if and only ifv andw are linearly independent. If this holds,
then the row space is spannedwbgndw. Moreover,

X(av+cw bc+dw) = (ad — bc)X (v, w).

So there is a bijection between the rank 2 subspac&$ ahd the flat subspaces
of W of rank 1. In terms of projective geometry, we have:

Proposition 7.2 There is a bijection between the linesRi®(3,F) and the points
on the hyperbolic quadric i®G(5,F), which intertwines the natural actions of
PSL(4,F) andPQ*(6,F). =

This correspondence is called tKéein correspondenceand the quadric is
often referred to as thi€lein quadric

Now let A be a non-singular skew-symmetric matrix. The stabiliseA ah
p(SL(4,F)) consists of all matriceB such thaPAP" = A. These matrices com-
prise the symplectic group (see the exercise below). On the other Aarch
vector ofW with Q(A) # 0, and so the stabiliser & in the orthogonal group is
the 5-dimensional orthogonal group An (where orthogonality is with respect to
the bilinear form obtained by polarisir{@). Thus, we have

Theorem 7.3 PQ(5,F) = PSg4,F). =

Exercise 7.2 Let A be a non-singular skew-symmetrix4 matrix over a field-.
Prove that the following assertions are equivalent, for any veotors F#:

(@) X(v,w) =v'w—w'v is orthogonal toA, with respect to the bilinear form
obtained by polarising the quadratic fo@{X) = Pf(X);

(b) vandw are orthogonal with respect to the symplectic form with ma¥ix
that is,vA'w' = 0.
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Here the matriceA andA' are given by

0 aly A3 g 0 aga —ax4 a3
A | TA12 0 a3z axa P 0 a4 —a13
—a13 —a3 0 az |’ a4 -—as O a2
—a14 —a4 —az4 O —a3 a3 -—a;2 O

Now show that the transformation inducedWiby a 4x 4 matrixP fixesA if
and only ifPATPT = AT, in other wordsP is symplectic with respect tA'.
Note that, ifA is the matrix of the standard symplectic form, then salis

Now, we have two isomorphisms connecting the groupg 8% and R2(5,F)
in the case wher€ is a perfect field of characteristic 2. We can apply one and
then the inverse of the other to obtain an automorphism of the groupfSp
Now we show geometrically that it must be an outer automorphism.

The isomorphism in the preceding section was based on taking a vector space
of rank 5 and factoring out the radicZl Recall that, on any cosét+ u, the
guadratic form takes each valueHrprecisely once; in particular, there is a unique
vector in each coset on which the quadratic form vanishes. Hence there is a bi-
jection between vectors iR* and vectors inF° on which the quadratic form
vanishes. This bijection is preserved by the isomorphism. Hence, under this iso-
morphism, the stabiliser of a point of the symplectic polar space is mapped to the
stabiliser of a point of the orthogonal polar space.

Now consider the isomorphism given by the Klein correspondence. Points on
the Klein quadric correspond to lines of BX5F ), and it can be shown that, given
a non-singular matriXd, points of the Klein quadric orthogonal #ocorrespond
to flat lines with respect to the corresponding symplectic fornF6n In other
words, the isomorphism takes the stabiliser of a line (in the symplectic space) to
the stabiliser of a point (in the orthogonal space).

So the composition of one isomorphism with the inverse of the other inter-
changes the stabilisers of points and lines of the symplectic space, and so is an
outer automorphism of P& F).

7.2 The Suzuki groups

In certain cases, we can choose the outer automorphism such that its square is the
identity. Here is a brief account.
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Theorem 7.4 Let F be a perfect field of characterist& Then the polar space
defined by a symplectic form orf fiself has a polarity if and only if F has an
automorphisno satisfyingo? = 2, where2 denotes the automorphism—x x? of
F.

Proof We take the standard symplectic form

B((X1,X2,X3,%4), (Y1,Y2,¥3,Ya)) = X1Y2 + X2Y1 + Xays + XaY3.

The Klein correspondence takes the line spanned by the two fd&ings, x3, x4)
and(y1,Y2,Y3,Ya) to the point wit coordinates;, for 1 <i < j <4, wherez; =
XiYj +Xjyi. This point lies on the Klein quadric with equation

212734+ 213704+ 214723 = 0,

and also (if the line is flat) on the hyperplare + z34 = 0. This hyperplane is
orthogonal to the poinp with z;, = 734 = 1, z; = 0 otherwise. Using coordinates
(213,224,214, 223) iN P*/p, we obtain a point of the symplectic space representing
the line. This gives the duality previously defined.

Now take a poinig = (a1,ap,a3,a4) of the original space, and calculate its
image under the duality, by choosing two flat lines througltalculating their
images, and taking the line joining them. Assuming @naanda, are non-zero,
we can use the lines joining to the points(as,ap,0,0) and (0,a4,a3,0); their
images aréa; ag, apas, 124, &paz) and(a2,a3,0,a;a, + agas). Now compute the
image of the line joining these two points, which turns out tdafeas, a3,a3). In
all other cases, the result is the same d3e- 2.

If there is a field automorphisra such thato? = 2, thendo ! is a duality
whose square is the identity, that is, a polarity.

Conversely, suppose that there is a polaritfhendrt is a collineation, hence
a product of a linear transformation and a field automorphismdsaygo. Since
& = 2 andt? = 1, we have that® = 2 as required. m

It can further be shown that the set of collineations which commute with this
polarity is a grougs which acts doubly transitively on the $@tof absolute points
of the polarity, and tha® is anovoid(that is, each flat line contains a unique point
of Q. If |F| > 2, then the derived group @ is a simple group, th8uzuki group
Sz(F).

The finite field GFq), whereq = 2™, has an automorphismsatisfyingo? = 2
if and only if mis odd (in which case,®+1)/2 is the required automorphism). In
this case we havi| = g° + 1, and|Szq)| = (¢° 4+ 1)9°(q—1). Forq= 2, the
Suzuki group is not simple, being isomorphic to the Frobenius group of order 20.
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7.3 Clifford algebras and spinors

We saw earlier (Proposition 3.11) thatQfis a hyperbolic quadratic form da®™,
then the maximal flat subspaces @fall into two familiesS™ andS—, such that
if SandT are maximal flat subspaces, thBn T has even codimension Band
T if and only if SandT belong to the same family.

In this section we represent the maximal flat subspaces as points in a larger
projective space, based on the spacesmhors The construction is algebraic.
First we briefly review facts about multilinear algebra.

LetV be a vector space over a fidid with rankm. Thetensor algebraf V,
written ®V, is the largest associative algebra generated bya linear fashion.

In other words, ]
XV =PDRV,

n>0

where, for example®?V =V ®V is spanned by symbois® w, with v,w € V,
subject to the relations

(Vi+V2) ®@W = V1 QW+ Vo @ W,
VR (Wg + Wo) = VR W1 + VR Wo,
(cvy@w= c(VR®W) =VQ®CW

(Formally, it is the quotient of the free associative algebra évevith basisV
by the ideal generated by the differences of the left and right sides of the above
identities.) The algebra iN-graded, that is, it is a direct sum of components
Vh = ®"V indexed by the natural numbers, M @ Vi, € Vingtn,.

If (e1,...,em) is a basis fol, then a basis fo®"V consists of all symbols

31®32®“'®Qm

foris,...,in€{1,...,m}; thus,

rk(éV) =m".

The exterior algebraof V is similarly defined, but we add an additional con-
dition, namelyw A v =0 for allv e V. (In this algebra we write the multiplication
asA.) Thus, the exterior algebrgV is the quotient oV by the ideal generated
byvevforallveV.
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In the exterior algebra, we have\w = —wA V. For
0= (V+W)A(V+W) =VAVH+VAW+WAV+WAW,

and the first and fourth terms on the right are zero. This means that, in any ex-
pressione, A&, A--- A€, we can rearrange the factors (possibly changing the
signs), and if two adjacent factors are equal then the product is zero. Thaf) the
componenf\"V has a basis consisting of all symbols

e, e, N\ A|,

whereiy <iz < ... <ip. In particular,

so that\"V + {0} for n > m; and

k(A\V) = ni (r:) _om

Note that tKA™V) = 1. Any linear transformatiof of V induces in a natural
way a linear transformation o®"V or A"V for anyn. In particular, the trans-
formation A™T induced onA™V is a scalar, and this provides a coordinate-free
definition of the determinant:

detT) = RT.

Now let Q be a quadratic form o¥. We define theClifford algebra G Q) of
Q to be the largest associative algebra generatéd imywhich the relation

v-v=Q()

holds. (We use for the multiplication inC(Q). Note that, ifQ is the zero form,
thenC(Q) is just the exterior algebra. B is the bilinear form obtained by polar-
ising Q, then we have

V-W+W-V=B(V,w).

This follows because
Q(Vv+w) = (V+W)- (VFW) =V-V+V-W+W-V+W-W
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and also
Q(v+w) = Q(v) + Q(w) + B(v,w).
Now, when we arrange the factors in an expression like
eil . 32 v Qm

we obtain terms of degree— 2 (and hencen—4,n—6,... as we continue). So
again we can say that tlth component has a basis consisting of all expressions

eil.eiz...am

wherei; < iz < ... < ip, so that rkC(Q)) = 2™. But this time the algebra is
not graded but onlyZ,-graded. That is, if we 1eE° andC; be the sums of the
components of even (resp. odd) degree, tBet! C C'*1, where the superscripts
are taken modulo 2.

Suppose tha® polarises to a non-degenerate bilinear f@nLet G = O(Q)
andC = C(Q). TheClifford group ' (Q) is defined to be the group of all those
unitss € C such thas 'V s=V. Note that (Q) has an actiol onV by the rule

s:vi— s lvs
Proposition 7.5 The actiony of '(Q) on V is orthogonal.
Proof
Q(s lvg = (s tvg? =s Vs =s71Q(v)s= Q(v),

sinceQ(Vv), being a scalar, lies in the centre@f =

We state without proof:
Proposition 7.6 (a) X(M'(Q)) =0O(Q);
(b) ker(x) is the multiplicative group of invertible central elements ¢€)J. =

The structure o€(Q) can be calculated in special cases. The one which is of
interest to us is the following:

Theorem 7.7 Let Q be hyperbolic on #". Then GQ) = End(S), where S is a
vector space of rankR™ over F called thespace of spinorsin particular, I'(Q)
has a representation on S, called th@n representation
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The theorem follows immediately by induction from the following lemma:

Lemma 7.8 Suppose that @ Q' +yz, where y and z are variables not occurring

in Q. Then GQ) = M2,2(C(Q')).

Proof LetV =V’ (e f). ThenV’ generate€(Q’), andV’, e, f generat€(Q).
We represent these generators by 2 matrices ove€(Q') as follows:

v oo v O
0 —v)’
e 01
0 0)’
0 0
f — (1 0).
Some checking is needed to establish the relatioms.

Let Sbe the vector space affording the spin representatiobl. i a flatm-
subspace of, let fy be the product of the elements in a basidJof(Note that
fu is uniquely determined up to multiplication by non-zero scalars; indeed, the
subalgebra o€(Q) generated by is isomorphic to the exterior algebra 0f)
Now it can be shown that fy and fyC are minimal left and right ideals df.
SinceC = End(S), each minimal left ideal has the forfT : VT C X} and each
minimal right ideal has the forriT : ker(T) 2 Y}, whereX andY are subspaces
of V of dimension and codimension 1 respectively. In particular, a minimal left
ideal and a minimal right ideal intersect in a subspace of rank 1.

Thus we have a map from the set of flaim-subspaces o¥ into the set of
1-subspaces @&.

Vectors which span subspaces in the image afe calledoure spinors

Theorem 7.9 S= St @ S~, whererk(S") = rk(S™) = 2™1. Moreover, any pure
spinor lies in either $ or S~ according as the corresponding maximal flat sub-
space liesinstorS™. =

Furthermore, it is possible to define a quadratic forion S, whose corre-
sponding bilinear fornf8 is non-degenerate, so that the following holds:

e if mis odd, thenSt andS~ are flat subspaces fgr andf3 induces a non-
degenerate pairing between them;
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e if mis even, therSt and S~ are orthogonal with respect , andy is
non-degenerate hyperbolic on each of them.

We now look briefly at the case = 3. In this case, rB" =rk(S™) = 4. The
Clifford group has a subgroup of index 2 fixir® andS~, and inducing dual
representations of §4,F) on them. We have here the Klein correspondence in
another form.

This casen = 4 is even more interesting, as we see in the next section.

7.4  Triality

Suppose that, in the notation of the preceding sectior; 4. That is,Q is a
hyperbolic quadratic form o = F&, and the spinor spac®is the direct sum of
two subspaceS™ andS™ of rank 8, each carrying a hyperbolic quadratic form of
rank 8. So each of these two spaces is isomorphic to the original $palieere
is an isomorphismt (thetriality map) of order 3 which take¥ to S* to S toV,
and take® to y|S" toy|S™ to Q. Moreover,t induces an outer automorphism of
order 3 of the group @ (8,F).

Moreover, we have:

Proposition 7.10 A vector s S is a pure spinor if and only if

(@) se Sforse S ; and
(b) y(s)=0. =m

Hencert takes the stabiliser of a point to the stabiliser of a maximal flat sub-
space inS™ to the stabiliser of a maximal flat subspaceinback to the stabiliser
of a point.

It can be shown that the centraliserwin the orthogonal group is the group
G,(F), anexceptional group of Lie typavhich is the automorphism group of an
octonion algebra ovef.

Further references for this chapter are in C. Chevallég Algebraic Theory
of Spinors and Clifford Algebra@Collected Works Vol. 2), Springer, 1997.
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8 Further topics

The main topic in this section schbacher’s Theoremwvhich describes the sub-
groups of the classical groups. First, there are two preliminarie©'tian—Scott
Theoremwhich does a similar job for the symmetric and alternating groups; and
the structure oéxtraspecial p-groupswhich is an application of some of the ear-
lier material and also comes up unexpectedly in Aschbacher’s Theorem.

8.1 Extraspecialp-groups

An extraspecial p-groujs a p-group (for some primg) having the property that
its centre, derived group, and Frattini subgroup all coincide and have prder
Otherwise said, it is a non-abelig;groupP with a normal subgroug such that
|Z| = pandP/Z is elementary abelian.

For example, of the five groups of order 8, two (the dihedral and quaternion
groups) are extraspecial; the other three are abelian.

Exercise 8.1 Prove that the above conditions are equivalent.

Theorem 8.1 An extraspecial p-group has ordef'pwhere m is odd and greater
thanl. For any prime p and any odd m 1, there are up to isomorphism exactly
two extraspecial p-groups of ordefp

Proof We translate the classification of extraspegdajroups into geometric al-
gebra. First, note that such a group is nilpotent of class 2, and hence satisfies the
following identities:

xy.Z = [x2ly,2, (2)

(xy)" = XYy, "2, (3)

(Here[x,y] = x 1y~ 1xy.)

Exercise 8.2 Prove that these equations hold in any group which is nilpotent of
class 2.

Let P be extraspecial with cent® ThenZ is isomorphic to the additive group

of F = GF(p); we identifyZ with F. Also, P/Z, being elementary abelian, is iso-
morphic to the additive group of a vector spateverF; we identifyP/Z with V.
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Of course, we have to be prepared to switch between additive and multiplicative
notation.

The structure oP is determined by two functiorB:V xV — F andQ:V —
F, defined as follows. SincB/Z is elementary abelian, the commutator of any
two elements oP, or thepth power of any element ¢, lie in Z. So commutation
and pth power are maps froR x P to F and fromP to F. Each is unaffected by
changing its argument by an elemen@gfsince

xzy] = [x,y] = [x,yZ and(x2)? = xP

for ze Z. So we have induced mapgZ x P/Z — Z andP/Z — Z, which (under
the previous identifications) are our requit@dndQ.

Exercise 8.3 Show that the structure &f can be reconstructed uniquely from the
field F, the vector spac¥, and the mapB andQ above.

Now Equation (2) shows tha is bilinear. Since[x,x] = 1 for all x, it is
alternating. Elements of its radical lie in the centr@pivhich isZ by assumption;
soB is nondegenerate. Thissis a symplectic form.

In particular,n=rk(V) is even; sdP| = p™ wherem= 1+ nis odd, proving
the first part of the theorem.

Now the analysis splits into two cases, accordingas2 or p is odd.

Casep =2 Now consider the mag. Since|Z| = 2, we havely,x| =
[x,y]71 = [x,y] for all x,y. Now Equation (3) fom = 2, in additive notation,
asserts that

Q(x+y) = Q(x) + Q(y) +B(x,y),

In other wordsQ is a quadratic form which polarises B
Since there are just two inequivalent quadratic forms, there are just two possi-
ble groups of each order up to isomorphism.

Casepodd The difference is caused by the behavioupfb—1)/2 modp:
for podd, p dividesp(p—1)/2. Hence Equation (3) asserts

Q(x+Y) = Q(x) +Q(y).

In other wordsQ is linear. Any linear function can be uniquely represented as
Q(x) = B(x,a) for some vectoma € V. Since the symplectic group has just two
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orbits onV, namely{0} and the set of all non-zero vectors, there are again just
two different groups. Note that the choiee= 0 gives a group of exponemt,
while a # 0 gives a group of exponept. =

Corollary 8.2 (a) The outer automorphism groups of the extraspeigidoups
of order2'+2" are the orthogonal group©¢(2r, 2), for € = +1.

(b) Let p be odd. The outer automorphism group of the extraspecial p-group of
order pt+2" and exponent p is thgeneral symplectic group GS, p) con-
sisting of linear maps preserving the symplectic form up to a scalar factor.
The automorphism group of the extraspecial p-group of orderpand
exponent pis the stabiliser of a non-zero vector in the general symplectic

group.

Exercise 8.4 (a) LetP; andP, be groups an@ an isomorphism between cen-
tral subgroup; andZ, of P, andP.. Thecentral product Po P, of P; and
P> with respect td is the factor group

(PLxP)/{(z1,28):z€ Z4}.

Prove that the central product of extraspegajroups is extraspecial, and
corresponds to taking the orthogonal direct sum of the corresponding vector
spaces with forms.

(b) Hence prove that any extraspeqiagjroup of ordemp!*? is a central prod-
uct ofr extraspecial groups of orde? where

— if p=2, all or all but one of the factors is dihedral;
— if pis odd, all or all but one of the factors has expongnt

We conclude with one more piece of information about extraspecial groups.
Let p be extraspecial of ordg*™?". The p elements of the centre lie in conjugacy
classes of size 1; all other conjugacy classes havepsige there arg? + p—1
conjugacy classes. Hence there are the same number of irreducible characters.
But P/P’ has orderp?, so there are@? characters of degree 1. It is easy to see
that the remaining — 1 characters each have degpéethey are distinguished by
the values they take on the centreFof

For p = 2, there is only one non-linear character, which is fixed by outer auto-
morphisms of. Thus the representation Bflifts to the extensior?. Q#(2r, 2).
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For p = 2, suppose thaP has exponenp. The subgroup Sgr, p) of the
outer automorphism group acts trivially on the centre, so fixepthé& non-linear
representations; again, these representations Ft3o(2r, p).

In the case of the last remark, the representatidd $f(2r, p) can be written
over GHI) (I a prime power) provided that this field contains primitpté roots
of unity, thatis| =1 (modp). For the corresponding case wijth= 2, we require
primitive 4th roots of unity, thatid,=1 (mod 4.

Thus, if these conditions hold, then Gt!, |) contains a subgroup isomorphic
to P.Sp(2r, p) or PQ%(2r,2) (for p=2).

8.2 The O’'Nan-Scott Theorem

The O’Nan-Scott Theorem for subgroups of symmetric and alternating groups is
a slightly simpler prototype for Aschbacher’s Theorem
A group G is calledalmost simpldf S< G < Aut(S) for some non-abelian
finite simple groufs.
We define five classes of subgroups of the symmetric gi®uas follows:
G {&xS:k+1=nk]l>1} intransitive

G {SS :kl=nk| >2} imprimitive
G {SQS:K =nkl>2} product action
G {AGL(d,p): p®=n} affine

G {(TY).(0Out(T) x &) : k> 2} diagonal
In the last row of the tablel is a non-abelian simple group, and the group
in question has itgliagonal action the stabiliser of a point is A(T) x § =
(Tq).(Out(T) x S), where the embedding @f in TX is the diagonal one, as

Ty={(t,t,....t) ;e T},

and the action ol = Ty is by inner automorphisms.
Now we can state the O’Nan—Scott Theorem.

Theorem 8.3 Let G be a subgroup of,®r A,, not equal to gor A,. Then either

(a) Giscontained in a subgroup belonging to one of the clagses=1,....5;
or

(b) G is primitive and almost simple.
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Note that the action d& in case (b) is not specified.

We sketch a proof of the theorem. & is intransitive, then it is contained in
a maximal intransitive subgroup, which belongsgo If G is transitive but im-
primitive, then it is contained in a maximal imprimitive subgroup, which belongs
to (». So we may suppose th@tis primitive.

LetN be thesocleof G, the product of its minimal normal subgroups. Itis well
known and easy to prove that a primitive group has at most two minimal normal
subgroups; if there are two, then they are abelianN $oa product of isomorphic
simple groups.

Now the steps required to complete the proof are as follows:

e If N is abelian, then it is elementary abelian of orgérfor some primep,
andN is regular, s;m = pY. ThenG < AGL(d, p) = p: GL(d, p), soG is
contained in a group id;.

¢ If N is non-abelian but not simple, then it can be shown @&t contained
in a group in(3U Cs.

e Of course, ifN is simple, therG is almost simple.

In order to understand the maximal subgroupsSofand A, there are two
things to do now. The theorem shows that the maximal subgroups are either in
the classeg1—(s or almost simple. First, we must resolve the question of which
of these groups contains another; this has been done by Liebeck, Praeger and
Saxl. Second, we must understand how almost simple groups act as primitive
permutation groups; equivalently, we must understand their maximal subgroups
(since a primitive action of a group is isomorphic to the action on the right cosets
of a maximal subgroup).

According to the Classification of Finite Simple Groups, most of the finite
simple groups are classical groups. So this leads us naturally to the question of
proving a similar result for classical groups.

8.3 Aschbacher’s Theorem

Aschbacher’'s Theorem is the required result. After a preliminary definition, we
give the eight classes of subgroups, and then state the theorem.

A subgroupH of GL(n,F) is said to berreducible if no subspace oF" is
invariant undeH. We say that is absolutely irreduciblef, regarding elements
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of H asn x n matrices oveF, the group they generate is an irreducible subgroup
of GL(n,K) for any algebraic extension fiell of F.
For example, the group

cosB —sinB\ .
SORR) = {(sine cosd ) 'GER}

is irreducible but not absolutely irreducible since, if we write it relative to the basis
(e1+iex, €1 —ie), the group would be

(o &)}

Now we describe the Aschbacher classes. The examples of groups in these
classes will refer particularly to the general linear groups, but the definitions apply
to all the classical groups. We tbe the natural module for the classical group
G.

(1 consists of reducible groups, those which stabilise a sub&aufe/. In
GL(V), the stabiliser ofV consists of matrices which, in block form (the basis of

W coming first), have shape
A O
X B)’

whereA e GL(k,F), Be GL(l,F) (with k+I = n), andX an arbitraryl x k matrix;
its structure iFFK : (GL(k,F) x GL(I,F)).

Note that, in a classical group with a sesquilinear f@&nf the subspac®V is
fixed, then so iV NW-. So we may assume that eithemW-+ = {0} (so that
W is non-degenerate) % < W+ (so thatw is flat).

(> consists of irreducible but imprimitive subgroups, those which preserve
a direct sum decomposition

V=VioVo@ - DV,

where rkV;) = m andn = mt; elements of the group permute these subspaces
among themselves. The stabiliser of the decomposition im@L) is GL(m,F )2

S.
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(3 consists ofsuperfield groups That is, a group in this class is a classi-
cal group acting on Gfg' )™, whererm = n, and it is embedded in Gh,q) by
restricting scalars on the vector space from(Fto GHq). Elements of the
Galois group of GFq") over GHq) are also linear. So in Gln,q), a subgroup of
this form has shape Gin,d') : C;. For maximality, we may taketo be prime.

In the case of the classical group, we must sometimes modify the form (by
taking its trace from GH") to GHq)); this may change the type of the form.

Ca consists of groups which preserve a tensor product struvtute" @
F"2, with nyn, = n. The appropriate subgroup of @i, F) is the central prod-
uct GL(n1,F) o GL(n2,F). We can visualise this example most easily by taking
V to be the vector space of alj x n, matrices, and letting the paiA,B) €
GL(n1,F) x GL(n2,F) act by the rule

(A,B): X — A"IXB.

The kernel of the action is the appropriate subgroup which has to be factored out
to form the central product.

Gs consists osubfield groupsthat is, subgroups obtained by restricting the
matrix entries to a subfield Gp) of GF(q), whereq = ¢, (and we may take to
be prime).

(s consists of groups with extraspecial normal subgroups. We saw in the
section on extraspecial groups that the greL®p(2r, p) or (if p=2) PQ%(2r,2)
can be embedded in Gp",1) if p (or 4) dividesl — 1. These, together with the
scalars in GH), form the groups in this class.

(7 consists of groups preserving tensor decompositions of the form
with rk(V;) = mandn = mf. These are somewhat difficult to visualise!

(s consists of classical subgroups. Thus, any classical group actif¢ on
can occur here as a subgroup of @LF) provided that it is not obviously non-
maximal (e.g. we exclud@t(2r,q) for q even, since these groups are contained

in Sp(2r,q). However, these groups would occur as classubgroups of the
symplectic group.

92



Now some notation for Aschbacher’'s Theorem. WeXét|) denote a clas-
sical group over Gfg), andV = GF(q)" its natural module. AlsoQ(q) is the
normal subgroup oX(q) such thatQ(qg) modulo scalars is simple; ant(q)
is the normaliser oiX(q) in the group of all invertible semilinear transforma-
tions of GKq)". A bar over the name of a group denotes that we have factored
out scalars. Note thak(q) is the automorphism group d®(q) except in the
casesX(q) = GL(n,q) (where there is an outer automorphism induced by dual-
ity), X(q) = O"(8,q) (where there is an outer automorphism induced by triality),
andX(q) = Sp(4,q) with g even (where there is an outer automorphism induced
by the exceptional duality of the polar space).

Theorem 8.4 With the above notation, |€2(q) < G < A(q), and suppose that H
is a subgroup of G not containin@(q). Then either

(a) H is contained in a subgroup in one of the clasggs. ., Cg; or

(b) H is absolutely irreducible and almost simple modulo scalars.

Kleidman and Liebecklhe Subgroup Structure of the Finite Classical Grqups
London Mathematical Society Lecture Note Serdl@9 Cambridge University
Press, 1990, gives further details, including an investigation of which of the groups
in the Aschbacher classes are actually maximal.
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A short bibliography on classical groups

Standard books on classical groups are Artin [2], Dieuéojid], Dickson [13]
and, for a more modern account, Taylor [22]. Cameron [5] describes the underly-
ing geometry.

Books on related topics include Cohn [10] on division rings, Gorenstein [15]
for the classification of finite simple groups, tARELAS11] for properties of small
simple groups (including all the sporadic groups), th@ndbook of Incidence
Geometry[4] for a detailed account of many topics including the geometry of
the classical groups, Chevalley [9] on Clifford algebras, spinors and triality, and
Kleidman and Liebeck [17] on subgroups of classical groups. (The last book is a
detailed commentary on the theorem of Aschbacher [3], itself the culmination of a
line of research commencing with Galois and continuing through Cooperstein [12]
and Kantor [16]. Cameron [6] has some geometric speculations on Aschbacher’s
Theorem.)

Carter [8] discusses groups of Lie type (identifying many of these with clas-
sical groups). The natural geometries for the groups of Lie type are buildings:
see Tits [23] for the classification of spherical buildings, and Scharlau [21] for a
modern account.

The other papers in the bibliography discuss aspects of the generation, sub-
groups, or representations of the classical groups. The list is not exhaustive!
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