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1 Fields and vector spaces

In this section we revise some algebraic preliminaries and establish notation.

1.1 Division rings and fields

A division ring, or skew field, is a structureF with two binary operations called
additionandmultiplication, satisfying the following conditions:

(a) (F,+) is an abelian group, with identity 0, called theadditive groupof F ;

(b) (F \0, ·) is a group, called themultiplicative groupof F ;

(c) left or right multiplication by any fixed element ofF is an endomorphism of
the additive group ofF .

Note that condition (c) expresses the two distributive laws. Note that we must
assume both, since one does not follow from the other.

The identity element of the multiplicative group is called 1.
A field is a division ring whose multiplication is commutative (that is, whose

multiplicative group is abelian).

Exercise 1.1Prove that the commutativity of addition follows from the other ax-
ioms for a division ring (that is, we need only assume that(F,+) is a group in
(a)).

Exercise 1.2A real quaternionhas the forma+ bi + cj + dk, wherea,b,c,d ∈
R. Addition and multiplication are given by “the usual rules”, together with the
following rules for multiplication of the elements 1, i, j,k:

· 1 i j k
1 1 i j k
i i −1 k −j
j j −k −1 i
k k j −i −1

Prove that the setH of real quaternions is a division ring. (Hint: If q = a+bi +
cj +dk, let q∗ = a−bi−cj−dk; prove thatqq∗ = a2 +b2 +c2 +d2.)
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Multiplication by zero induces the zero endomorphism of(F,+). Multiplica-
tion by any non-zero element induces an automorphism (whose inverse is mul-
tiplication by the inverse element). In particular, we see that the automorphism
group of (F,+) acts transitively on its non-zero elements. So all non-zero ele-
ments have the same order, which is either infinite or a primep. In the first case,
we say that thecharacteristicof F is zero; in the second case, it hascharacteristic
p.

The structure of the multiplicative group is not so straightforward. However,
the possible finite subgroups can be determined. IfF is a field, then any finite
subgroup of the multiplicative group is cyclic. To prove this we requireVander-
monde’s Theorem:

Theorem 1.1 A polynomial equation of degree n over a field has at most n roots.

Exercise 1.3Prove Vandermonde’s Theorem. (Hint: If f (a) = 0, then f (x) =
(x−a)g(x).)

Theorem 1.2 A finite subgroup of the multiplicative group of a field is cyclic.

Proof An elementω of a fieldF is annth root of unityif ωn = 1; it is aprimitive
nth root of unity if alsoωm 6= 1 for 0< m< n.

Let G be a subgroup of ordern in the multiplicative group of the fieldF . By
Lagrange’s Theorem, every element ofG is annth root of unity. If G contains a
primitive nth root of unity, then it is cyclic, and the number of primitiventh roots
is φ(n), whereφ is Euler’s function. If not, then of course the number of primitive
nth roots is zero. The same considerations apply of course to any divisor ofn. So,
if ψ(m) denotes the number of primitivemth roots of unity inG, then

(a) for each divisorm of n, eitherψ(m) = φ(m) or ψ(m) = 0.

Now every element ofG has some finite order dividingn; so

(b) ∑
m|n

ψ(m) = n.

Finally, a familiar property of Euler’s function yields:

(c) ∑
m|n

φ(m) = n.

From (a), (b) and (c) we conclude thatψ(m) = φ(m) for all divisorsm of n. In
particular,ψ(n) = φ(n) 6= 0, andG is cyclic.
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For division rings, the position is not so simple, since Vandermonde’s Theorem
fails.

Exercise 1.4Find all solutions of the equationx2 +1 = 0 in H.

However, the possibilities can be determined. LetG be a finite subgroup of
the multiplicative group of the division ringF . We claim that there is an abelian
groupA such thatG is a group of automorphisms ofA acting semiregularly on the
non-zero elements. LetB be the subgroup of(F,+) generated byG. ThenB is a
finitely generated abelian group admittingG acting semiregularly. IfF has non-
zero characteristic, thenB is elementary abelian; takeA = B. Otherwise, choose
a primep such that, for allx,g∈ G, the element(xg− x)p−1 is not inB, and set
A = B/pB.

The structure of semiregular automorphism groups of finite groups (a.k.a.
Frobenius complements) was determined by Zassenhaus. See Passman,Permu-
tation Groups, Benjamin, New York, 1968, for a detailed account. In particular,
either G is metacyclic, or it has a normal subgroup isomorphic to SL(2,3) or
SL(2,5). (These are finite groupsG having a unique subgroupZ of order 2, such
thatG/Z is isomorphic to the alternating groupA4 or A5 respectively. There is a
unique such group in each case.)

Exercise 1.5 Identify the division ringH of real quaternions with the real vec-
tor spaceR4 with basis{1, i, j,k}. Let U denote the multiplicative group ofunit
quaternions, those elementsa+bi+cj+dk satisfyinga2+b2+c2+d2 = 1. Show
that conjugation by a unit quaternion is an orthogonal transformation ofR4, fixing
the 1-dimensional space spanned by 1 and inducing an orthogonal transformation
on the 3-dimensional subspace spanned by i, j,k.

Prove that the map fromU to the 3-dimensional orthogonal group has kernel
±1 and image the group of rotations of 3-space (orthogonal transformations with
determinant 1).

Hence show that the groups SL(2,3) and SL(2,5) are finite subgroups of the
multiplicative group ofH.

Remark: This construction explains why the groups SL(2,3) and SL(2,5) are
sometimes called thebinary tetrahedralandbinary icosahedralgroups. Construct
also abinary octahedralgroup of order 48, and show that it is not isomorphic to
GL(2,3) (the group of 2× 2 invertible matrices over the integers mod 3), even
though both groups have normal subgroups of order 2 whose factor groups are
isomorphic to the symmetric groupS4.
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1.2 Finite fields

The basic facts about finite fields are summarised in the following two theorems,
due to Wedderburn and Galois respectively.

Theorem 1.3 Every finite division ring is commutative.

Theorem 1.4 The number of elements in a finite field is a prime power. Con-
versely, if q is a prime power, then there is a unique field with q elements, up to
isomorphism.

The unique finite field with a given prime power orderq is called theGalois
field of orderq, and denoted by GF(q) (or sometimesFq). If q is prime, then
GF(q) is isomorphic toZ/qZ, the integers modq.

We now summarise some results about GF(q).

Theorem 1.5 Let q= pa, where p is prime and a is a positive integer. Let F=
GF(q).

(a) F has characteristic p, and its additive group is an elementary abelian p-
group.

(b) The multiplicative group of F is cyclic, generated by a primitive(pa−1)th
root of unity (called aprimitive elementof F).

(c) The automorphism group of F is cyclic of order a, generated by theFrobenius
automorphismx 7→ xp.

(d) For every divisor b of a, there is a unique subfield of F of order pb, consisting
of all solutions of xp

b
= x; and these are all the subfields of F.

Proof Part (a) is obvious since the additive group contains an element of orderp,
and part (b) follows from Theorem 1.2. Parts (c) and (d) are most easily proved
using Galois theory. LetE denote the subfieldZ/pZ of F . Then the degree of
F over E is a. The Frobenius mapσ : x 7→ xp is anE-automorphism ofF , and
has ordera; so F is a Galois extension ofE, andσ generates the Galois group.
Now subfields ofF necessarily containE; by the Fundamental Theorem of Galois
Theory, they are the fixed fields of subgroups of the Galois group〈σ〉.
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For explicit calculation inF = GF(pa), it is most convenient to represent it
asE[x]/( f ), whereE = Z/pZ, E[x] is the polynomial ring overE, and f is the
(irreducible) minimum polynomial of a primitive element ofF . If α denotes the
coset( f )+x, thenα is a root of f , and hence a primitive element.

Now every element ofF can be written uniquely in the form

c0 +c1α+ · · ·+ca−1αa−1,

wherec0,c1, . . . ,ca−1∈E; addition is straightforward in this representation. Also,
every non-zero element ofF can be written uniquely in the formαm, where
0 ≤ m < pa− 1, sinceα is primitive; multiplication is straightforward in this
representation. Using the fact thatf (α) = 0, it is possible to construct a table
matching up the two representations.

Example The polynomialx3 +x+1 is irreducible overE = Z/2Z. So the field
F = E(α) has eight elements, whereα satisfiesα3 + α +1 = 0 overE. We have
α7 = 1, and the table of logarithms is as follows:

α0 1
α1 α
α2 α2

α3 α+1
α4 α2 +α
α5 α2 +α+1
α6 α2 +1

Hence
(α2 +α+1)(α2 +1) = α5 ·α6 = α4 = α2 +α.

Exercise 1.6Show that there are three irreducible polynomials of degree 4 over
the field Z/2Z, of which two are primitive. Hence construct GF(16) by the
method outlined above.

Exercise 1.7Show that an irreducible polynomial of degreem over GF(q) has a
root in GF(qn) if and only if m dividesn.

Hence show that the numberam of irreducible polynomials of degreem over
GF(q) satisfies

∑
m|n

mam = qn.
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Exercise 1.8Show that, ifq is even, then every element of GF(q) is a square;
while, if q is odd, then half of the non-zero elements of GF(q) are squares and
half are non-squares.

If q is odd, show that−1 is a square in GF(q) if and only if q≡ 1 (mod 4).

1.3 Vector spaces

A left vector spaceover a division ringF is a unital leftF-module. That is, it is
an abelian groupV, with a anti-homomorphism fromF to End(V) mapping 1 to
the identity endomorphism ofV.

Writing scalars on the left, we have(cd)v = c(dv) for all c,d ∈ F andv∈V:
that is, scalar multiplication bycd is the same as multiplication byd followed by
multiplication byc, not vice versa. (The opposite convention would makeV a
right (rather than left) vector space; scalars would more naturally be written on
the right.) The unital condition simply means that 1v = v for all v∈V.

Note thatF is a vector space over itself, using field multiplication for the scalar
multiplication.

If F is a division ring, theoppositedivision ringF◦ has the same underlying
set asF and the same addition, with multiplication given by

a◦b = ba.

Now a right vector space overF can be regarded as a left vector space overF◦.
A linear transformation T: V →W between two leftF-vector spacesV and

W is a vector space homomorphism; that is, a homomorphism of abelian groups
which commutes with scalar multiplication. We write linear transformations on
the right, so that we have

(cv)T = c(vT)

for all c∈ F , v∈V. We add linear transformations, or multiply them by scalars,
pointwise (as functions), and multiply then by function composition; the results
are again linear transformations.

If a linear transformationT is one-to-one and onto, then the inverse map is
also a linear transformation; we say thatT is invertible if this occurs.

Now Hom(V,W) denotes the set of all linear transformations fromV to W.
Thedual spaceof F is F∗ = Hom(V,F).

Exercise 1.9Show thatV∗ is a right vector space overF .
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A vector space isfinite-dimensionalif it is finitely generated asF-module.
A basis is a minimal generating set. Any two bases have the same number of
elements; this number is usually called the dimension of the vector space, but in
order to avoid confusion with a slightly different geometric notion of dimension,
I will call it the rank of the vector space. The rank ofV is denoted by rk(V).

Every vector can be expressed uniquely as a linear combination of the vectors
in a basis. In particular, a linear combination of basis vectors is zero if and only if
all the coefficients are zero. Thus, a vector space of rankn overF is isomorphic
to Fn (with coordinatewise addition and scalar multiplication).

I will assume familiarity with standard results of linear algebra about ranks
of sums and intersections of subspaces, about ranks of images and kernels of
linear transformations, and about the representation of linear transformations by
matrices with respect to given bases.

As well as linear transformations, we require the concept of asemilinear trans-
formationbetweenF-vector spacesV andW. This can be defined in two ways. It
is a mapT from V to W satisfying

(a) (v1 +v2)T = v1T +v2T for all v1,v2 ∈V;

(b) (cv)T = cσvT for all c∈ F , v∈V, whereσ is an automorphism ofF called
theassociated automorphismof T.

Note that, ifT is not identically zero, the associated automorphism is uniquely
determined byT.

The second definition is as follows. Given an automorphismσ of F , we extend
the action ofσ to Fn coordinatewise:

(c1, . . . ,cn)σ = (cσ
1, . . . ,cσ

n).

Hence we have an action ofσ on anyF-vector space with a given basis. Now a
σ-semilinear transformationfrom V to W is the composition of a linear transfor-
mation fromV to W with the action ofσ onW (with respect to some basis).

The fact that the two definitions agree follows from the observations

• the action ofσ onFn is semilinear in the first sense;

• the composition of semilinear transformations is semilinear (and the associ-
ated automorphism is the composition of the associated automorphisms of
the factors).
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This immediately shows that a semilinear map in the second sense is semilinear
in the first. Conversely, ifT is semilinear with associated automorphismσ, then
the composition ofT with σ−1 is linear, soT is σ-semilinear.

Exercise 1.10Prove the above assertions.

If a semilinear transformationT is one-to-one and onto, then the inverse map
is also a semilinear transformation; we say thatT is invertible if this occurs.

Almost exclusively, I will consider only finite-dimensional vector spaces. To
complete the picture, here is the situation in general. In ZFC (Zermelo–Fraenkel
set theory with the Axiom of Choice), every vector space has a basis (a set of
vectors with the property that every vector has a unique expression as a linear
combination of afinite set of basis vectors with non-zero coefficients), and any
two bases have the same cardinal number of elements. However, without the
Axiom of Choice, there may exist a vector space which has no basis.

Note also that there exist division ringsF with bimodulesV such thatV has
different ranks when regarded as a left or a right vector space.

1.4 Projective spaces

It is not easy to give a concise definition of a projective space, since projective
geometry means several different things: a geometry with points, lines, planes,
and so on; a topological manifold with a strange kind of torsion; a lattice with
meet, join, and order; an abstract incidence structure; a tool for computer graphics.

Let V be a vector space of rankn+ 1 over a fieldF . The “objects” of the
n-dimensional projective space are the subspaces ofV, apart fromV itself and the
zero subspace{0}. Each object is assigned a dimension which is one less than its
rank, and we use geometric terminology, so thatpoints, linesandplanesare the
objects of dimension 0, 1 and 2 (that is, rank 1, 2, 3 respectively). Ahyperplaneis
an object having codimension 1 (that is, dimensionn−1, or rankn). Two objects
are incident if one contains the other. So two objects of the same dimension are
incident if and only if they are equal.

Then-dimensional projective space is denoted by PG(n,F). If F is the Galois
field GF(q), we abbreviate PG(n,GF(q)) to PG(n,q). A similar convention will
be used for other geometries and groups over finite fields.

A 0-dimensional projective space has no internal structure at all, like an ide-
alised point. A 1-dimensional projective space is just a set of points, one more
than the number of elements ofF , with (at the moment) no further structure. (If
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{e1,e2} is a basis forV, then the points are spanned by the vectorsλe1 +e2 (for
λ ∈ F) ande1.)

For n > 1, PG(n,F) contains objects of different dimensions, and the relation
of incidence gives it a non-trivial structure.

Instead of our “incidence structure” model, we can represent a projective space
as a collection of subsets of a set. LetSbe the set of points of PG(n,F). Thepoint
shadowof an objectU is the set of points incident withU . Now the point shadow
of a pointP is simply{P}. Moreover, two objects are incident if and only if the
point shadow of one contains that of the other.

The diagram below shows PG(2,2). It has seven points, labelled 1, 2, 3, 4, 5,
6, 7; the line shadows are 123, 145, 167, 246, 257, 347 356 (where, for example,
123 is an abbreviation for{1,2,3}).
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The correspondence between points and spanning vectors of the rank-1 sub-
spaces can be taken as follows:

1 2 3 4 5 6 7
(0,0,1) (0,1,0) (0,1,1) (1,0,0) (1,0,1) (1,1,0) (1,1,1)

The following geometric properties of projective spaces are easily verified
from the rank formulae of linear algebra:

(a) Any two distinct points are incident with a unique line.

(b) Two distinct lines contained in a plane are incident with a unique point.

(c) Any three distinct points, or any two distinct collinear lines, are incident with
a unique plane.

(d) A line not incident with a given hyperplane meets it in a unique point.

(e) If two distinct points are both incident with some object of the projective
space, then the unique line incident with them is also incident with that
object.
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Exercise 1.11Prove the above assertions.

It is usual to be less formal with the language of incidence, and say “the point
P lies on the lineL”, or “the line L passes through the pointP” rather than “the
point P and the lineL are incident”. Similar geometric language will be used
without further comment.

An isomorphismfrom a projective spaceΠ1 to a projective spaceΠ2 is a map
from the objects ofΠ1 to the objects ofΠ2 which preserves the dimensions of ob-
jects and also preserves the relation of incidence between objects. Acollineation
of a projective spaceΠ is an isomorphism fromΠ to Π.

The important theorem which connects this topic with that of the previous
section is theFundamental Theorem of Projective Geometry:

Theorem 1.6 Any isomorphism of projective spaces of dimension at least two
is induced by an invertible semilinear transformation of the underlying vector
spaces. In particular, the collineations ofPG(n,F) for n ≥ 2 are induced by
invertible semilinear transformations of the rank-(n+1) vector space over F.

This theorem will not be proved here, but I make a few comments about the
proof. Consider first the casen = 2. One shows that the fieldF can be recov-
ered from the projective plane (that is, the addition and multiplication inF can
be defined by geometric constructions involving points and lines). The construc-
tion is based on choosing four points of which no three are collinear. Hence any
collineation fixing these four points is induced by a field automorphism. Since
the group of invertible linear transformations acts transitively on quadruples of
points with this property, it follows that any collineation is induced by the com-
position of a linear transformation and a field automorphism, that is, a semilinear
transformation.

For higher-dimensional spaces, we show that the coordinatisations of the planes
fit together in a consistent way to coordinatise the whole space.

In the next chapter we study properties of the collineation group of projective
spaces. Since we are concerned primarily with groups of matrices, I will normally
speak of PG(n−1,F) as the projective space based on a vector space of rankn,
rather than PG(n,F) based on a vector space of rankn+1.

Next we give some numerical information about finite projective spaces.

Theorem 1.7 (a) The number of points in the projective spacePG(n−1,q) is
(qn−1)/(q−1).
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(b) More generally, the number of(m−1)-dimensional subspaces ofPG(n−1,q)
is

(qn−1)(qn−q) · · ·(qn−qm−1)
(qm−1)(qm−q) · · ·(qm−qm−1)

.

(c) The number of(m−1)-dimensional subspaces ofPG(n−1,q) containing a
given(l −1)-dimensional subspace is equal to the number of(m− l −1)-
dimensional subspaces ofPG(n− l −1,q).

Proof (a) The projective space is based on a vector space of rankn, which con-
tainsqn vectors. One of these is the zero vector, and the remainingqn−1 each
span a subspace of rank 1. Each rank 1 subspace containsq−1 non-zero vectors,
each of which spans it.

(b) Count the number of linearly independentm-tuples of vectors. Thejth
vector must lie outside the rank( j −1) subspace spanned by the preceding vec-
tors, so there areqn−q j−1 choices for it. So the number of suchm-tuples is the
numerator of the fraction. By the same argument (replacingn by m), the num-
ber of linearly independentm-tuples which span a given rankm subspace is the
denominator of the fraction.

(c) If U is a rankl subspace of the rankm vector spaceV, then the Second
Isomorphism Theorem shows that there is a bijection between rankm subspaces
of V containingU , and rank(m− l) subspaces of the rank(n− l) vector space
V/U .

The number given by the fraction in part (b) of the theorem is called aGaus-

sian coefficient, written
[ n

m

]
q
. Gaussian coefficients have properties resembling

those of binomial coefficients, to which they tend asq→ 1.

Exercise 1.12 (a) Prove that[n
k

]
q
+qn−k+1

[
n

k−1

]
q
=
[

n+1
k

]
q
.

(b) Prove that forn≥ 1,

n−1

∏
i=0

(1+qix) =
n

∑
k=0

qk(k−1)/2
[n

k

]
q
xk.

(This result is known as theq-binomial theorem, since it reduces to the
binomial theorem asq→ 1.)
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If we regard a projective space PG(n−1,F) purely as an incidence structure,
the dimensions of its objects are not uniquely determined. This is because there
is an additional symmetry known asduality. That is, if we regard the hyperplanes
as points, and define new dimensions by dim∗(U) = n− 2− dim(U), we again
obtain a projective space, with the same relation of incidence. The reason that it
is a projective space is as follows.

Let V∗ = Hom(V,F) be the dual space ofV, whereV is the underlying vector
space of PG(n−1,F). Recall thatV∗ is a right vector space overF , or equivalently
a left vector space over the opposite fieldF◦. To each subspaceU of V, there is a
corresponding subspaceU† of V∗, theannihilator of U , given by

U† = { f ∈V∗ : u f = 0 for all u∈U}.

The correspondenceU 7→U† is a bijection between the subspaces ofV and the
subspaces ofV∗; we denote the inverse map from subspaces ofV∗ to subspaces
of V also by †. It satisfies

(a) (U†)† = U ;

(b) U1 ≤U2 if and only if U†
1 ≥U†

2 ;

(c) rk(U†) = n− rk(U).

Thus we have:

Theorem 1.8 The dual ofPG(n−1,F) is the projective spacePG(n−1,F◦). In
particular, if n≥ 3, thenPG(n−1,F) is isomorphic to its dual if and only if F is
isomorphic to its opposite F◦.

Proof The first assertion follows from our remarks. The second follows from the
first by use of the Fundamental Theorem of Projective Geometry.

Thus, PG(n−1,F) is self-dual ifF is commutative, and for some non-commutative
division rings such asH; but there are division ringsF for whichF 6∼= F◦.

An isomorphism fromF to its opposite is a bijectionσ satisfying

(a+b)σ = aσ +bσ,

(ab)σ = bσaσ,

for all a,b∈ F . Such a map is called ananti-automorphismof F .

Exercise 1.13Show thatH∼= H◦. (Hint: (a+bi +cj +dk)σ = a−bi−cj−dk.)

13



2 Linear and projective groups

In this section, we define and study the general and special linear groups and their
projective versions. We look at the actions of the projective groups on the points of
the projective space, and discuss transitivity properties, generation, and simplicity
of these groups.

2.1 The general linear groups

Let F be a division ring. As we saw, a vector space of rankn over F can be
identified with the standard spaceFn (with scalars on the left) by choosing a basis.
Any invertible linear transformation ofV is then represented by an invertiblen×n
matrix, acting onFn by right multiplication.

We let GL(n,F) denote the group of all invertiblen×n matrices overF , with
the operation of matrix multiplication.

The group GL(n,F) acts on the projective space PG(n− 1,F), since an in-
vertible linear transformation maps a subspace to another subspace of the same
dimension.

Proposition 2.1 The kernel of the action ofGL(n,F) on the set of points ofPG(n−
1,F) is the subgroup

{cI : c∈ Z(F),c 6= 0}

of central scalar matrices in F, where Z(F) denotes the centre of F.

Proof Let A = (ai j ) be an invertible matrix which fixes every rank 1 subspace of
Fn. Thus,Amaps each non-zero vector(x1, . . . ,xn) to a scalar multiple(cx1, . . . ,cxn)
of itself.

Let ei be theith basis vector, with 1 in positioni and 0 elsewhere. Then
eiA = ciei , so theith row ofA is ciei . This shows thatA is a diagonal matrix.

Now for i 6= j, we have

ciei +c jej = (ei +ej)A = d(ei +ej)

for somed. Soci = c j . Thus,A is a diagonal matrixcI.
Finally, leta∈ F , a 6= 0. Then

c(ae1) = (ae1)A = a(e1A) = ace1,

soac= ca. Thus,c∈ Z(F).
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Let Z be the kernel of this action. We define theprojective general linear
group PGL(n,F) to be the group induced on the points of the projective space
PG(n−1,F) by GL(n,F). Thus,

PGL(n,F)∼= GL(n,F)/Z.

In the case whereF is the finite field GF(q), we write GL(n,q) and PGL(n,q)
in place of GL(n,F) and PGL(n,F) (with similar conventions for the groups we
meet later). Now we can compute the orders of these groups:

Theorem 2.2 (a) |GL(n,q)|= (qn−1)(qn−q) · · ·(qn−qn−1);

(b) |PGL(n,q)|= |GL(n,q)|/(q−1).

Proof (a) The rows of an invertible matrix over a field are linearly independent,
that is, fori = 1, . . . ,n, theith row lies outside the subspace of ranki−1 generated
by the preceding rows. Now the number of vectors in a subspace of ranki−1 over
GF(q) is qi−1, so the number of choices for theith row isqn−qi−1. Multiplying
these numbers fori = 1, . . . ,n gives the result.

(b) PGL(n,q) is the image of GL(n,q) under a homomorphism whose kernel
consists of non-zero scalar matrices and so has orderq−1.

If the fieldF is commutative, then the determinant function is defined onn×n
matrices overF and is a multiplicative map toF :

det(AB) = det(A)det(B).

Also, det(A) 6= 0 if and only if A is invertible. So det is a homomorphism from
GL(n,F) to F∗, the multiplicative group ofF (also known as GL(1,F)). This
homomorphism is onto, since the matrix withc in the top left corner, 1 in the
other diagonal positions, and 0 elsewhere has determinantc.

The kernel of this homomorphism is thespecial linear groupSL(n,F), a nor-
mal subgroup of GL(n,F) with factor group isomorphic toF∗.

We define theprojective special linear groupPSL(n,F) to be the image of
SL(n,F) under the homomorphism from GL(n,F) to PGL(n,F), that is, the group
induced on the projective space by SL(n,F). Thus,

PSL(n,F) = SL(n,F)/(SL(n,F)∩Z).

The kernel of this homomorphism consists of the scalar matricescI which have
determinant 1, that is, thosecI for which cn = 1. This is a finite cyclic group
whose order dividesn.

Again, for finite fields, we can calculate the orders:
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Theorem 2.3 (a) |SL(n,q)|= |GL(n,q)|/(q−1);

(b) |PSL(n,q)|= |SL(n,q)|/(n,q−1), where(n,q−1) is the greatest common
divisor of n and q−1.

Proof (a) SL(n,q) is the kernel of the determinant homomorphism on GL(n,q)
whose imageF∗ has orderq−1.

(b) From the remark before the theorem, we see that PSL(n,q) is the image of
SL(n,q) under a homomorphism whose kernel is the group ofnth roots of unity
in GF(q). Since the multiplicative group of this field is cyclic of orderq−1, the
nth roots form a subgroup of order(n,q−1).

A groupG actssharply transitivelyon a setΩ if its action is regular, that is, it
is transitive and the stabiliser of a point is the identity.

Theorem 2.4 Let F be a division ring. Then the groupPGL(n,F) acts transitively
on the set of all(n+1)-tuples of points ofPG(n−1,F) with the property that no
n points lie in a hyperplane; the stabiliser of such a tuple is isomorphic to the
group of inner automorphisms of the multiplicative group of F. In particular, if
F is commutative, thenPGL(n,F) is sharply transitive on the set of such(n+1)-
tuples.

Proof Considern points not lying in a hyperplane. Then vectors spanning these
points form a basis, and we may assume that this is the standard basise1, . . . ,en of
Fn, whereei hasith coordinate 1 and all others zero. The proof of Proposition 2.1
shows thatG acts transitively on the set of suchn-tuples, and the stabiliser of the
n points is the group of diagonal matrices. Now a vectorv not lying in the hy-
perplane spanned by anyn−1 of the basis vectors must have all its coordinates
non-zero, and conversely. Moreover, the group of diagonal matrices acts transi-
tively on the set of such vectors. This proves that PG(n,F) is transitive on the set
of (n+ 1)-tuples of the given form. Without loss of generality, we may assume
thatv= e1+ · · ·+en = (1,1, . . . ,1). Then the stabiliser of then+1 points consists
of the group of scalar matrices, which is isomorphic to the multiplicative group
F∗. We have seen that the kernel of the action on the projective space isZ(F∗), so
the group induced by the scalar matrices isF∗/Z(F∗), which is isomorphic to the
group of inner automorphisms ofF∗.

Corollary 2.5 The groupPGL(2,F) is 3-transitive on the points of the projective
line PG(1,F); the stabiliser of three points is isomorphic to the group of inner
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automorphisms of the multiplicative group of F. In particular, if F is commutative,
thenPGL(2,F) is sharply3-transitive on the points of the projective line.

For n > 2, the groupPGL(n,F) is 2-transitive on the points of the projective
spacePG(n−1,F).

This follows from the theorem because, in the projective plane, the hyper-
planes are the points, and so no two distinct points lie in a hyperplane; while, in
general, any two points are independent and can be extended to an(n+ 1)-tuple
as in the theorem.

We can represent the set of points of the projective line as{∞} ∪F , where
∞ = 〈(1,0)〉 anda = 〈(a,1)〉 for a ∈ F . Then the stabiliser of the three points
∞,0,1 acts in the natural way onF \{0,1} by conjugation.

For consider the effect of the diagonal matrixaI on the point〈(x,1)〉. This is
mapped to〈(xa,a)〉, which is the same rank 1 subspace as〈(a−1xa,1)〉; so in the
new representation,aI induces the mapx 7→ a−1xa.

In this convenient representation, the action of PGL(2,F) can be represented

by linear fractional transformations. The matrix

(
a b
c d

)
maps(x,1) to (xa+

c,xb+d), which spans the same point as((xb+d)−1(xa+c),1) if xb+d 6= 0, or
(1,0) otherwise. Thus the transformation induced by this matrix can be written as

x 7→ (xb+d)−1(xa+c),

provided we make standard conventions about∞ (for example, 0−1a = ∞ for a 6=
0 and(∞b+ d)−1(∞a+ c) = b−1a. If F is commutative, this transformation is
conveniently written as a fraction:

x 7→ ax+c
bx+d

.

Exercise 2.1Work out carefully all the conventions required to use the linear
fractional representation of PGL(2,F).

Exercise 2.2By Theorem 2.4, the order of PGL(n,q) is equal to the number of
(n+ 1)-tuples of points of PG(n−1,q) for which non lie in a hyperplane. Use
this to give an alternative proof of Theorem 2.2.

Paul Cohn constructed an example of a division ringF such that all elements
of F \ {0,1} are conjugate in the multiplicative group ofF . For a division ring
F with this property, we see that PGL(2,F) is 4-transitive on the projective line.
This is the highest degree of transitivity that can be realised in this way.
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Exercise 2.3Show that, ifF is a division ring with the above property, thenF
has characteristic 2, and the multiplicative group ofF is torsion-free and simple.

Exercise 2.4Let F be a commutative field. Show that, for alln≥ 2, the group
PSL(n,F) is 2-transitive on the points of the projective space PG(n−1,F); it is
3-transitive if and only ifn = 2 and every element ofF is a square.

2.2 Generation

For the rest of this section, we assume thatF is a commutative field. Atransvec-
tion of theF-vector spaceV is a linear map :V →V which satisfies rk(T− I) = 1
and(T− I)2 = 0. Thus, if we choose a basis such thate1 spans the image ofT− I
ande1, . . . .en−1 span the kernel, thenT is represented by the matrixI +U , where
U has entry 1 in the top right position and 0 elsewhere. Note that a transvection
has determinant 1. Theaxisof the transvection is the hyperplane ker(T− I); this
subspace is fixed elementwise byT. Dually, thecentreof T is the image ofT− I ;
every subspace containing this point is fixed byT (so thatT acts trivially on the
quotient space).

Thus, a transvection is a map of the form

x 7→ x+(x f)a,

wherea∈V and f ∈V∗ satisfya f = 0 (that is,f ∈ a†). Its centre and axis are〈a〉
and ker( f ) respectively.

The transformation of projective space induced by a transvection is called an
elation. The matrix form given earlier shows that all elations lie in PSL(n,F).

Theorem 2.6 For any n≥ 2 and commutative field F, the groupPSL(n,F) is
generated by the elations.

Proof We use induction onn.
Consider the casen = 2. The elations fixing a specified point, together with

the identity, form a group which acts regularly on the remaining points. (In the
linear fractional representation, this elation group is

{x 7→ x+a : a∈ F},

fixing ∞.) Hence the groupG generated by the elations is 2-transitive. So it is
enough to show that the stabiliser of the two points∞ and 0 inG is the same as in
PSL(2,F), namely

{x 7→ a2x : a∈ F,a 6= 0}.
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Givena∈ F , a 6= 0, we have(
1 1
0 1

)(
1 0

a−1 1

)(
1 −a−1

0 1

)(
1 0

a−a2 1

)
=
(

a 0
0 a−1

)
,

and the last matrix induces the linear fractional mapx 7→ ax/a−1 = a2x, as re-
quired.

(The proof shows that two elation groups, with centres∞ and 0, suffice to
generate PSL(2,F).)

Now for the general case, we assume that PSL(n−1,F) is generated by ela-
tions. LetG be the subgroup of PSL(n,F) generated by elations. First, we observe
thatG is transitive; for, given any two pointsp1 andp2, there is an elation on the
line 〈p1, p2〉 carryingp1 to p2, which is induced by an elation on the whole space
(acting trivially on a complement to the line). So it is enough to show that the
stabiliser of a pointp is generated by elations. Take an elementg ∈ PSL(n,F)
fixing p.

By induction, Gp induces at least the group PSL(n− 1,F) on the quotient
spaceV/p. So, multiplyingg by a suitable product of elations, we may assume
thatg induces an element onV/pwhich is diagonal, with all but one of its diagonal
elements equal to 1. In other words, we can assume thatg has the form

λ 0 . . . 0 0
0 1 . . . 0 0
...

...
...

...
...

0 0 . . . 1 0
x1 x2 . . . xn−1 λ−1

 .

By further multiplication by elations, we may assume thatx1 = . . . = xn−1 = 0.
Now the result follows from the matrix calculation given in the casen = 2.

Exercise 2.5A homologyis an element of PGL(n,F) which fixes a hyperplane
pointwise and also fixes a point not in this hyperplane. Thus, a homology is
represented in a suitable basis by a diagonal matrix with all its diagonal entries
except one equal to 1.

(a) Find two homologies whose product is an elation.

(b) Prove that PGL(n,F) is generated by homologies.
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2.3 Iwasawa’s Lemma

Let G be a permutation group on a setΩ: this means thatG is a subgroup of the
symmetric group onΩ. Iwasawa’s Lemma gives a criterion forG to be simple.
We will use this to prove the simplicity of PSL(n,F) and various other classical
groups.

Recall thatG is primitive on Ω if it is transitive and there is no non-trivial
equivalence relation onΩ which isG-invariant: equivalently, if the stabiliserGα
of a pointα ∈Ω is a maximal subgroup ofG. Any 2-transitive group is primitive.

Iwasawa’s Lemma is the following.

Theorem 2.7 Let G be primitive onΩ. Suppose that there is an abelian normal
subgroup A of Gα with the property that the conjugates of A generate G. Then any
non-trivial normal subgroup of G contains G′. In particular, if G= G′, then G is
simple.

Proof Suppose thatN is a non-trivial normal subgroup ofG. ThenN 6≤ Gα for
someα. SinceGα is a maximal subgroup ofG, we haveNGα = G.

Let g be any element ofG. Write g = nh, wheren∈ N andh∈Gα. Then

gAg−1 = nhAh−1n−1 = nAn−1,

sinceA is normal inGα. SinceN is normal inG we havegAg−1 ≤ NA. Since the
conjugates ofA generateG we see thatG = NA.

Hence
G/N = NA/N∼= A/(A∩N)

is abelian, whenceN≥G′, and we are done.

2.4 Simplicity

We now apply Iwasawa’s Lemma to prove the simplicity of PSL(n,F). First, we
consider the two exceptional cases where the group is not simple.

Recall that PSL(2,q) is a subgroup of the symmetric groupSq+1, having order
(q+1)q(q−1)/(q−1,2).

(a) If q = 2, then PSL(2,q) is a subgroup ofS3 of order 6, so PSL(2,2) ∼= S3.
It is not simple, having a normal subgroup of order 3.

(b) If q = 3, then PSL(2,q) is a subgroup ofS4 of order 12, so PSL(2,3)∼= A4.
It is not simple, having a normal subgroup of order 4.
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(c) For comparison, we note that, ifq = 4, then PSL(2,q) is a subgroup ofS5

of order 60, so PSL(2,4)∼= A5. This group is simple.

Lemma 2.8 The groupPSL(n,F) is equal to its derived group if n> 2 or if |F |>
3.

Proof The groupG = PSL(n,F) acts transitively on incident point-hyperplane
pairs. Each such pair defines a unique elation group. So all the elation groups are
conjugate. These groups generateG. So the proof will be concluded if we can
show that some elation group is contained inG′.

Suppose that|F | > 3. It is enough to considern = 2, since we can extend all
matrices in the argument below to rankn by appending a block consisting of the
identity of rankn−2. There is an elementa∈ F with a2 6= 0,1. We saw in the

proof of Theorem 2.6 that SL(2,F) contains the matrix

(
a 0
0 a−1

)
. Now

(
1 −x
0 1

)(
a 0
0 a−1

)(
1 x
0 1

)(
a−1 0
0 a

)
=
(

1 (a2−1)x
0 1

)
;

this equation expresses any element of the corresponding transvection group as a
commutator.

Finally suppose that|F |= 2 or 3. As above, it is enough to consider the case
n= 3. This is easier, since we have more room to manoeuvre in three dimensions:
we have1 −x 0

0 1 0
0 0 1

1 0 0
0 1 −1
0 0 1

1 x 0
0 1 0
0 0 1

1 0 0
0 1 1
0 0 1

=

1 0 x
0 1 0
0 0 1

 .

Lemma 2.9 LetΩ be the set of points of the projective spacePG(n−1,F). Then,
for α ∈ Ω, the set of elations with centreα, together with the identity, forms an
abelian normal subgroup of Gα.

Proof This is more conveniently shown for the corresponding transvections in
SL(n,F). But the transvections with centre spanned by the vectora consist of all
mapsx 7→ x+(x f)a,, for f ∈ A†; these clearly form an abelian group isomorphic
to the additive group ofa†.

Theorem 2.10 The groupPSL(n,F) is simple if n> 2 or if |F |> 3.
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Proof let G = PSL(n,F). ThenG is 2-transitive, and hence primitive, on the
setΩ of points of the projective space. The groupA of elations with centreα
is an abelian normal subgroup ofGα, and the conjugates ofA generateG (by
Theorem 2.6, since every elation has a centre). Apart from the two excluded
cases,G = G′. SoG is simple, by Iwasawa’s Lemma.

2.5 Small fields

We now have the family PSL(n,q), for (n,q) 6=(2,2),(2,3) of finite simple groups.
(The first two members are not simple: we observed that PSL(2,2) ∼= S3 and
PSL(2,3) ∼= A4, neither of which is simple.) As is well-known, Galois showed
that the alternating groupAn of degreen≥ 5 is simple.

Exercise 2.6Prove that the alternating groupAn is simple forn≥ 5.

Some of these groups coincide:

Theorem 2.11 (a) PSL(2,4)∼= PSL(2,5)∼= A5.

(b) PSL(2,7)∼= PSL(3,2).

(c) PSL(2,9)∼= A6.

(d) PSL(4,2)∼= A8.

Proofs of these isomorphisms are outlined below. Many of the details are left
as exercises. There are many other ways to proceed!

Theorem 2.12 Let G be a simple group of order(p+1)p(p−1)/2, where p is a
prime number greater than3. Then G∼= PSL(2, p).

Proof By Sylow’s Theorem, the number of Sylowp-subgroups is congruent to 1
mod p and divides(p+ 1)(p−1)/2; also this number is greater than 1, sinceG
is simple. So there arep+1 Sylow p-subgroups; and ifP is a Sylowp-subgroup
andN = NG(P), then|N|= p(p−1)/2.

ConsiderG acting as a permutation group on the setΩ of cosets ofN. Let ∞
denote the cosetN. ThenP fixes∞ and permutes the otherp cosets regularly. So
we can identifyΩ with the set{∞}∪GF(p) such that a generator ofP acts onΩ
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as the permutationx 7→ x+1 (fixing ∞). We see thatN is permutation isomorphic
to the group

{x 7→ a2x+b : a,b∈GF(p),a 6= 0}.

More conveniently, elements ofN can be represented as linear fractional transfor-
mations ofΩ with determinant 1, since

a2x+b =
ax+a−1b
0x+a−1 .

SinceG is 2-transitive onΩ, N is a maximal subgroup ofG, andG is gener-
ated byN and an elementt interchanging∞ and 0, which can be chosen to be an
involution. If we can show thatt is also represented by a linear fractional trans-
formation with determinant 1, thenG will be a subgroup of the group PSL(2, p)
of all such transformations, and comparing orders will show thatG = PSL(2, p).

We treat the casep≡−1 (mod 4); the other case is a little bit trickier.
The elementt must normalise the stabiliser of∞ and 0, which is the cyclic

groupC = {x 7→ a2x} of order (p− 1)/2 (having two orbits of size(p− 1)/2,
consisting of the non-zero squares and the non-squares in GF(p)). Also, t has
no fixed points. For the stabiliser of three points inG is trivial, so t cannot fix
more than 2 points; but the two-point stabiliser has odd order(p−1)/2. Thust
interchanges the two orbits ofC.

There are various ways to show thatt invertsC. One of them uses Burnside’s
Transfer Theorem. Letq be any prime divisor of(p−1)/2, and letQ be a Sylow
q-subgroup ofC (and hence ofG). ClearlyNG(Q) = C〈t〉, sot must centralise or
invertQ. If t centralisesQ, thenQ≤ Z(NG(Q), and Burnside’s Transfer Theorem
implies thatG has a normalq-complement, contradicting simplicity. Sot inverts
every Sylow subgroup ofC, and thus invertsC.

Now C〈t〉 is a dihedral group, containing(p− 1)/2 involutions, one inter-
changing the point 1 with each point in the otherC-orbit. We may chooset so
that it interchanges 1 with−1. Then the fact thatt invertsC shows that it inter-
changesa2 with −a−2 for each non-zeroa∈ GF(p). Sot is the linear fractional
mapx 7→ −1/x, and we are done.

Theorem 2.11(b) follows, since PSL(3,2) is a simple group of order

(23−1)(23−2)(23−22) = 168= (7+1)7(7−1)/2.

Exercise 2.7 (a) Complete the proof of the above theorem in the casep = 5.
Hence prove Theorem 2.11(a).

23



(b) Show that a simple group of order 60 has five Sylow 2-subgroups, and hence
show that any such group is isomorphic toA5. Give an alternative proof of
Theorem 2.11(a).

Proof of Theorem 2.11(d)The simple group PSL(3,2) of order 168 is the group
of collineations of the projective plane over GF(2), shown below.
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Since its index inS7 is 30, there are 30 different ways of assigning the structure
of a projective plane to a given setN = {1,2,3,4,5,6,7} of seven points; and since
PSL(3,2), being simple, contains no odd permutations, it is contained inA7, so
these 30 planes fall into two orbits of 15 under the action ofA7.

Let Ω be one of theA7-orbits. Each plane contains seven lines, so there 15×
7 = 105 pairs(L,Π), whereL is a 3-subset ofN, Π ∈ Ω, andL is a line ofΠ.
Thus, each of the

(7
3

)
= 35 triples is a line in exactly three of the planes inΩ.

We now define a new geometryG whose ‘points’ are the elements ofΩ, and
whose ‘lines’ are the triples of elements containing a fixed lineL. Clearly, any
two ‘points’ lie in at most one ‘line’, and a simple counting argument shows that
in fact two ‘points’ lie in a unique line.

Let Π′ be a plane from the otherA7-orbit. For each pointn∈N, the three lines
of Π′ containingn belong to a unique plane of the setΩ. (Having chosen three
lines through a point, there are just two ways to complete the projective plane,
differing by an odd permutation.) In this way, each of the seven points ofN gives
rise to a ‘point’ ofΩ. Moreover, the three points of a line ofΠ′ correspond to
three ‘points’ of a ‘line’ in our new geometryG . Thus,G contains ‘planes’, each
isomorphic to the projective plane PG(2,2).

It follows thatG is isomorphic to PG(3,2). The most direct way to see this is
to consider the setA = {0}∪Ω, and define a binary operation onA by the rules

0+Π = Π+0 = Π for all Π ∈ Ω;

Π+Π = 0 for all Π ∈ Ω;

Π+Π′ = Π′′ if {Π,Π′,Π′′} is a ‘line’.

ThenA is an elementary abelian 2-group. (The associative law follows from the
fact that any three non-collinear ‘points’ lie in a ‘plane’.) In other words,A is the
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additive group of a rank 4 vector space over GF(2), and clearlyG is the projective
geometry based on this vector space.

Now A7 ≤ Aut(G) = PSL(4,2). (The last inequality comes from the Funda-
mental Theorem of Projective Geometry and the fact that PSL(4,2) = PΓL(4,2)
since GF(2) has no non-trivial scalars or automorphisms.) By calculating orders,
we see thatA7 has index 8 in PSL(4,2). Thus, PSL(4,2) is a permutation group
on the cosets ofA7, that is, a subgroup ofS8, and a similar calculation shows that
it has index 2 inS8. We conclude that PSL(4,2)∼= A8.

The proof of Theorem 2.11(c) is an exercise. Two approaches are outlined
below. Fill in the details.

Exercise 2.8The field GF(9) can be represented as{a+bi : a,b∈GF(3)}, where
i2 =−1. Let

A =
(

1 1+ i
0 1

)
, B =

(
0 1
−1 0

)
.

Then
A3 = I , B2 =−I , (AB)5 =−I .

So the corresponding elementsa,b∈G = PSL(2,9) satisfy

a3 = b2 = (ab)5 = 1,

and so generate a subgroupH isomorphic toA5. ThenH has index 6 inG, and
the action ofG on the cosets ofH shows thatG≤ S6. Then consideration of order
shows thatG∼= A6.

Exercise 2.9Let G = A6, and letH be the normaliser of a Sylow 3-subgroup of
G. Let G act on the 10 cosets ofH. Show thatH fixes one point and acts is
isomorphic to the group

{x 7→ a2x+b : a,b∈GF(9),a 6= 0}

on the remaining points. Choose an element outsideH and, following the proof of
Theorem 2.12, show that its action is linear fractional (if the fixed point is labelled
as∞). Deduce thatA6 ≤ PSL(2,9), and by considering orders, show that equality
holds.

Exercise 2.10A Hall subgroupof a finite groupG is a subgroup whose order and
index are coprime. Philip Hall proved that a finite soluble groupG has Hall sub-
groups of alladmissibleordersmdividing |G| for which (m, |G|/m) = 1, and that
any two Hall subgroups of the same order in a finite soluble group are conjugate.
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(a) Show that PSL(2,5) fails to have a Hall subgroup of some admissible order.

(b) Show that PSL(2,7) has non-conjugate Hall subgroups of the same order.

(c) Show that PSL(2,11) has non-isomorphic Hall subgroups of the same order.

(d) Show that each of these groups is the smallest with the stated property.

Exercise 2.11Show that PSL(4,2) and PSL(3,4) are non-isomorphic simple groups
of the same order.
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3 Polarities and forms

3.1 Sesquilinear forms

We saw in Chapter 1 that the projective space PG(n−1,F) is isomorphic to its
dual if and only if the fieldF is isomorphic to its opposite. More precisely, we
have the following. Letσ be an anti-automorphism ofF , andV anF-vector space
of rankn. A sesquilinear form BonV is a functionB : V×V → F which satisfies
the following conditions:

(a) B(c1x1 +c2x2,y) = c1B(x1,y)+c2B(x2,y), that is,B is a linear function of
its first argument;

(b) B(x,c1y1+c2y2) = B(x,y1)cσ
1 +B(x,y2)cσ

2, that is,B is a semilinear function
of its second argument, with field anti-automorphismσ.

(The word ‘sesquilinear’ means ‘one-and-a-half’.) Ifσ is the identity (so thatF is
commutative), we say thatB is abilinear form.

Theleft radicalof B is the subspace{x∈V : (∀y∈V)B(x,) = 0}, and theright
radical is the subspace{y∈V : (∀x∈V)B(x,y) = 0}.

Exercise 3.1 (a) Prove that the left and right radicals are subspaces.
(b) Show that the left and right radicals have the same rank (ifV has finite

rank).
(c) Construct a bilinear form on a vector space of infinite rank such that the

left radical is zero and the right radical is no-zero.

The sesquilinear formB is callednon-degenerateif its left and right radicals
are zero. (By the preceding exercise, it suffices to assume that one of the radicals
is zero.)

A non-degenerate sesquilinear form induces a duality of PG(n−1,F) (an iso-
morphism from PG(n−1,F) to PG(n−1,F◦)) as follows: for anyy∈V, the map
x 7→ B(x,y) is a linear map fromV to F , that is, an element of the dual spaceV∗

(which is a left vector space of rankn overF◦); if we call this elementβy, then the
mapy 7→ βy is aσ-semilinear bijection fromV to V∗, and so induces the required
duality.

Theorem 3.1 For n≥ 3, any duality ofPG(n−1,F) is induced in this way by a
non-degenerate sesquilinear form on V= Fn.
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Proof By the Fundamental Theorem of Projective Geometry, a duality is induced
by aσ-semilinear bijectionφ from V to V∗, for some anti-automorphismσ. Set

B(x,y) = x(yφ).

We can short-circuit the passage to the dual space, and write the duality as

U 7→U⊥ = {x∈V : B(x,y) = 0 for all y∈U}.

Obviously, a duality applied twice is a collineation. The most important types
of dualities are those whose square is the identity. Apolarity of PG(n,F) is a
duality⊥ which satisfiesU⊥⊥ = U for all flatsU of PG(n,F).

It will turn out that polarities give rise to a class of geometries (the polar
spaces) with properties similar to those of projective spaces, and define groups
analogous to the projective groups. If a duality is not a polarity, then any collineation
which respects it must commute with its square, which is a collineation; so the
group we obtain will lie inside the centraliser of some element of the collineation
group. So the “largest” subgroups obtained will be those preserving polarities.

A sesquilinear formB is reflexiveif B(x,y) = 0 impliesB(y,x) = 0.

Proposition 3.2 A duality is a polarity if and only if the sesquilinear form defining
it is reflexive.

Proof B is reflexive if and only ifx∈ 〈y〉⊥⇒ y∈ 〈x〉⊥. Hence, ifB is reflexive,
thenU ⊆U⊥⊥ for all subspacesU . But by non-degeneracy, dimU⊥⊥ = dimV−
dimU⊥ = dimU ; and soU = U⊥⊥ for all U . Conversely, given a polarity⊥, if
y∈ 〈x〉⊥, thenx∈ 〈x〉⊥⊥ ⊆ 〈y〉⊥ (since inclusions are reversed).

We now turn to the classification of reflexive forms. For convenience, from
now on F will always be assumed to be commutative. (Note that, if the anti-
automorphismσ is an automorphism, and in particular ifσ is the identity, thenF
is automatically commutative.)

The formB is said to beσ-Hermitian if B(y,x) = B(x,y)σ for all x,y∈V. If B
is a non-zeroσ-Hermitian form, then

(a) for anyx, B(x,x) lies in the fixed field ofσ;

(b) σ2 = 1. For every scalarc is a value ofB, sayB(x,y) = c; then

cσ2
= B(x,y)σ2

= B(y,x)σ = B(x,y) = c.
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If σ is the identity, such a form (which is bilinear) is calledsymmetric.
A bilinear formb is calledalternatingif B(x,x) = 0 for all x∈V. This implies

thatB(x,y) =−B(y,x) for all x,y∈V. For

0 = B(x+y,x+y) = B(x,x)+B(x,y)+B(y,x)+B(y,y) = B(x,y)+B(y,x).

Hence, if the characteristic is 2, then any alternating form is symmetric (but not
conversely); but, in characteristic different from 2, only the zero form is both
symmetric and alternating.

Clearly, an alternating or Hermitian form is reflexive. Conversely, we have the
following:

Theorem 3.3 A non-degenerate reflexiveσ-sesquilinear form is either alternat-
ing, or a scalar multiple of aσ-Hermitian form. In the latter case, ifσ is the
identity, then the scalar can be taken to be1.

Proof I will give the proof just for a bilinear form. Thus, it must be proved that
a non-degenerate reflexive bilinear form is either symmetric or alternating.

We have
B(u,v)B(u,w)−B(u,w)B(u,v) = 0

by commutativity; that is, using bilinearity,

B(u,B(u,v)w−B(u,w)v) = 0.

By reflexivity,
B(B(u,v)w−B(u,w)v,u) = 0,

whence bilinearity again gives

B(u,v)B(w,u) = B(u,w)B(v,u). (1)

Call a vectoru goodif B(u,v) = B(v,u) 6= 0 for somev. By Equation (1), if
u is good, thenB(u,w) = B(w,u) for all w. Also, if u is good andB(u,v) 6= 0,
thenv is good. But, given any two non-zero vectorsu1,u2, there existsv with
B(ui ,v) 6= 0 for i = 1,2. (For there existv1,v2 with B(ui ,vi) 6= 0 for i = 1,2, by
non-degeneracy; and at least one ofv1,v2,v1 +v2 has the required property.) So,
if some vector is good, then every non-zero vector is good, andB is symmetric.

But, puttingu = w in Equation (1) gives

B(u,u)(B(u,v)−B(v,u)) = 0

for all u,v. So, if u is not good, thenB(u,u) = 0; and, if no vector is good, thenB
is alternating.
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Exercise 3.2 (a) Show that the left and right radicals of a reflexive form are
equal.

(b) Assuming Theorem 3.3, prove that the assumption of non-degeneracy in the
theorem can be removed.

Exercise 3.3Let σ be a (non-identity) automorphism ofF of order 2. LetE be
the subfield Fix(σ).

(a) Prove thatF is of degree 2 overE, i.e., a rank 2E-vector space.
[See any textbook on Galois theory. Alternately, argue as follows: Takeλ ∈

F \E. Thenλ is quadratic overE, so E(λ) has degree 2 overE. Now E(λ)
contains an elementω such thatωσ =−ω (if the characteristic is not 2) orωσ =
ω +1 (if the characteristic is 2). Now, given two such elements, their quotient or
difference respectively is fixed byσ, so lies inE.]

(b) Prove that

{λ ∈ F : λλσ = 1}= {ε/εσ : ε ∈ F}.

[The left-hand set clearly contains the right. For the reverse inclusion, separate
into cases according as the characteristic is 2 or not.

If the characteristic is not 2, then we can takeF = E(ω), whereω2 = α ∈ E
and ωσ = −ω. If λ = 1, then takeε = 1; otherwise, ifλ = a+ bω, takeε =
bα+(a−1)ω.

If the characteristic is 2, show that we can takeF = E(ω), whereω2+ω+α =
0, α ∈ E, andωσ = ω + 1. Again, if λ = 1, setε = 1; else, ifλ = a+ bω, take
ε = (a+1)+bω.]

Exercise 3.4Use the result of the preceding exercise to complete the proof of
Theorem 3.3 in general.

[If B(u,u) = 0 for all u, the formB is alternating and bilinear. If not, suppose
that B(u,u) 6= 0 and letB(u,u)σ = λB(u,u). Choosingε as in Exercise 3.3 and
re-normalisingB, show that we may assume thatλ = 1, and (with this choice) that
B is Hermitian.]

3.2 Hermitian and quadratic forms

We now change ground slightly from the last section. On the one hand, we restrict
things by excluding some bilinear forms from the discussion; on the other, we
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introduce quadratic forms. The loss and gain exactly balance if the characteristic
is not 2; but, in characteristic 2, we make a net gain.

Let σ be an automorphism of the commutative fieldF , of order dividing 2. Let
Fix(σ) = {λ ∈ F : λσ = λ} be thefixed fieldof σ, and Tr(σ) = {λ + λσ : λ ∈ F}
the traceof σ. Sinceσ2 is the identity, it is clear that Fix(σ)⊇ Tr(σ). Moreover,
if σ is the identity, then Fix(σ) = F , and

Tr(σ) =
{

0 if F has characteristic 2,
F otherwise.

Let B be aσ-Hermitian form. We observed in the last section thatB(x,x) ∈
Fix(σ) for all x ∈ V. We call the formB trace-valuedif B(x,x) ∈ Tr(σ) for all
x∈V.

Exercise 3.5Let σ be an automorphism of a commutative fieldF such thatσ2 is
the identity.

(a) Prove that Fix(σ) is a subfield ofF .

(b) Prove that Tr(σ) is closed under addition, and under multiplication by ele-
ments of Fix(σ).

Proposition 3.4 Tr(σ) = Fix(σ) unless the characteristic of F is2 and σ is the
identity.

Proof E = Fix(σ) is a field, andK = Tr(σ) is anE-vector space contained inE
(Exercise 3.5). So, ifK 6= E, thenK = 0, andσ is the mapx 7→ −x. But, since
σ is a field automorphism, this implies that the characteristic is 2 andσ is the
identity.

Thus, in characteristic 2, symmetric bilinear forms which are not alternating
are not trace-valued; but this is the only obstruction. We introduce quadratic forms
to repair this damage. But, of course, quadratic forms can be defined in any char-
acteristic. However, we note at this point that Theorem 3.3 depends in a crucial
way on the commutativity ofF ; this leaves open the possibility of additional types
of polar spaces defined by so-calledpseudoquadratic forms. We will not pursue
this here: see Tits’s classification of spherical buildings.

LetV be a vector space overF . A quadratic formonV is a functionq : V → F
satisfying
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(a) q(λx) = λ2 f (x) for all λ ∈ F , x∈V;

(b) q(x+y) = q(x)+q(y)+B(x,y), whereB is bilinear.

Now, if the characteristic ofF is not 2, thenB is a symmetric bilinear form.
Each ofq andB determines the other, by

B(x,y) = q(x+y)−q(x)−q(y),
q(x) = 1

2B(x,x),

the latter equation coming from the substitutionx = y in (b). So nothing new is
obtained.

On the other hand, if the characteristic ofF is 2, thenB is an alternating bi-
linear form, andq cannot be recovered fromB. Indeed, many different quadratic
forms correspond to the same bilinear form. (Note that the quadratic form does
give extra structure to the vector space; we’ll see that this structure is geometri-
cally similar to that provided by an alternating or Hermitian form.)

We say that the bilinear formB is obtained bypolarisationof q.
Now let B be a symmetric bilinear form over a field of characteristic 2, which

is not alternating. Setf (x) = B(x,x). Then we have

f (λx) = λ2 f (x),
f (x+y) = f (x)+ f (y),

sinceB(x,y)+B(y,x) = 0. Thusf is “almost” a semilinear form; the mapλ 7→ λ2

is a homomorphism of the fieldF with kernel 0, but it may fail to be an automor-
phism. But in any case, the kernel off is a subspace ofV, and the restriction of
B to this subspace is an alternating bilinear form. So again, in the spirit of the
vague comment motivating the study of polarities in the last section, the structure
provided by the formB is not “primitive”. For this reason, we do not consider
symmetric bilinear forms in characteristic 2 at all. However, as indicated above,
we will consider quadratic forms in characteristic 2.

Now, in characteristic different from 2, we can take either quadratic forms or
symmetric bilinear forms, since the structural content is the same. For consistency,
we will take quadratic forms in this case too. This leaves us with three “types” of
forms to study: alternating bilinear forms;σ-Hermitian forms whereσ is not the
identity; and quadratic forms.

We have to define the analogue of non-degeneracy for quadratic forms. Of
course, we could require that the bilinear form obtained by polarisation is non-
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degenerate; but this is too restrictive. We say that a quadratic formq is non-
degenerateif

q(x) = 0 & (∀y∈V)B(x,y) = 0 ⇒ x = 0,

whereB is the associated bilinear form; that is, if the formq is non-zero on every
non-zero vector of the radical.

If the characteristic is not 2, then non-degeneracy of the quadratic form and of
the bilinear form are equivalent conditions.

Now suppose that the characteristic is 2, and letW be the radical ofB. Then
B is identically zero onW; so the restriction ofq to W satisfies

q(x+y) = q(x)+q(y),
q(λx) = λ2q(x).

As above,f is very nearly semilinear.
The field F is calledperfect if every element is a square. IfF is perfect,

then the mapx 7→ x2 is onto, and hence an automorphism ofF ; so q is indeed
semilinear, and its kernel is a hyperplane ofW. We conclude:

Theorem 3.5 Let q be a non-singular quadratic form, which polarises to B, over
a field F.

(a) If the characteristic of F is not 2, then B is non-degenerate.

(b) If F is a perfect field of characteristic 2, then the radical of B has rank at
most1.

Exercise 3.6Let B be an alternating bilinear form on a vector spaceV over a field
F of characteristic 2. Let(vi : i ∈ I) be a basis forV, and(ci : i ∈ I) any function
from I to F . Show that there is a unique quadratic formq with the properties that
q(vi) = ci for everyi ∈ I , andq polarises toB.

Exercise 3.7 (a) Construct an imperfect field of characteristic 2.

(b) Construct a non-singular quadratic form with the property that the radical
of the associated bilinear form has rank greater than 1.

Exercise 3.8Show that finite fields of characteristic 2 are perfect.

Exercise 3.9Let B be aσ-Hermitian form on a vector spaceV overF , whereσ is
not the identity. Setf (x) = B(x,x). LetE = Fix(σ), and letV ′ beV regarded as an
E-vector space by restricting scalars. Prove thatf is a quadratic form onV ′, which
polarises to the bilinear form Tr(B) defined by Tr(B)(x,y) = B(x,y) + B(x,y)σ.
Show further that Tr(B) is non-degenerate if and only ifB is.
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3.3 Classification of forms

As explained in the last section, we now consider a vector spaceV of finite rank
equipped with a form of one of the following types: a non-degenerate alternating
bilinear formB; a non-degenerate trace-valuedσ-Hermitian formB, whereσ is
not the identity; or a non-singular quadratic formq. In the third case, we letB
be the bilinear form obtained by polarisingq; thenB is alternating or symmetric
according as the characteristic is or is not 2, butB may be degenerate. We also let
f denote the functionq. In the other two cases, we define a functionf : V → F by
f (x) = B(x,x) — this is identically zero ifb is alternating. See Exercise 3.10 for
the Hermitian case.

Such a pair(V,B) or (V,q) will be called aformed space.

Exercise 3.10LetBbe aσ-Hermitian form on a vector spaceV overF , whereσ is
not the identity. Setf (x) = B(x,x). LetE = Fix(σ), and letV ′ beV regarded as an
E-vector space by restricting scalars. Prove thatf is a quadratic form onV ′, which
polarises to the bilinear form Tr(B) defined by Tr(B)(x,y) = B(x,y) + B(x,y)σ.
Show further that Tr(b) is non-degenerate if and only ifB is.

We say thatV is anisotropicif f (x) 6= 0 for all x 6= 0. Also,V is ahyperbolic
plane if it is spanned by vectorsv andw with f (v) = f (w) = 0 andB(v,w) = 1.
(The vectorsv andw are linearly independent, soV has rank 2.)

Theorem 3.6 A non-degenerate formed space is the direct sum of a number r of
hyperbolic lines and an anisotropic space U. The number r and the isomorphism
type of U are invariants of V .

Proof If V is anisotropic, then there is nothing to prove, sinceV cannot contain
a hyperbolic plane. So suppose thatV contains a vectorv 6= 0 with f (v) = 0.

We claim that there is a vectorw with B(v,w) 6= 0. In the alternating and
Hermitian cases, this follows immediately from the non-degeneracy of the form.
In the quadratic case, if no such vector exists, thenv is in the radical ofB; butv is
a singular vector, contradicting the non-degeneracy off .

Multiplying w by a non-zero constant, we may assume thatB(v,w) = 1.
Now, for any value ofλ, we haveB(v,w−λv) = 1. We wish to chooseλ so

that f (w−λv) = 0; thenv andw will span a hyperbolic line. Now we distinguish
cases.

(a) If B is alternating, then any value ofλ works.
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(b) If B is Hermitian, we have

f (w−λv) = f (w)−λB(v,w)−λσB(w,v)+λλσ f (v)
= f (w)− (λ+λσ);

and, sinceB is trace-valued, there existsλ with Tr(λ) = f (w).

(c) Finally, if f = q is quadratic, we have

f (w−λv) = f (w)−λB(w,v)+λ2 f (v)
= f (w)−λ,

so we chooseλ = f (w).

Now letW1 be the hyperbolic line〈v,w−λv〉, and letV1 = W⊥
1 , where orthog-

onality is defined with respect to the formB. It is easily checked thatV =V1⊕W1,
and the restriction of the form toV1 is still non-degenerate. Now the existence of
the decomposition follows by induction.

The uniqueness of the decomposition will be proved later, as a consequence
of Witt’s Lemma (Theorem 3.15).

The numberr of hyperbolic lines is called thepolar rank of V, and (the iso-
morphism type of)U is called thegermof V.

To complete the classification of forms over a given field, it is necessary to
determine all the anisotropic spaces. In general, this is not possible; for exam-
ple, the study of positive definite quadratic forms over the rational numbers leads
quickly into deep number-theoretic waters. I will consider the cases of the real
and complex numbers and finite fields.

First, though, the alternating case is trivial:

Proposition 3.7 The only anisotropic space carrying an alternating bilinear form
is the zero space.

In combination with Theorem 3.6, this shows that a space carrying a non-
degenerate alternating bilinear form is a direct sum of hyperbolic planes.

Over the real numbers, Sylvester’s theorem asserts that any quadratic form in
n variables is equivalent to the form

x2
1 + . . .+x2

r −x2
r+1− . . .−x2

r+s,

for somer,s with r + s≤ n. If the form is non-singular, thenr + s= n. If both r
ands are non-zero, there is a non-zero singular vector (with 1 in positions 1 and
r +1, 0 elsewhere). So we have:
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Proposition 3.8 If V is a real vector space of rank n, then an anisotropic form
on V is either positive definite or negative definite; there is a unique form of each
type up to invertible linear transformation, one the negative of the other.

The reals have no non-identity automorphisms, so Hermitian forms do not
arise.

Over the complex numbers, the following facts are easily shown:

(a) There is a unique non-singular quadratic form (up to equivalence) inn vari-
ables for anyn. A space carrying such a form is anisotropic if and only if
n≤ 1.

(b) If σ denotes complex conjugation, the situation forσ-Hermitian forms is the
same as for quadratic forms over the reals: anisotropic forms are positive or
negative definite, and there is a unique form of each type, one the negative
of the other.

For finite fields, the position is as follows.

Theorem 3.9 (a) An anisotropic quadratic form in n variables overGF(q) ex-
ists if and only if n≤ 2. There is a unique form for each n except when n= 1
and q is odd, in which case there are two forms, one a non-square multiple
of the other.

(b) Let q= r2 and letσ be the field automorphismα 7→ αr . Then there is an
anisotropicσ-Hermitian form in n variables if and only if n≤ 1. The form
is unique in each case.

Proof (a) Consider first the case where the characteristic is not 2. The multiplica-
tive group of GF(q) is cyclic of even orderq−1; so the squares form a subgroup
of index 2, and ifη is a fixed non-square, then every non-square has the formηα2

for someα. It follows easily that any quadratic form in one variable is equivalent
to eitherx2 or ηx2.

Next, consider non-singular forms in two variables. By completing the square,
such a form is equivalent to one ofx2 +y2, x2 +ηy2, ηx2 +ηy2.

Suppose first thatq≡ 1 (mod 4). Then−1 is a square, say−1 = β2. (In
the multiplicative group,−1 has order 2, so lies in the subgroup of even order
1
2(q−1) consisting of squares.) Thusx2+y2 = (x+βy)(x−βy), and the first and
third forms are not anisotropic. Moreover, any form in 3 or more variables, when
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converted to diagonal form, contains one of these two, and so is not anisotropic
either.

Now consider the other case,q ≡ −1 (mod 4). Then−1 is a non-square
(since the group of squares has odd order), so the second form is(x+ y)(x− y),
and is not anisotropic. Moreover, the set of squares is not closed under addition
(else it would be a subgroup of the additive group, but1

2(q+1) doesn’t divideq);
so there exist two squares whose sum is a non-square. Multiplying by a suitable
square, there existβ,γ with β2 + γ2 =−1. Then

−(x2 +y2) = (βx+ γy)2 +(γx−βy)2,

and the first and third forms are equivalent. Moreover, a form in three variables
is certainly not anisotropic unless it is equivalent tox2 + y2 + z2, and this form
vanishes at the vector(β,γ,1); hence there is no anisotropic form in three or more
variables.

The characteristic 2 case is an exercise (see below).
(b) Now consider Hermitian forms. Ifσ is an automorphism of GF(q) of order

2, thenq is a square, sayq= r2, andασ = αr . We need the fact that every element
of Fix(σ) = GF(r) has the formαασ (see Exercise 3.3).

In one variable, we havef (x) = µxxσ for some non-zeroµ∈ Fix(σ); writing
µ= αασ and replacingx by αx, we can assume thatµ= 1.

In two variables, we can similarly take the form to bexxσ + yyσ. Now−1∈
Fix(σ), so−1 = λλσ; then the form vanishes at(1,λ). It follows that there is no
anisotropic form in any larger number of variables either.

Exercise 3.11Prove that there is, up to equivalence, a unique non-degenerate al-
ternating bilinear form on a vector space of countably infinite dimension (a direct
sum of countably many isotropic planes).

Exercise 3.12Let F be a finite field of characteristic 2.

(a) Prove that every element ofF has a unique square root.

(b) By considering the bilinear form obtained by polarisation, prove that a non-
singular form in 2 or 3 variables overF is equivalent toαx2 + xy+ βy2

or αx2 + xy+ βy2 + γz2 respectively. Prove that forms of the first shape
(with α,β 6= 0) are all equivalent, while those of the second shape cannot be
anisotropic.
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3.4 Polar spaces

Polar spaces describe the geometry of vector spaces carrying a reflexive sesquilin-
ear form or a quadratic form in much the same way as projective spaces describe
the geometry of vector spaces. We now embark on the study of these geometries;
the three preceding sections contain the prerequisite algebra.

First, some terminology. The polar spaces associated with the three types of
forms (alternating bilinear, Hermitian, and quadratic) are referred to by the same
names as the groups associated with them:symplectic, unitary, andorthogonal
respectively. Of what do these spaces consist?

Let V be a vector space carrying a form of one of our three types. Recall that
as well as a sesquilinear formb in two variables, we have a formf in one variable
— either f is defined byf (x) = B(x,x), or b is obtained by polarisingf — and
we make use of both forms. A subspace ofV on whichB vanishes identically
is called aB-flat subspace, and one on whichf vanishes identically is called a
f -flat subspace. (Note: these terms are not standard; in the literature, such spaces
are calledtotally isotropic (t.i.) and totally singular (t.s.) respectively.) The
unqualified termflat subspacewill mean aB-flat subspace in the symplectic or
unitary case, and aq-flat subspace in the orthogonal case.

Thepolar spaceassociated with a vector space carrying a form is the geometry
whose flats are the flat subspaces (in the above sense). Note that, if the form is
anisotropic, then the only member of the polar space is the zero subspace. The
polar rank of a classical polar space is the largest vector space rank of any flat
subspace; it is zero if and only if the form is anisotropic. Where there is no
confusion, polar rank will be called simplyrank. (We will soon see that there is
no conflict with our earlier definition of rank as the number of hyperbolic planes
in the decomposition of the space.) We use the termspoint, line, plane, etc., just
as for projective spaces.

Polar spaces bear the same relation to formed spaces as projective spaces do
to vector spaces.

We now proceed to derive some properties of polar spaces. LetΓ be a classical
polar space of polar rankr.

(P1) Any flat, together with the flats it contains, is a projective space of dimen-
sion at mostr−1.

(P2) The intersection of any family of flats is a flat.

(P3) IfU is a flat of dimensionr−1 andp a point not inU , then the union of the
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planes joiningp to points ofU is a flatW of dimensionr−1; andU ∩W is
a hyperplane in bothU andW.

(P4) There exist two disjoint flats of dimensionr−1.

(P1) is clear since a subspace of a flat subspace is itself flat. (P2) is also clear.
To prove (P3), letp = 〈y〉. The functionx 7→ B(x,y) on the vector spaceU is
linear; letK be its kernel, a hyperplane inU . Then the line (of the projective
space) joiningp to a pointq∈U is flat if and only ifq∈ K; and the union of all
such flat lines is a flat spaceW = 〈K,y〉, such thatW∩U = K, as required.

Finally, to prove (P4), we use the hyperbolic-anisotropic decomposition again.
If L1, . . . ,Lr are the hyperbolic planes, andxi ,yi are the distinguished spanning
vectors inLi , then the required flats are〈x1, . . . ,xr〉 and〈y1, . . . ,yr〉.

The significance of the geometric properties (P1)–(P4) lies in the major result
of Veldkamp and Tits which determines all the geometries of rank at least 3 which
satisfy them. All these geometries are polar spaces (as we have defined them) or
slight generalisations, together with a couple of exceptions of rank 3. In particular,
the following theorem holds:

Theorem 3.10 A finite geometry satisfying (P1)–(P4) with r≥ 3 is a polar space.

Exercise 3.13Let P= PG(3,F) for some (not necessarily commutative) division
ring F . Construct a new geometryΓ as follows:

(a) the ‘points’ ofΓ are the lines ofP;

(b) the ‘lines’ ofΓ are the plane pencils inP (consisting of all lines lying in a
planeΠ and containing a pointp of Π);

(c) the ‘planes’ ofΓ are of two types: the pencils (consisting of all the lines
through a point) and the dual planes (consisting of all the lines in a plane).

Prove thatΓ satisfies (P1)–(P4) withr = 3.
Prove that, ifF is not isomorphic to its opposite, thenΓ contains non-isomorphic

planes.
(We will see later that, ifF is commutative, thenΓ is an orthogonal polar

space.)

Exercise 3.14Prove theBuekenhout–Shult propertyof the geometry of points
and lines in a polar space: ifp is a point not lying on a lineL, thenp is collinear
with one or all points ofL.
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You should prove this both from the analytic description of polar spaces, and
using (P1)–(P4).

In a polar spaceΓ, given any setSof points, we letS⊥ denote the set of points
which are perpendicular to (that is, collinear with) every point ofS. Polar spaces
have good inductive properties. LetG be a classical polar space. There are two
natural ways of producing a “smaller” polar space fromG:

(a) Take a pointx of G, and consider the quotient spacex⊥/x, the space whose
points, lines, . . . are the lines, planes, . . . ofG containingx.

(b) Take two non-perpendicular pointsx andy, and consider{x,y}⊥.

In each case, the space constructed is a classical polar space, having the same
germ asG but with polar rank one less than that ofG. (Note that, in (b), the span
of x andy in the vector space is a hyperbolic plane.)

Exercise 3.15Prove the above assertions.

There are more general versions. For example, ifSis a flat of dimensiond−1,
thenS⊥/S is a polar space of rankr −d with the same germ asG. We will see
below how this inductive process can be used to obtain information about polar
spaces.

We investigate just one type in more detail, the so-calledhyperbolic quadric,
the orthogonal space which is a direct sum of hyperbolic planes (that is, having
germ 0). The quadratic form defining this space can be taken to bex1x2 +x3x4 +
. . .+x2r−1x2r .

Proposition 3.11 The maximal flats of a hyperbolic quadric fall into two classes,
with the properties that the intersection of two maximal flats has even codimension
in each if and only if they belong to the same class.

Proof First, note that the result holds whenr = 1, since then the quadratic form is
x1x2 and there are just two singular points,〈(1,0)〉 and〈(0,1)〉. By the inductive
principle, it follows that any flat of dimensionr −2 is contained in exactly two
maximal flats.

We take the(r−1)-flats and(r−2)-flats as the vertices and edges of a graphΓ,
that is, we join two(r−1)-flats if their intersection is an(r−2)-flat. The theorem
will follow if we show that Γ is connected and bipartite, and that the distance
between two vertices ofΓ is the codimension of their intersection. Clearly the
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codimension of the intersection increases by at most one with every step in the
graph, so it is at most equal to the distance. We prove equality by induction.

Let U be a(r − 1)-flat andK a (r − 2)-flat. We claim that the two(r − 1)-
spacesW1,W2 containingK have different distances fromU . Factoring out the
flat subspaceU ∩K and using induction, we may assume thatU ∩K = /0. Then
U ∩K⊥ is a pointp, which lies in one but not the other ofW1,W2; sayp∈W1. By
induction, the distance fromU to W1 is r −1; so the distance fromU to W2 is at
mostr, hence equal tor by the remark in the preceding paragraph.

This establishes the claim about the distance. The fact thatΓ is bipartite also
follows, since in any non-bipartite graph there exists an edge both of whose ver-
tices have the same distance from some third vertex, and the argument given shows
that this doesn’t happen inΓ.

In particular, the rank 2 hyperbolic quadric consists of two families of lines
forming agrid, as shown in Figure 1. This is the so-called “ruled quadric”, famil-
iar from models such as wastepaper baskets.
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Figure 1: A ruled quadric

Exercise 3.16Show that Proposition 3.11 can be proved using only properties
(P1)–(P4) of polar spaces together with the fact that an(r−1)-flat lies in exactly
two maximal flats.

3.5 Finite polar spaces

The classification of finite classical polar spaces was achieved by Theorem 3.6.
We subdivide these spaces into six families according to their germ, viz., one
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symplectic, two unitary, and three orthogonal. (Forms which differ only by a
scalar factor obviously define the same polar space.) The following table gives
some information about them. In the table,r denotes the polar space rank, andδ
the vector space rank of the germ; the rankn of the space is given byn = 2r +δ.
The significance of the parameterε will emerge shortly. This number, depending
only on the germ, carries numerical information about all spaces in the family.
Note that, in the unitary case, the order of the finite field must be a square.

Type δ ε
Symplectic 0 0

Unitary 0 −1
2

Unitary 1 1
2

Orthogonal 0 −1
Orthogonal 1 0
Orthogonal 2 1

Table 1: Finite polar spaces

Theorem 3.12 The number of points in a finite polar space of rank 1 is q1+ε +1,
whereε is given in Table 1.

Proof Let V be a vector space carrying a form of rank 1 over GF(q). ThenV
is the orthogonal direct sum of a hyperbolic lineL and an anisotropic germU of
dimensionk (say). Letnk be the number of points.

Suppose thatk > 0. If p is a point of the polar space, thenp lies on the hyper-
planep⊥; any other hyperplane containingp is non-degenerate with polar rank 1
and having germ of dimensionk−1. Consider a parallel class of hyperplanes in
the affine space whose hyperplane at infinity isp⊥. Each such hyperplane con-
tainsnk−1−1 points, and the hyperplane at infinity contains just one, viz.,p. So
we have

nk−1 = q(nk−1−1),

from which it follows thatnk = 1+(n0−1)qk. So it is enough to prove the result
for the casek = 0, that is, for a hyperbolic line.

In the symplectic case, each of theq+1 projective points on a line is isotropic.
Consider the unitary case. We can take the form to be

B((x1,y1),(x2,y2)) = x1y2 +y1x2,
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wherex = xσ = xr , r2 = q. So the isotropic points satisfyxy+ yx = 0, that is,
Tr(xy) = 0. How many pairs(x,y) satisfy this? Ify = 0, thenx is arbitrary. If
y 6= 0, then a fixed multiple ofx is in the kernel of the trace map, a set of sizeq1/2

(since Tr is GF(q1/2)-linear). So there are

q+(q−1)q1/2 = 1+(q−1)(q1/2 +1)

vectors, i.e.,q1/2 +1 projective points.
Finally, consider the orthogonal case. The quadratic form is equivalent toxy,

and has two singular points,〈(1,0)〉 and〈(1,0)〉.

Theorem 3.13 In a finite polar space of rank r, there are(qr −1)(qr+ε +1)/(q−
1) points, of which q2r−1+ε are not perpendicular to a given point.

Proof We let F(r) be the number of points, andG(r) the number not perpen-
dicular to a given point. (We do not assume thatG(r) is constant; this constancy
follows from the induction that proves the theorem.) We use the two inductive
principles described at the end of the last section.

Claim 1: G(r) = q2G(r−1).
Take a pointx, and count pairs(y,z), wherey∈ x⊥, z 6∈ x⊥, andz∈ y⊥. Choos-

ing zfirst, there areG(r) choices; then〈x,z〉 is a hyperbolic line, andy is a point in
〈x,z〉⊥, so there areF(r−1) choices fory. On the other hand, choosingy first, the
lines throughy are the points of the rankr−1 polar spacex⊥/x, and so there are
F(r−1) of them, withq points different fromx on each, givingqF(r−1) choices
for y; then〈x,y〉 and〈y,z〉 are non-perpendicular lines iny⊥, i.e., points ofy⊥/y,
so there areG(r−1) choices for〈y,z〉, and soqG(r−1) choices fory. thus

G(r) ·F(r−1) = qF(r−1) ·qG(r−1),

from which the result follows.
SinceG(1) = q1+ε, it follows immediately thatG(r) = q2r−1+ε, as required.

Claim 2: F(r) = 1+qF(r−1)+G(r).
For this, simply observe (as above) that points perpendicular tox lie on lines

of x⊥/x.
Now it is just a matter of calculation that the function(qr −1)(qr+ε +1)/(q−

1) satisfies the recurrence of Claim 2 and correctly reduces toq1+ε + 1 when
r = 1.
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Theorem 3.14 The number of maximal flats in a finite polar space of rank r is

r

∏
i=1

(1+qi+ε).

Proof Let H(r) be this number. Count pairs(x,U), whereU is a maximal flat
andx∈U . We find that

F(r) ·H(r−1) = H(r) · (qr −1)/(q−1),

so
H(r) = (1+qr+ε)H(r−1).

Now the result is immediate.

It should now be clear that any reasonable counting question about finite polar
spaces can be answered in terms ofq, r,ε. We will do this for the associated
classical groups at the end of the next section.

3.6 Witt’s Lemma

Let V be a formed space, with sesquilinear formB and (if appropriate) quadratic
form q. An isometryof V is a linear mapg : V →V which satisfiesB(xg,yg) =
B(x,y) for all x,y∈V, and (if appropriate)q(xg) = q(x) for all x∈V. (Note that,
in the case of a quadratic form, the second condition implies the first.)

The set of all isometries ofV forms a group, theisometry groupof V. This
group is our object of study for the next few sections.

More generally, ifV andW are formed spaces of the same type, an isometry
from V to W is a linear map fromV to W satisfying the conditions listed above.

Exercise 3.17Let V be a (not necessarily non-degenerate) formed space of sym-
plectic or Hermitian type, with radicalV⊥. Prove that the natural map fromV to
V/V⊥ is an isometry.

The purpose of this subsection is to proveWitt’s Lemma, a transitivity assertion
about the isometry group of a formed space.

Theorem 3.15 Suppose that U1 and U2 are subspaces of the formed space V, and
h : U1 →U2 is an isometry. Then there is an isometry g of V which extends h if
and only if(U1∩V⊥)h = U2∩V⊥.

In particular, if V⊥ = 0, then any isometry between subspaces of V extends to
an isometry of V .
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Proof Assume thath : U1 →U2 is an isometry. Clearly, ifh is the restriction of
an isometryg of V, thenV⊥g = V⊥, and so

(U1∩V⊥)h = (U1∩V⊥)g = U1g∩V⊥g = U2∩V⊥.

We have to prove the converse.
First we show that we may assume thatU1 andU2 containV⊥. Suppose not.

Choose a subspaceW of V⊥ which is a complement to bothU1∩V⊥ andU2∩V⊥

(see Exercise 3.18), and extendh to U1⊕W by the identity map onW. This is
easily checked to be an isometry toU2⊕W.

The proof is by induction on rk(U1/V⊥). If U1 = V⊥ = U2, then choose any
complementW for V⊥ in V and extendh by the identity onW. So the base step
of the induction is proved. Assume that the conclusion of Witt’s Lemma holds for
V ′, U ′

1, U ′
2, h′ whenever rk(U ′

1/(V ′)⊥) < rk(U1/V⊥).
Let H be a hyperplane ofU1 containingV⊥. Then the restrictionf ′ of f to H

has an extension to an isometryg′ of V. Now it is enough to show thath(g′)−1

extends to an isometry; in other words, we may assume thath is the identity onH.
Moreover, the conclusion is clear ifh is the identity onU1; so suppose not. Then
ker(h−1) = H, and so the image ofh−1 is a rank 1 subspaceP of U1.

Sinceh is an isometry, for allx,y∈U1 we have

B(xh,yh−y) = B(xh,yh)−B(xh,y)
= B(x,y)−B(xh,y)
= B(x−xh,y).

So, if y∈ H, then any vectorxh−x of P is orthogonal toy; that is,H ≤ P⊥.
Now suppose thatP 6≤U⊥

1 . ThenU1∩P⊥ = U2∩P⊥ = H. If W is a comple-
ment toH in P⊥, then we can extendh by the identity onW to obtain the required
isometry. So we may assume further thatU1,U2 ≤ P⊥. In particular,P≤ P⊥.

Next we show that we may assume thatU1 = U2 = P⊥. Suppose first that
U1 6= U2. If Ui = 〈H,ui〉 for i = 1,2, let W0 be a complement forU1 +U2 in
P⊥, andW = 〈W0,u1 + u2〉; thenh can be extended by the identity onW to an
isometry onP⊥. If U1 = U2, take any complementW to U1 in P⊥. In either case,
the extension is an isometry ofP⊥ which acts as the identity on a hyperplaneH ′

of P⊥ containingH. So we may replaceU1,U2,H by P⊥,P⊥,H ′.
Let P = 〈x〉 and letx = uh−u for someu∈U1. We haveB(x,x) = 0. In the

orthogonal case, we have

q(x) = q(uh−u) = q(uh)+q(u)−B(uh,u) = 2q(u)−B(u,u) = 0.
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(We haveB(uh,u) = B(u,u) becauseB(uh−u,u) = 0.) SoP is flat, and there is a
hyperbolic plane〈u,v〉, with v /∈ P⊥. Our job is to extendh to the vectorv.

To achieve this, we show first that there is a vectorv′ such that〈uh,v′〉⊥ =
〈u,v〉⊥. This holds because〈u,v〉⊥ is a hyperplane in〈uh〉⊥ not containingV⊥.

Next, we observe that〈uh,v′〉 is a hyperbolic plane, so we can choose a vector
v′′ such thatB(uh,v′′) = 1 and (if relevant)Q(v′′) = 0.

Finally, we observe that by extendingh to mapv to v′′ we obtain the required
isometry ofV.

Exercise 3.18Let U1 andU2 be subspaces of a vector spaceV having the same
rank. Show that there is a subspaceW of V which is a complement for bothU1

andU2.

Corollary 3.16 (a) The ranks of maximal flat subspaces of a formed space are
all equal.

(b) The Witt rank and isometry type of the germ of a non-degenerate formed
space are invariants.

Proof (a) LetU1 andU2 be maximal flat subspaces. Then bothU1 andU2 con-
tainsV⊥. If rk(U1) < rk(U2), there is an isometryh from U1 into U2. If g is the
extension ofh to V, then the image ofU2 underg−1 is a flat subspace properly
containingU1, contradicting maximality.

(b) The result is clear ifV is anisotropic. Otherwise, letU1 andU2 be hyper-
bolic planes. ThenU1 andU2 are isometric and are disjoint fromV⊥. An isometry
of V carryingU1 to U2 takesU⊥

1 to U⊥
2 . Then the result follows by induction.

Theorem 3.17 Let Vr be a non-degenerate formed space with polar rank r and
germ W overGF(q). Let Gr be the isometry group of Vr . Then

|Gr | =

(
r

∏
i=1

(qi −1)(qi+ε +1)q2i−1+ε

)
|G0|

= qr(r+ε)

(
r

∏
i=1

(qi −1)(qi+ε +1)

)
|G0|,
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where|G0| is given by the following table:

Type δ ε |G0|
Symplectic 0 0 1

Unitary 0 −1
2 1

Unitary 1 1
2 q1/2 +1

Orthogonal 0 −1 1

Orthogonal 1 0

{
2 (q odd)
1 (q even)

Orthogonal 2 1 2(q+1)

Proof By Theorem 3.13, the number of choices of a vectorx spanning a flat
subspace is(qr −1)(qr+ε +1). Then the number of choices of a vectory spanning
a flat subspace and having inner product 1 withx is q2r−1+ε. Thenx andy span
a hyperbolic plane. Now Witt’s Lemma shows thatGr acts transitively on such
pairs, and the stabiliser of such a pair isGr−1, by the inductive principle.

In the cases whereδ = 0, G0 is the trivial group on a vector space of rank 0.
In the unitary case withδ = 1, G0 preserves the Hermitian formxxq1/2

, so consists
of multiplication by(q1/2 + 1)st roots of unity. In the orthogonal case withδ =
1, G0 preserves the quadratic formx2, and so consists of multiplication by±1
only. Finally, consider the orthogonal case withδ = 2. Here we can represent
the quadratic form as the norm from GF(q2) to GF(q), that is,N(x) = xq+1. The
GF(q)-linear maps which preserve this form a dihedral group of order 2(q+ 1):
the cyclic group is generated by the(q+ 1)st roots of unity in GF(q2), which is
inverted by the non-trivial field automorphism over GF(q) (since, ifxq+1 = 1, then
xq = x−1).
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4 Symplectic groups

In this and the next two sections, we begin the study of the groups preserving
reflexive sesquilinear forms or quadratic forms. We begin with the symplectic
groups, associated with non-degenerate alternating bilinear forms.

4.1 The Pfaffian

The determinant of a skew-symmetric matrix is a square. This can be seen in
small cases by direct calculation:

det

(
0 a12

−a12 0

)
= a2

12,

det


0 a12 a13 a14

−a12 0 a23 a24

−a13 −a23 0 a34

−a14 −a24 −a34 0

 = (a12a34−a13a24+a14a23)2.

Theorem 4.1 (a) The determinant of a skew-symmetric matrix of odd size is
zero.

(b) There is a unique polynomialPf(A) in the indeterminates ai j for 1≤ i < j ≤
2n, having the properties

(i) if A is a skew-symmetric2n×2n matrix with(i, j) entry ai j for 1≤ i <
j ≤ 2n, then

det(A) = Pf(A)2;

(ii) Pf(A) contains the term a12a34· · ·a2n−1 2n with coefficient+1.

Proof We begin by observing that, ifA is a skew-symmetric matrix, then the
form B defined by

B(x,y) = xAy>

is an alternating bilinear form. Moreover,B is non-degenerate if and only ifA is
non-singular: forxAy> = 0 for all y if and only if xA= 0. We know that there is
no non-degenerate alternating bilinear form on a space of odd dimension; so (a)
is proved.
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We know also that, ifA is singular, then det(A) = 0, whereas ifA is non-
singular, then there exists an invertible matrixP such that

PAP> = diag

((
0 1
−1 0

)
, . . . ,

(
0 1
−1 0

))
,

so that det(A) = det(P)−2. Thus, det(A) is a square in either case.
Now regardai j as being indeterminates over the fieldF ; that is, letK = F(ai j :

1≤ i < j ≤ 2n) be the field of fractions of the polynomial ring inn(2n−1) vari-
ables overF . If A is the skew-symmetric matrix with entriesai j for 1 ≤ i <
j ≤ 2n, then as we have seen, det(A) is a square inK. It is actually the square
of a polynomial. (For the polynomial ring is a unique factorisation domain; if
det(A) = ( f/g)2, where f andg are polynomials with no common factor, then
det(A)g2 = f 2, and sof 2 divides det(A); this implies thatg is a unit.) Now det(A)
contains a term

a2
12a

2
34· · ·a2

2n−1 2n

corresponding to the permutation

(12)(34) · · ·(2n−12n),

and so by choice of sign in the square root we may assume that (ii)(b) holds.
Clearly the polynomial Pf(A) is uniquely determined.

The result for arbitrary skew-symmetric matrices is now obtained by speciali-
sation (that is, substituting values fromF for the indeterminatesai j ).

Theorem 4.2 If A is a skew-symmetric matrix and P any invertible matrix, then

Pf(PAP>) = det(P) ·Pf(A).

Proof We have det(PAP>) = det(P)2det(A), and taking the square root shows
that Pf(PAP>) =±det(P)Pf(A); it is enough to justify the positive sign. For this,
it suffices to consider the ‘standard’ skew-symmetric matrix

A = diag

((
0 1
−1 0

)
, . . . ,

(
0 1
−1 0

))
,

since all non-singular skew-symmetric matrices are equivalent. In this case, the
(2n−1,2n) entry inPAP> contains the termp2n−1 2n−1p2n 2n, so that Pf(PAP>)
contains the diagonal entry of det(P) with sign+1.
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Exercise 4.1A one-factoron the set{1,2, . . . ,2n} is a partitionF of this set
into n subsets of size 2. We represent each 2-set{i, j} by the ordered pair(i, j)
with i < j. Thecrossing numberχ(F) of the one-factorF is the number of pairs
{(i, j),(k, l)} of sets inF for which i < k < j < l .

(a) LetFn be the set of one-factors on the set{1,2, . . . ,2n}. What is|Fn|?

(b) LetA = (ai j ) be a skew-symmetric matrix of order 2n. Prove that

Pf(A) = ∑
F∈Fn

(−1)χ(F) ∏
(i, j)∈F

ai j .

4.2 The symplectic groups

The symplectic groupSp(2n,F) is the isometry group of a non-degenerate al-
ternating bilinear form on a vector space of rank 2n over F . (We have seen
that any two such forms are equivalent up to invertible linear transformation of
the variables; so we have defined the symplectic group uniquely up to conju-
gacy in GL(2n,F).) Alternatively, it consists of the 2n×2n matricesP satisfying
P>AP= A, whereA is a fixed invertible skew-symmetric matrix. If necessary, we
can take for definiteness either

A =
(

On In
−In On

)
or

A = diag

((
0 1
−1 0

)
, . . . ,

(
0 1
−1 0

))
.

The projective symplectic groupPSp(2n,F) is the group induced on the set
of points of PG(2n− 1,F) by Sp(2n,F). It is isomorphic to the factor group
Sp(2n,F)/(Sp(2n,F)∩Z), whereZ is the group of non-zero scalar matrices.

Proposition 4.3 (a) Sp(2n,F) is a subgroup ofSL(2n,F).

(b) PSp(2n,F)∼= Sp(2n,F)/{±I}.

Proof (a) If P∈ Sp(2n,F), then Pf(A) = Pf(PAP>) = det(P)Pf(A), so det(P) =
1.

(b) If (cI)A(cI) = A, thenc2 = 1, soc =±1.

From Theorem 3.17, we have:
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Proposition 4.4

|Sp(2n,q)|=
n

∏
i=1

(q2i −1)q2i−1 = qn2
n

∏
i=1

(q2i −1).

The next result shows that we get nothing new in the case 2n = 2.

Proposition 4.5 Sp(2,F)∼= SL(2,F) andPSp(2,F)∼= PSL(2,F).

Proof We show that there is a non-degenerate bilinear form onF2 preserved by
SL(2,F). The formB is given by

B(x,y) = det

(
x
y

)

for all x,y∈ F2, where

(
x
y

)
is the matrix with rowsx andy. This is obviously a

symplectic form. For any linear mapP : F2 → F2, we have(
xP
yP

)
=
(

x
y

)
P,

whence

B(xP,yP) = det

(
xP
yP

)
= B(x,y)det(P),

and so all elements of SL(2,F) preserveB, as required.
The second assertion follows on factoring out the group of non-zero scalar

matrices of determinant 1, that is,{±I}.

In particular, PSp(2,F) is simple if and only if|F |> 3.
There is one further example of a non-simple symplectic group:

Proposition 4.6 PSp(4,2)∼= S6.

Proof Let F = GF(2) andV = F6. OnV define the “standard inner product”

x ·y =
6

∑
i=1

xiyi
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(evaluated inF). Let j denote the all-1 vector. Then

x ·x = x · j

for all x∈X, so on the rank 5 subspacej⊥, the inner product induces an alternating
bilinear form. This form is degenerate — indeed, by definition, its radical contains
j — but it induces a non-degenerate symplectic formBon the rank 4 spacej⊥/〈 j〉.
Clearly any permutation of the six coordinates induces an isometry ofB. SoS6 ≤
Sp(4,2) = PSp(4,2). Since

|S6|= 6! = 15·8·3·2 = |Sp(4,2)|,

the result is proved.

4.3 Generation and simplicity

This subsection follows the pattern used for PSL(n,F). We show that Sp(2n,F) is
generated by transvections, that it is equal to its derived group, and that PSp(2n,F)
is simple, forn≥ 2, with the exception (noted above) of PSp(4,2).

Let B be a symplectic form. Which transvections preserveB? Consider the
transvectionx 7→ x+(x f)a, wherea∈V, f ∈V∗, anda f = 0. We have

B(x+(x f)a,y+(y f)a) = B(x,y)+(x f)B(a,y)− (y f)B(a,x).

SoB is preserved if and only if(x f)B(a,y) = (y f)B(a,x) for all x,y∈V. We claim
that this entailsx f = λB(a,x) for all x, for some scalarλ. For we can choosex
with B(a,x) 6= 0, and defineλ = (x f)/B(a,x); then the above equation shows that
y f = λB(a,y) for all y.

Thus, asymplectic transvection(one which preserves the symplectic form)
can be written as

x 7→ x+λB(x,a)a

for a fixed vectora∈V. Note that its centre and axis correspond under the sym-
plectic polarity; that is, its axis isa⊥ = {x : B(x,a) = 0}.

Lemma 4.7 For r ≥ 1, the groupPSp(2r,F) acts primitively on the points of
PG(2r−1,F).

Proof For r = 1 we know that the action is 2-transitive, and so is certainly prim-
itive. So suppose thatr ≥ 2.
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Every point of PG(2r−1,F) is flat, so by Witt’s Lemma, the symplectic group
acts transitively. Moreover, any pair of distinct points spans either a flat subspace
or a hyperbolic plane. Again, Witt’s Lemma shows that the group is transitive on
the pairs of each type. (In other wordsG = PSp(2r,F) has three orbits on ordered
pairs of points, including the diagonal orbit

∆ = {(p, p) : p∈ PG(2r−1,F)};

we say that PSp(2r,F) is arank3 permutation groupon PG(2r−1,F).)
Now a non-trivial equivalence relation preserved byG would have to consist

of the diagonal and one other orbit. So to finish the proof, we must show:

(a) if B(x,y) = 0, then there existsz such thatB(x,z),B(y,z) 6= 0;

(b) if B(x,y) 6= 0, then there existsz such thatB(x,z) = B(y,z) 6= 0.

This is a simple exercise.

Exercise 4.2Prove (a) and (b) above.

Lemma 4.8 For r ≥ 1, the groupSp(2r,F) is generated by symplectic transvec-
tions.

Proof The proof is by induction byr, the caser = 1 having been settled earlier
(Theorem 2.6).

First we show that the groupH generated by transvections is transitive on the
non-zero vectors. Letu,v 6= 0. If B(u,v) 6= 0, then the symplectic transvection

x 7→ x+
B(x,v−u)

B(u,v)
(v−u)

carriesu to v. If B(u,v) = 0, choosew such thatB(u,w),B(v,w) 6= 0 (by (a) of the
preceding lemma) and mapu to w to v in two steps.

Now it is enough to show that any symplectic transformationg fixing a non-
zero vectoru is a product of symplectic transvections. By induction, since the
stabiliser ofu is the symplectic group onu>/〈u〉, we may assume thatg acts
trivially on this quotient; but theng is itself a symplectic transvection.

Lemma 4.9 For r ≥ 3, and for r = 2 and F 6= GF(2), the groupPSp(2r,F) is
equal to its derived group.
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Proof If F 6= GF(2),GF(3), we know from Lemma 2.8 that any element induc-
ing a transvection on a hyperbolic plane and the identity on the complement is a
commutator, so the result follows. The same argument completes the proof pro-
vided that we can show that it holds for PSp(6,2) and PSp(4,3).

In order to handle these two groups, we first develop some notation which can
be more generally applied. For convenience we re-order the rows and columns of
the ‘standard skew-symmetric matrix’ so that it has the form

J =
(

O I
−I O

)
,

whereO and I are ther × r zero and identity matrices. (In other words, theith
and(i + r)th basis vectors form a hyperbolic pair, fori = 1, . . . , r.) Now a matrix
C belongs to the symplectic group if and only ifC>JC= J. In particular, we find
that

(a) for all invertibler× r matricesA, we have(
A−1 O
O A>

)
∈ Sp(2r,F);

(b) for all symmetric r× r matricesB, we have(
I B
O I

)
∈ Sp(2r,F).

Now straightforward calculation shows that the commutator of the two matrices
in (a) and (b) is equal to (

I B−ABA>

O I

)
,

and it suffices to chooseA andB such thatA is invertible,B is symmetric, and
B−ABA> has rank 1.

The following choices work:

(a) r = 2, F = GF(3), A =
(

1 1
0 1

)
, B =

(
0 1
1 0

)
;

(b) r = 3, F = GF(2), A =

1 1 0
0 0 1
1 0 0

, B =

1 0 1
0 1 1
1 1 1

.
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Theorem 4.10 The groupPSp(2r,F) is simple for r≥ 1, except for the cases
(r,F) = (1,GF(2)), (1,GF(3)), and(2,GF(2)).

Proof We now have all the ingredients for Iwasawa’s Lemma (Theorem 2.7),
which immediately yields the conclusion.

As we have seen, the exceptions in the theorem are genuine.

Exercise 4.3Show that PSp(4,3) is a finite simple group which has no 2-transitive
action.

The only positive integersn such thatn(n− 1) divides |PSp(4,3)| are n =
2,3,4,5,6,9,10,16,81. It suffices to show that the group has no 2-transitive action
of any of these degrees. Most are straightforward butn = 16 andn = 81 require
some effort.

(It is known that PSp(4,3) is the smallest non-abelian finite simple group with
this property.)

4.4 A technical result

The result in this section will be needed at one point in our discussion of the
unitary groups. It is a method of recognising the groups PSp(4,F) geometrically.

Consider the polar space associated with PSp(4,F). Its points are all the points
of the projective space PG(3,F), and its lines are the flat lines (those on which the
symplectic form vanishes). We call them F-lines for brevity. Note that the F-lines
through a pointp of the porojective space form the plane pencil consisting of all
the lines throughp in the planep⊥, while dually the F-lines in a planeΠ are all
those lines ofΠ containing the pointΠ⊥. Now two points are prthogonal if and
only if they line on an F-line.

The geometry of F-lines has the following property:

(a) Given an F-lineL and a pointp not onL, there is a unique pointq∈ L such
that pq is an F-line.

(The pointq is p⊥∩L.) A geometry with this property (in which two points lie on
at most one line) is called ageneralised quadrangle.

Exercise 4.4Show that a geometry satisfying the polar space axioms withr = 2
is a generalised quadrangle, and conversely.
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We wish to recognise, within the geometry, the remaining lines of the projec-
tive space. These correspond to hyperbolic planes in the vector space, so we will
call them H-lines. Note that the points of a H-line are pairwise non-orthogonal.

We observe that, given any two pointsp,q not lying on an F-line, the set

{r : pr andqr are F-lines}

is the set of points of{p,q}⊥, and hence is the H-line containingp andq. This
definition works in any generalized quadrangle, but in this case we have more:

(b) Any two points lie on either a unique F-line or a unique H-line.

(c) The F-lines and H-lines within a setp⊥ form a projective plane.

(d) Any three non-collinear points lie in a unique setp⊥.

Exercise 4.5Prove conditions (b)–(d).

Conditions (a)–(d) guarantee that the geometry of F-lines and H-lines is a pro-
jective space, hence is isomorphic to PG(3,F) for some (possibly non-commutative)
field F . Then the correspondencep↔ p⊥ is a polarity of the projective space,
such that each point is incident with the corresponding plane. By the Funda-
mental Theorem of Projective Geometry, this polarity is induced by a symplectic
form B on a vector spaceV of rank 4 overF (which is necessarily commutative).

Hence, again by the FTPG, the automorphism group of the geometry is in-
duced by the group of semilinear transformations ofV which preserve the set of
pairs{(x,y) : B(x,y) = 0}. These transformations are composites of linear trans-
formations preservingB up to a scalar factor, and field automorphisms. It follwos
that, ifF 6= GF(2), the automorphism group of the geometry has a unique minimal
normal subgroup, which is isomorphic to PSp(4,F).
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5 Unitary groups

In this section we analyse the unitary groups in a similar way to the treatment
of the symplectic groups in the last section. Note that the treatment here applies
only to the isometry groups of Hermitian forms which are not anisotropic. So in
particular, the Lie groups SU(n) over the complex numbers are not included.

Let V be a vector space overF , σ an automorphism ofF of order 2, andB a
non-degenerateσ-Hermitian form onV (that is,B(y,x) = B(x,y)σ for all x,y∈V).
It is often convenient to denotecσ by c, for any elementc∈ F .

Let F0 denote the fixed field ofF . There are two important maps fromF to F0

associated withσ, thetraceandnormmaps, defined by

Tr(c) = c+c,

N(c) = c·c.
Now Tr is an additive homomorphism (indeed, anF0-linear map), andN is a
multiplicative homomorphism. As we have seen, the image of Tr isF0; the kernel
is the set ofc such thatcσ =−c (which is equal toF0 if the characteristic is 2 but
not otherwise).

Suppose thatF is finite. Then the order ofF is a square, sayF = GF(q2),
and F0 = GF(q). Since the multiplicative group ofF0 has orderq− 1, a non-
zero elementc ∈ F lies in F0 if and only if cq−1 = 1. This holds if and only if
c = aq+1 for somea ∈ F (as the multiplicative group ofF is cyclic), in other
words,c = a ·a = N(a). So the image ofN is the multiplicative group ofF0, and
its kernel is the set of(q+1)st roots of 1. Also, the kernel of Tr consists of zero
and the set of(q−1)st roots of−1, the latter being a coset ofF×

0 in F×.
The Hermitian form on a hyperbolic plane has the form

B(x,y) = x1y2 +y1x2.

An arbitrary Hermitian formed space is the orthogonal direct sum ofr hyper-
bolic planes and an anisotropic space. We have seen that, up to scalar multiplica-
tion, the following hold:

(a) overC, an anisotropic space is positive definite, and the form can be taken
to be

B(x,y) = x1y1 + · · ·+xsys;

(b) over a finite field, an anisotropic space has dimension at most one; if non-
zero, the form can be taken to be

B(x,y) = xy.
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5.1 The unitary groups

Let A be the matrix associated with a non-degenerate Hermitian formB. Then

A = A
>

, and the isometry group ofB (the unitary groupU(V,B) consists of all

invertible matricesP which satisfyP
>

AP= A.
SinceA is invertible, we see that

N(det(P)) = det(P>)det(P) = 1.

So det(P) ∈ F0. Moreover, a scalar matrixcI lies in the unitary group if and only
if N(c) = cc = 1.

The special unitary groupSU(V,B) consists of all elements of the unitary
group which have determinant 1 (that is, SU(V,B) = U(V,B)∩SL(V)), and the
projective special unitary groupis the factor group SU(V,B)/SU(V,B)∩Z, where
Z is the group of scalar matrices.

In the case whereF = GF(q2) is finite, we can unambiguously write SU(n,q)
and PSU(n,q), since up to scalar multiplication there is a unique Hermitian form
on GF(q2)n (with rankbn/2c and germ of dimension 0 or 1 according asn is even
or odd). (It would be more logical to write SU(n,q2) and PSU(n,q2) for these
groups; we have used the standard group-theoretic convention.

Proposition 5.1 (a) |U(n,q) = qn(n−1)/2∏n
i=1(q

i − (−1)i).

(b) |SU(n,q)|= |U(n,q)|/(q+1).

(c) |PSU(n,q)|= |SU(n,q)|/d, where d= (n,q+1).

Proof (a) We use Theorem 3.17, with eithern= 2r, ε =−1
2, orn= 2r +1, ε = 1

2,
and withq replaced byq2, noting that, in the latter case,|G0|= q+1. It happens
that both cases can be expressed by the same formula! On the same theme, note
that, if we replace(−1)i by 1 (andq+ 1 by q− 1 in parts (b) and (c) of the
theorem), we obtain the orders of GL(n,q), SL(n,q), and PSL(n,q) instead.

(b) As we noted, det is a homomorphism from U(n,q) onto the group of(q+
1)st roots of unity in GF(q2)×, whose kernel is SU(n,q).

(c) A scalarcI belongs to U(n,q) if cq+1 = 1, and to SL(n,q2) if cn = 1. So
|Z∩SL(n,q2)|= d, as required.

We conclude this section by considering unitary transvections, those which
preserve a Hermitian form. Accordingly, letT : x 7→ x+(x f)a be a transvection,

58



wherea f = 0. We have

B(xT,yT) = B(x+(x f)a,y+(y f)a)
= B(x,y)+(x f)B(y,a)+(y f)B(x,a)+(x f)(y f)B(a,a).

SoT is unitary if and only if the last three terms vanish for allx,y. Puttingy= awe
see that(x f)B(a,a) = 0 for all x, whence (sincef 6= 0) we must haveB(a,a) = 0.
Now choosingy such thatB(y,a) = 1 and settingλ = (y f), we havex f = λB(x,a)
for all x. So a unitary transvection has the form

x 7→ x+λB(x,a)a,

whereB(a,a) = 0. In particular, an anisotropic space admits no unitary transvec-
tions. Also, choosingx andy such thatB(x,a) = B(y,a) = 1, we find that Tr(λ) =
0. Conversely, for anyλ ∈ ker(Tr) and anya with B(a,a) = 0, the above formula
defines a unitary transvection.

5.2 Hyperbolic planes

In this section only, we use the convention that U(2,F0) means the unitary group
associated with a hyperbolic plane overF , andσ is the associated field automor-
phism, having fixed fieldF0.

Theorem 5.2 SU(2,F0)∼= SL(2,F0).

Proof We will show, moreover, that the actions of the unitary group on the polar
space and that of the special linear group on the projective space correspond, and
that unitary transvections correspond to transvections in SL(2,F0). Let K = {c∈
F : c+c= 0} be the kernel of the trace map; recall that the image of the trace map
is F0.

With the standard hyperbolic form, we find that a unitary matrix

P =
(

a b
c d

)
must satisfyP

>
AP= A, where

A =
(

0 1
1 0

)
.
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Hence
ac+ac= 0, bc+ad = 1, bd+bd = 0.

In addition, we require, that det(P) = 1, that is,ad−bc= 1.
From these equations we deduce thatb+b = c+c = 0, that is,b,c∈ K, while

a−a = d−d = 0, that is,a,d ∈ F0.
Choose a fixed elementu ∈ K. Thenλ ∈ K if and only if uλ ∈ F0. Also,

u−1 ∈ K. Hence the matrix

P† =
(

a ub
u−1c d

)
belongs to SL(2,F0). Conversely, any matrix in SL(2,F0) gives rise to a matrix in
SU(2,F0) by the inverse map. So we have a bijection between the two groups. It
is now routine to check that the map is an isomorphism.

Represent the points of the projective line overF by F ∪{∞} as usual. Recall
that∞ is the point (rank 1 subspace) spanned by(0,1), whilec is the point spanned
by (1,c). We see that∞ is flat, whilec is flat if and only ifc+c= 0, that is,c∈K.
So the mapx 7→ x takes the polar space for the unitary group onto the projective
line overF0. It is readily checked that this map takes the action of the unitary
group to that of the special linear group.

By transitivity, it is enough to consider the unitary transvectionsx 7→ x+
λB(x,a)a, wherea = (0,1). In matrix form, these are

P =
(

1 λ
0 1

)
,

with λ ∈ K. Then

P† =
(

1 uλ
0 1

)
,

which is a transvection in SL(2,F0), as required.

In particular, we see that PSU(2,F0) is simple if|F0|> 3.

5.3 Generation and simplicity

We follow the now-familiar pattern. First we treat two exceptional finite groups,
then we show that unitary groups are generated by unitary transvections and that
most are simple. By the preceding section, we may assume that the rank is at
least 3.
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The finite unitary group PSU(3,q) is a 2-transitive group of permutations of
theq3 +1 points of the corresponding polar space (since any two such points are
spanned by a hyperbolic pair) and has order(q3 + 1)q3(q2− 1)/d, whered =
(3,q+ 1). Moreover, any two points span a line containingq+ 1 points of the
polar space. The corresponding geometry is called aunital.

For q = 2, the group has order 72, and so is soluble. In fact, it issharply
2-transitive: a unique group element carries any pair of points to any other.

Exercise 5.1 (a) Show that the unital associated with PSU(3,2) is isomorphic
to theaffine planeover GF(3), defined as follows: the points are the vectors
in a vector spaceV of rank 2 over GF(3), and the lines are the cosets of
rank 1 subspaces ofV (which, over the field GF(3), means the triples of
vectors with sum 0).

(b) Show that the automorphism group of the unital has the structure 32 : GL(2,3),
where 32 denotes an elementary abelian group of this order (the translation
group ofV) and : denotes semidirect product.

(c) Show that PSU(3,2) is isomorphic to 32 : Q8, whereQ8 is the quaternion
group of order 8.

(d) Show that PSU(3,2) is not generated by unitary transvections.

We next consider the group PSU(4,2), and outline the proof of the following
theorem:

Theorem 5.3 PSU(4,2)∼= PSp(4,3).

Proof Observe first that both these groups have order 25920. We will construct
a geometry for the group PSU(4,2), and use the technical results of Section 4.4
to identify it with the generalised quadrangle for PSp(4,3). Now it has index 2
in the full automorphism group of this geometry, as also does PSp(4,3), which is
simple; so these two groups must coincide.

The geometry is constructed as follows. LetV be a vector space of rank 4 over
GF(4) carrying a Hermitian form of polar rank 2. The projective space PG(3,4)
derived fromV has(44−1)/(4−1) = 85 points, of which(42−1)(43/2+1)/(4−
1) = 45 are points of the polar space, and the remaining 40 are points on which
the form does not vanish (spanned by vectorsx with B(x,x) = 1). Note that 40=
(34− 1)/(3− 1) is equal to the number of points of the symplectic generalised
quadrangle over GF(3). Let Ω denote this set of 40 points.
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Define an F-line to be a set of four points ofΩ spanned by the vectors of
an orthonormal basis forV (a set of four vectorsx1,x2,x3,x4 with B(xi ,xi) = 1
and B(xi ,x j) = 0 for i 6= j). Note that two orthogonal pointsp,q of Ω span a
non-degenerate 2-space, which is a line containing five points of the projective
space of which three are flat and the other two belong toΩ. Then{p,q}⊥ is
also a non-degenerate 2-space containing two points ofΩ, which complete{p,q}
to an F-line. Thus, two orthogonal points lie on a unique F-line, while two non-
orthogonal points lie on no F-line. It is readily checked that, ifL = {p1, p2, p3, p4}
is an F-line andq is another point ofΩ, thenp has three non-zero coordinates in
the orthonormal basis corresponding toL, soq is orthogonal to a unique point of
L. Thus, the points ofΩ and the F-lines satisfy condition (a) of Section 4.4; that
is, they form a generalised quadrangle.

Now consider two points ofΩ which are not orthogonal. The 2-space they
span is degenerate, with a radical of rank 1. So of the five points of the corre-
sponding projective line, four lie inΩ and one (the radical) is flat. Sets of four
points of this type (which are obviously determined by any two of their members)
will be the H-lines. It is readily checked that the H-lines do indeed arise in the
manner described in Section 4.4, that is, as the sets of points ofΩ orthogonal to
two given non-orthogonal points. So condition (b) holds.

Now a pointp of Ω lies in four F-lines, whose union consists of thirteen points.
If q andr are two of these points which do not lie on an F-line withp, thenq and
r cannot be orthogonal, and so they lie in an H-line; sincep andq are orthogonal
to p, so are the remaining points of the H-line containing them. Thus we have
condition (c). Now (d) is easily verified by counting, and the proof is complete.

Exercise 5.2 (a) Give a detailed proof of the above isomorphism.

(b) If you are familiar with a computer algebra package, verify computation-
ally that the above geometry for PSU(4,2) is isomorphic to the symplectic
generalised quadrangle for PSp(4,3).

In our generation and simplicity results we treat the rank 3 case separately. In
the rank 3 case, the unitary group is 2-transitive on the points of the unital.

Theorem 5.4 Let(V,B) be a unitary formed space of Witt rank1, with rk(V) = 3.
Assume that the field F is notGF(22).

(a) SU(V,B) is generated by unitary transvections.

(b) PSU(V,B) is simple.
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Proof We exclude the case of PSU(3,2) (with F = GF(22), considered earlier.
Replacing the form by a scalar multiple if necessary, we assume that the germ
contains vectors of norm 1. Take such a vector as second basis vector, where the
first and third are a hyperbolic pair. That is, we assume that the form is

B((x1,x2,x3),(y1,y2,y3)) = x1y3 +x2y2 +x3y1,

so the isometry group is
{P : P

>
AP= A}

where

A =

0 0 1
0 1 0
1 0 0

 .

Now we check that the group

Q =


1 −a b

0 1 a
0 0 1

 : N(a)+Tr(b) = 0


is a subgroup ofG = SU(V,B), and its derived group consists of unitary transvec-
tions (the elements witha = 0).

Next we show that the subgroupT of V generated by the transvections inG
is transitive on the set of vectorsx such thatB(x,x) = 1. Letx andy be two such
vectors. Suppose first that〈x,y〉 is nondegenerate. Then it is a hyperbolic line,
and a calculation in SU(2,F0) gives the result. Otherwise, there existsz such that
〈x,z〉 and〈y,z〉 are nondegenerate, so we can get fromx to y in two steps.

Now the stabiliser of such a vector inG is SU(x⊥,B) = SU(2,F0), which is
generated by transvections; and every coset of this stabiliser contains a transvec-
tion. SoG is generated by transvections.

Now it follows that the transvections lie inG′, and Iwasawa’s Lemma (Theo-
rem 2.7) shows that PSL(V,B) is simple.

Exercise 5.3Complete the details in the above proof by showing

(a) the group SU(2,F0) acts transitively on the set of vectors of norm 1 in the
hyperbolic plane;

(b) given two vectorsx,y of norm 1 in a rank 3 unitary space as in the proof,
either〈x,y〉 is a hyperbolic plane, or there existsz such that〈x,z〉 and〈y,z〉
are hyperbolic planes.
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Theorem 5.5 Let(V,B) be a unitary formed space with Witt rank at least2. Then

(a) SU(V,B) is generated by unitary transvections.

(b) PSU(V,B) is simple.

Proof We follow the usual pattern. The argument in the preceding theorem
shows part (a) without change ifF 6= GF(4). In the excluded case, we know
that PSU(4,2) ∼= PSp(4,3) is simple, and so is generated by any conjugacy class
(in particular, the images of the transvections of SU(4,2)). Then induction shows
the result for higher rank spaces over GF(4). Again, the argument in 3 dimen-
sions shows that transvections are commutators; the action on the points of the
polar space is primitive; and so Iwasawa’s Lemma shows the simplicity.
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6 Orthogonal groups

We now turn to the orthogonal groups. These are more difficult, for two related
reasons. First, it is not always true that the group of isometries with determinant 1
is equal to its derived group (and simple modulo scalars). Secondly, in character-
istic different from 2, there are no transvections, and we have to use a different
class of elements.

We let O(Q) denote the isometry group of the non-degenerate quadratic formQ,
and SO(Q)the group of isometries with determinant 1. Further, PO(Q) and PSO(Q)
are the quotients of these groups by the scalars they contain. We defineΩ(Q) to be
the derived subgroup of O(Q), and PΩ(Q) = Ω(Q)/(Ω(Q)∩Z), whereZ consists
of the scalar matrices. SometimesΩ(Q) = SO(Q), and sometimes it is strictly
smaller; but our notation serves for both cases.

In the case whereF is finite, we have seen that for evenn there is a unique
type of non-degenerate quadratic form up to scalar multiplication, while ifn is
even there are two types, having germ of dimension 0 or 2 respectively, We
write O+(n,q), O(n,q) and O−(n,q) for the isometry group of a non-degenerate
quadratic form on GF(q)n with germ of rank 0, 1, 2 (andn even, odd, even respec-
tively). We use similar notation for SO, PΩ, and so on. Then we write Oε(n,q) to
mean either O+(n,q) or O−(n,q). Note that, unfortunately, this convention (which
is standard notation) makesε the negative of theε appearing in our general order
formula (Theorem 3.17).

Now the order formula for the finite orthogonal groups reads as follows.

|O(2m+1,q)| = d
m

∏
i=1

(q2i −1)q2i−1

= dqm2
m

∏
i=1

(q2i −1),

|O+(2m,q)| =
m

∏
i=1

(qi −1)(qi−1 +1)q2i−2

= 2qm(m−1)(qm−1)
m−1

∏
i=1

(q2i −1),

|O−(2m,q)| = 2(q+1)
m−1

∏
i=1

(qi −1)(qi+1 +1)q2i
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= 2qm(m−1)(qm+1)
m−1

∏
i=1

(q2i −1),

whered = (2,q− 1). Note that there is a single difference in sign between the
final formulae for Oε(2m,q) for ε =±1; we can combine the two and write

|Oε(2m,q)|= 2qm(m−1)(qm− ε)
m−1

∏
i=1

(q2i −1).

We have|SO(n,q)| = |O(n,q)|/d (except possibly ifn is odd andq is even).
This is because, with this exclusion, the bilinear formB associated withQ is non-
degenerate; and the orthogonal group consists of matricesP satisfyingP>AP= A,
whereA is the matrix of the bilinear form, so that det(P) =±1. It is easy to show
that, forq odd, there are orthogonal transformations with determinant−1. The
excluded case will be dealt with in Section 6.2. We see also that the only scalars
in O(Q) are±I ; and, in characteristic different from 2, we have−I ∈ SO(Q) if
and only if the rank of the underlying vector space is even. Thus, forq odd, we
have

|SO(Q)|= |PO(Q)|= |O(Q)|/2,

and
|PSO(Q)|= |SO(Q)|/(n,2).

For q andn even we have O(Q) = SO(Q) = PO(Q) = PSO(Q).

Exercise 6.1Let Q be a non-degenerate quadratic form over a field of character-
istic different from 2. Show that O(Q) contains elements with determinant−1.
[Hint: if Q(v) 6= 0, then take the transformation which takesv to−v and extend it
by the identity onv⊥ (in other words, the reflection in the hyperplanev⊥).]

6.1 Some small-dimensional cases

We begin by considering some small cases. LetV be a vector space of rankn
carrying a quadratic formQ of Witt index r, whereδ = n−2r is the dimension of
the germ ofQ. Let O(Q) denote the isometry group ofQ, and SO(Q) the subgroup
of isometries of determinant 1.

Casen = 1, r = 0. In this case the quadratic form is a scalar multiple ofx2.
(Replacingq by a scalar multiple does not affect the isometry group.) Then
O(Q) = {±1}, a group of order 1 or 2 according as the characteristic is or is
not 2; and SO(Q) is the trivial group.
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Casen = 2, r = 1. The quadratic form isQ(x1,x2) = x1x2, and the isometry
groupG = O(Q) is {(

λ 0
0 λ−1

)
,

(
0 λ

λ−1 0

)
: λ ∈ F×

}
,

a group with a subgroupH of index 2 isomorphic toF×, and such that an element
t ∈ G\H satisfiest2 = 1 andt−1ht = h−1 for all h ∈ H. In other words,G is
a generalised dihedral group. If F = GF(q), then O(2,q) is a dihedral group of
order 2(q−1). Note thatH = SO(Q) if and only if the characteristic ofF is not 2.

Casen = 2, r = 0. In this case, the quadratic form is

αx2
1 +βx1x2 + γx2

2,

whereq(x) = αx2 +βx+ γ is an irreducible quadratic overF . Let K be a splitting
field for q overF , andassumethatK is a Galois extension (in other words, thatq
is separable overF : this includes the cases where either the characteristic is not 2
or the fieldF is finite). Then, up to scalar multiplication, the formQ is equivalent
to theK/F norm on theF-vector spaceK. The orthogonal group is generated by
the multiplicative group of elements of norm 1 inK and the Galois automorphism
σ of K overF .

In the caseF = GF(q), this group is dihedral of order 2(q+ 1). In the case
F = R, theC/R norm is

z 7→ zz= |z|2,

and so the orthogonal group is generated by multiplication by unit complex num-
bers and complex conjugation. In geometric terms, it is the group of rotations and
reflections about the origin in the Euclidean plane.

Again we see that SO(Q) has index 2 in O(F) if the characteristic ofF is not 2.

Exercise 6.2Prove that, ifK is a Galois extension ofF , then the determinant of
theF-linear mapx 7→ λx onK is equal toNK/F(λ). [Hint: if λ /∈F , the eigenvalues
of this map areλ andλσ.]

Casen = 3, r = 1. In this case and the next, we describe a group preserving a
quadratic form and claim without proof that it is the full orthogonal group. Also,
in this case, we assume that the characteristic is not equal to 2.

67



LetV = F2, and letW be the vector space of all quadratic forms onV (not nec-
essarily non-degenerate). Then rk(W) = 3; a typical element ofW is the quadratic
form ux2 + vxy+ wy2, where we have represented a typical vector inV as(x,y).
We use the triple(u,v,w) of coefficients to represent this vector ofw. Now GL(V)
acts onW by substitution on the variables in the quadratic form. In other words,
to the matrix

A =
(

a b
c d

)
∈GL(2,F)

corresponds the map

ux2 +vxy+wy2 7→ u(ax+cy)2 +v(ax+cy)(bx+dy)+w(bx+dy)2

= (ua2 +vab+wb2)x2 +(2uac+v(ad+bc)+2wbd)xy

+(uc2 +vcd+wd2)y2,

which is represented by the matrix

ρ(A) =

a2 2ac c2

ab ad+bc cd
b2 2bd d2

 ∈GL(3,F).

We observe several things about this representationρ of GL(2,F):

(a) The kernel of the representation is{±I}.

(b) det(ρ(A)) = (det(A))3.

(c) The quadratic formQ(u,v,w) = 4uw− v2 is multiplied by a factor det(A)2

by the action ofρ(A).

Hence we find a subgroup of O(Q) which is isomorphic to SL±(2,F)/{±I},
where SL±(2,F) is the group of matrices with determinant±1. Moreover, its
intersection with SL(3,F) is SL(2,F)/{±1}. In fact, these are the full groups
O(Q) and SO(Q) respectively.

We see that in this case,

PΩ(Q)∼= PSL(2,F) if |F |> 2,

and this group is simple if|F |> 3.
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Casen = 4, r = 2. Our strategy is similar. We take the rank 4 vector space
overF to be the spaceM2×2(F), the space of 2×2 matrices overF (whereF is
any field). The determinant function onV is a quadratic form:Q(X) = det(X).
ClearlyX is the sum of two hyperbolic planes (for example, the diagonal and the
antidiagonal matrices).

There is an action of the group GL(2,F)×GL(2,F) onX, by the rule

ρ(A,B) : X 7→ A−1XB.

We see thatρ(A,B) preservesQ if and only if det(A) = det(B), andρ(A,B) is the
identity if and only ifA = B = λI for some scalarλ. So we have a subgroup of
O(Q) with the structure

((SL(2,F)×SL(2,F)) ·F×)/{(λI ,λI) : λ ∈ F×}.

Moreover, the mapT : X 7→ X> also preservesQ. It can be shown that together
these elements generate O(Q).

Exercise 6.3Show that the above mapT has determinant−1 onV, while ρ(A,B)
has determinant equal to det(A)−2det(B)2. Deduce (from the information given)
that SO(Q) has index 2 inO(Q) if and only if the characteristic ofF is not 2.

Exercise 6.4Show that, in the above case, we have

PΩ(Q)∼= PSL(2,F)×PSL(2,F)

if |F |> 3.

Exercise 6.5Use the order formulae for finite orthogonal groups to prove that
the groups constructed on vector spaces of ranks 3 and 4 are the full orthogonal
groups, as claimed.

6.2 Characteristic2, odd rank

In the case where the bilinear form is degenerate, we show that the orthogonal
group is isomorphic to a symplectic group.

Theorem 6.1 Let F be a perfect field of characteristic2. Let Q be a non-degenerate
quadratic form in n variables over F, where n is odd. ThenO(Q)∼= Sp(n−1,F).
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Proof We know that the bilinear formB is alternating and has a rank 1 radical,
spanned by a vectorz, say. By multiplyingQ by a scalar if necessary, we may
assume thatQ(z) = 1. LetG be the group induced onV/Z, whereZ = 〈z〉. Then
G preserves the symplectic form.

The kernelK of the homomorphism fromG to G fixes each coset ofZ. Since

Q(v+az) = Q(v)+a2,

and the mapa 7→ a2 is a bijection ofF , each coset ofZ contains one vector with
each possible value ofQ. ThusK = 1, andG∼= G.

Conversely, letg be any linear transformation ofV/Z which preserves the
symplectic form induced byB. The above argument shows that there is a unique
permutationg of V lifting the action ofg and preservingQ. Note that, sinceg
inducesg on V/Z, it preservesB. We claim thatg is linear. First, take any two
vectorsv,w. Then

Q(vg+wg) = Q(vg)+Q(wg)+B(vg,wg)
= Q(v)+Q(w)+B(v,w)
= Q(v+w)
= Q((v+w)g);

and the linearity ofg shows thatvg+ wg and(v+ w)g belong to the same coset
of Z, and so they are equal. A similar argument applies for scalar multiplication.
SoG = Sp(n−1,F), and the result is proved.

We conclude that, with the hypotheses of the theorem, O(Q) is simple except
for n = 3 or n = 5, F = GF(2). Hence O(Q) coincides with PΩ(Q) with these
exceptions.

We conclude by constructing some more 2-transitive groups. LetF be a per-
fect field of characteristic 2, andB a symplectic form onF2m. Then the setQ (B)
of all quadratic forms which polarise toB is a coset of the set of “square-seminilear
maps” onV, those satisfying

L(x+y) = L(x)+L(y),
L(cx) = c2L(x)

(these maps are just the quadratic forms which polarise to the zero bilinear form).
In the finite case, whereF = GF(q) (q even), there are thusq2m such quadratic

forms, and they fall into two orbits under Sp(2m,q), corresponding to the two
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types of forms. The stabiliser of a formQ is the corresponding orthogonal group
O(Q). The number of forms of each type is the index of the corresponding orthog-
onal group in the symplectic group, which can be calculated to beqm(qm+ ε)/2
for a form of typeε.

Now specialise further toF = GF(2). In this case, “square-semilinear” maps
are linear. So, given a quadratic formQ polarising toB, we have

Q (B) = {Q+L : L ∈V∗}.

Further, each linear form can be written asx 7→B(x,a) for some fixeda∈V. Thus,
there is an O(Q)-invariant bijection betweenQ (B) andV. By Witt’s Lemma,
O(Q) has just three orbits onV, namely

{0}, {x∈V : Q(x) = 0,x 6= 0}, {x∈V : Q(x) = 1}.

So O(Q) has just three orbits onQ (B), namely

{Q}, Q ε(B)\{Q}, Q −ε(B),

whereQ has typeε andQ ε(B) is the set of all forms of typeε in Q (B).
It follows that Sp(2m,2) acts 2-transitively on each of the two setsQ ε(B), with

cardinalities 2m−1(2m+ ε). The point stabiliser in these actions are Oε(2m,2).

Exercise 6.6What isomorphisms between symmetric and classical groups are il-
lustrated by the above 2-transitive actions of Sp(4,2)?

6.3 Transvections and root elements

We first investigateorthogonal transvections, those which preserve the non-degenerate
quadratic formQ on theF-vector spaceV.

Proposition 6.2 There are no orthogonal transvections over a field F whose char-
acteristic is different from2. If F has characteristic2, then an orthogonal transvec-
tion for a quadratic form Q has the form

x 7→ x−Q(a)−1B(x,a)a,

where Q(a) 6= 0 and B is obtained by polarising Q.
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Proof Suppose that the transvectionx 7→ x+(x f)a preserves the quadratic form
Q, and letB be the associated bilinear form. Then

Q(x+(x f)a) = Q(x)

for all x∈V, whence

(x f)2Q(a)+(x f)B(x,a) = 0.

If x f 6= 0, we conclude that(x f)Q(a) + B(x,a) = 0. Since this linear equation
holds on the complement of a hyperplane, it holds everywhere; that is,B(x,a) =
−(x f)Q(a) for all x.

If the characteristic is not 2, thenB(a,a) = 2Q(a). Substitutingx = a in the
above equation, usinga f = 0, we see thatB(a,a) = 0, soQ(a) = 0. But then
B(x,a) = 0 for all x, contradicting the nondegeneracy ofB in this case.

So we may assume that the characteristic is 2. IfB(x,a) = 0 for all x∈V, then
Q(a) 6= 0 by non-degeneracy. Otherwise, choosingx with B(x,a) 6= 0, we see that
againQ(a) 6= 0. Then

x f =−Q(a)−1B(x,a),

and the proof is complete. (Incidentally, the fact thatf is non-zero now shows that
a is not in the radical ofB.)

Exercise 6.7 In the characteristic 2 case, replacinga by λa for a 6= 0 does not
change the orthogonal transvection.

The fact that, ifQ is a non-degenerate quadratic form in three variables with
Witt rank 1 shows that we can find analogues of transvections acting on three-
dimensional sections ofV. These are calledroot elements, and they will be used
in our simplicity proofs.

A root elementis a transformation of the form

x 7→ x+aB(x,v)u−aB(x,u)v−a2Q(v)B(x,u)u

whereQ(u) = B(u,v) = 0. The group of all such transformations for fixedu,v sat-
isfying the above conditions, together with the identity, is called aroot subgroup
Xu,v.

Exercise 6.8Prove that the root elements are isometries ofQ, that they have
determinant 1, and that the root subgroups are abelian. Show further that, if
Q(u) = 0, then the group

Xu = 〈Xu,v : v∈ u⊥〉
is abelian, and is isomorphic to the additive group ofu⊥/〈u〉.
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Exercise 6.9Write down the root subgroupXu,v for the quadratic formQ(x1,x2,x3)=
x1x3−x2

2 relative to to the given basis{e1,e2,e3}, whereu = e1 andv = e2.

Now the details needed to apply Iwasawa’s Lemma are similar to, but more
complicated than, those that we have seen in the cases of the other classical
groups. We summarise the important steps. LetQ be a quadratic form with Witt
rank at least 2, and not of Witt rank 2 on a vector space of rank 4 (that is, not
equivalent tox1x2 +x3x4). We also exclude the case whereQ has Witt index 2 on
a rank 5 vector space over GF(2): in this case PΩ(Q)∼= PSp(4,2)∼= S6.

(a) The root subgroups are contained inΩ(Q), the derived group ofO(Q).

(b) The abelian groupXu is normal in the stabiliser ofu.

(c) Ω(Q) is generated by the root subgroups.

(d) Ω(Q) acts primitively on the set of flat 1-spaces.

Note that the exception of the case of rank 4 and Witt index 2 is really necessary
for (d): the groupΩ(Q) fixes the two families of rulings on the hyperbolic quadric
shown in Figure 1 on p. 41, and each family is a system of blocks of imprimitivity
for this group.

Then from Iwasawa’s Lemma we conclude:

Theorem 6.3 Let Q be a non-degenerate quadratic form with Witt rank at least2,
but not of Witt rank2 on either a vector space of rank4 or a vector space of rank5
overGF(2). ThenPΩ(Q) is simple.

It remains for us to discover the order of PΩ(Q) over a finite field. We give
the result here, and defer the proof until later. The facts are as follows.

Proposition 6.4 (a) Let Q have Witt index at least2, and let F have character-
istic different from2. ThenSO(Q)/Ω(Q)∼= F×/(F×)2.

(b) Let F be a perfect field of characteristic2 and let Q have Witt index at
least2; exclude the case of a rank4 vector space overGF(2). Then
|SO(Q) : Ω(Q)|= 2.
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The proof of part (a) involves defining a homomorphism from SO(Q) to
F×/(F×)2 called thespinor norm, and showing that it is onto and its kernel is
Ω(Q) except in the excluded case.

In the remaining cases, we work over the finite field GF(q), and writeO(n,q),
understanding that ifn is even thenOε(n,q) is meant.

Proposition 6.5 Excluding the case q even and n odd:

(a) |SO(n,q) : Ω(n,q)|= 2.

(b) For q odd,−I ∈ Ωε(2m,q) if and only if qm∼= ε (mod 4).

The last part is proved by calculating the spinor norm of−I . Putting this to-
gether with the order formula for SO(n,q) already noted, we obtain the following
result:

Theorem 6.6 For m≥ 2, excluding the casePΩ+(4,2), we have

|PΩε(2m,q)| =

(
qm(m−1)(qm− ε)

m−1

∏
i=1

(q2i −1)

)/
(4,qm− ε),

|PΩ(2m+1,q)| =

(
qm2

m

∏
i=1

(q2i −1)

)/
(2,q−1).

Proof For q odd, have already shown that the order of SO(n,q) is given by the
expression in parentheses. We divide by 2 on passing toΩ(n,q), and another 2 on
factoring out the scalars if and only if 4 dividesqm− ε. Forq even,|SO(n,q)| is
twice the bracketed expression, and we lose the factor 2 on passing toΩ(n,q) =
PΩ(n,q).

Now we note that|PΩ(2m+1,q)|= |PSp(2m,q)| for all m. In the casem= 1,
these groups are isomorphic, since they are both isomorphic to PSL(2,q). We have
also seen that they are isomorphic ifq is even. We will see later that they are also
isomorphic ifm = 2. However, they are non-isomorphic form≥ 3 andq odd.
This follows from the result of the following exercise.

Exercise 6.10Let q be odd andm≥ 2.

(a) The group PSp(2m,q) hasbm/2c+ 1 conjugacy classes of elements of or-
der 2.
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(b) The group PΩ(2m+1,q) hasm conjugacy classes of elements of order 2.

Hint: if t ∈ Sp(2m,q) or t ∈ Ω(2m+ 1,q) = PΩ(2m+ 1,q) satisfiest2 = 1, then
V = V+⊕V−, wherevt = λv for v∈ Vλ; and the subspacesV+ andV− are or-
thogonal. Show that there arem possibilities for the subspacesV+ andV− up to
isometry; in the symplectic case, replacingt by−t interchanges these two spaces
but gives the same element of PSp(2m,q). In the case PSp(2m,q), there is an
additional conjugacy class arising from elementst ∈ Sp(2m,q) with t2 =−1.

It follows from the Classification of Finite Simple Groups that there are at
most two non-isomorphic simple groups of any given order, and the only instances
where there are two non-isomorphic groups are

PSp(2m,q) 6∼= PΩ(2m+1,q) for m≥ 3, q odd

and
PSL(3,4) 6∼= PSL(4,2)∼= A8.

The lecture course will not contain detailed proofs of the simplicity of PΩ(n,q),
but at least it is possible to see why PSO+(2m,q) contains a subgroup of index 2
for q even. Recall from Chapter 3 that, for the quadratic form

x1x2 + · · ·+x2m−1x2m

of Witt index m in 2m variables, the flatm-spaces fall into two familiesF + and
F −, with the property that the intersection of two flatm-spaces has even codimen-
sion in each if they belong to the same family, and odd codimension otherwise.
Any element of the orthogonal group must fix or interchange the two families.
Now, for q even, SO+(2m,q) contains an element which interchanges the two
families: for example, the transformation which interchanges the coordinatesx1

andx2 and fixes all the others. So SO+(2m,q) has a subgroup of index 2 fix-
ing the two families, which isΩ+(2m,q). (In the case whereq is odd, such a
transformation has determinant−1.)
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7 Klein correspondence and triality

The orthogonal groups in dimension up to 8 have some remarkable properties.
These include, in the finite case,

(a) isomorphisms between classical groups:

– PΩ−(4,q)∼= PSL(2,q2),

– PΩ(5,q)∼= PSp(4,q),

– PΩ+(6,q)∼= PSL(4,q),

– PΩ−(6,q)∼= PSU(4,q);

(b) unexpected outer automorphisms of classical groups:

– an automorphism of order 2 of PSp(4,q) for q even,

– an automorphism of order 3 of PΩ+(8,q);

(c) further simple groups:

– Suzuki groups;

– the groupsG2(q) and3D4(q);

– Ree groups.

In this section, we look at the geometric algebra underlying some of these phe-
nomena.

Notation: we use O+(2mF) for the isometry group of the quadratic form of
Witt index m on a vector space of rank 2m (extending the notation over finite
fields introduced earlier). We call this quadratic formQ hyperbolic. Moreover, the
flat subspaces of rank 1 forQ are certain points in the corresponding projective
space PG(2m− 1,F); the set of such points is called ahyperbolic quadricin
PG(2m−1,F).

We also denote the orthogonal group of the quadratic form

Q(x1, . . . ,x2m+1) = x1x2 + · · ·+x2m−1x2m+x2
2m+1

by O(2m+1,F), again in agreement with the finite case.
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7.1 Klein correspondence

The Klein correspondencerelates the geometry of the vector spaceV = F4 of
rank 4 over a fieldF with that of a vector space of rank 6 overF carrying a
quadratic form with Witt index 3.

It works as follows. LetW be the space of all 4×4 skew-symmetric matrices
overF . ThenW has rank 6: the above-diagonal elements of such a matrix may be
chosen freely, and then the matrix is determined.

On the vector spaceW, there is a quadratic formQ given by

Q(X) = Pf(X) for all X ∈W.

Recall the Pfaffian from Section 4.1, where we observed in particular that, ifX =
(xi j ), then

Pf(X) = x12x34−x13x24+x14x23.

In particular,W is the sum of three hyperbolic planes, and the Witt index ofQ is 3.
There is an actionρ of GL(4,F) onW given by the rule

ρ(P) : X 7→ P>XP

for P∈GL(4,F), X ∈W. Now

Pf(PXP>) = det(P)Pf(X),

so ρ(P) preservesQ if and only if det(P) = 1. Thusρ(SL(4,F)) ≤ O(Q), and
since SL(4,F) is equal to its derived group we haveρ(SL(4,F)) ≤ Ω+(6,F).
It is easily checked that the kernel ofρ consists of scalars; so in fact we have
PSL(4,F)≤ PΩ+(6,F).

A calculation shows that in fact equality holds here. (More on this later.)

Theorem 7.1 PΩ+(6,F)∼= PSL(4,F).

Examining the geometry more closely throws more light on the situation.
Since the Pfaffian is the square root of the determinant, we have

Q(X) = 0 if and only ifX is singular.

Now a skew-symmetric matrix has even rank; so ifQ(X) = 0 butX 6= 0, thenX
has rank 2.
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Exercise 7.1Any skew-symmetricn×n matrix of rank 2 has the form

X(v,w) = v>w−w>v

for somev,w∈ Fn.
Hint: Let B be such a matrix and letv andw span the row space ofB. Then

B = x>v+ y>w for some vectorsx and y. Now by transposition we see that
〈x,y〉 = 〈v,w〉. Expressx andy in terms ofv andw, and use the skew-symmetry
to determine the coefficients up to a scalar factor.

Now X(v,w) 6= 0 if and only ifv andw are linearly independent. If this holds,
then the row space is spanned byv andw. Moreover,

X(av+cw,bc+dw) = (ad−bc)X(v,w).

So there is a bijection between the rank 2 subspaces ofF4 and the flat subspaces
of W of rank 1. In terms of projective geometry, we have:

Proposition 7.2 There is a bijection between the lines ofPG(3,F) and the points
on the hyperbolic quadric inPG(5,F), which intertwines the natural actions of
PSL(4,F) andPΩ+(6,F).

This correspondence is called theKlein correspondence, and the quadric is
often referred to as theKlein quadric.

Now let A be a non-singular skew-symmetric matrix. The stabiliser ofA in
ρ(SL(4,F)) consists of all matricesP such thatPAP> = A. These matrices com-
prise the symplectic group (see the exercise below). On the other hand,A is a
vector ofW with Q(A) 6= 0, and so the stabiliser ofA in the orthogonal group is
the 5-dimensional orthogonal group onA⊥ (where orthogonality is with respect to
the bilinear form obtained by polarisingQ). Thus, we have

Theorem 7.3 PΩ(5,F)∼= PSp(4,F).

Exercise 7.2Let A be a non-singular skew-symmetric 4×4 matrix over a fieldF .
Prove that the following assertions are equivalent, for any vectorsv,w∈ F4:

(a) X(v,w) = v>w−w>v is orthogonal toA, with respect to the bilinear form
obtained by polarising the quadratic formQ(X) = Pf(X);

(b) v andw are orthogonal with respect to the symplectic form with matrixA†,
that is,vA†w> = 0.
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Here the matricesA andA† are given by

A=


0 a12 a13 a14

−a12 0 a23 a24

−a13 −a23 0 a34

−a14 −a24 −a34 0

 , A† =


0 a34 −a24 a23

−a34 0 a14 −a13

a24 −a14 0 a12

−a23 a13 −a12 0

 .

Now show that the transformation induced onW by a 4×4 matrixP fixesA if
and only ifPA†P> = A†, in other words,P is symplectic with respect toA†.

Note that, ifA is the matrix of the standard symplectic form, then so isA†.

Now, we have two isomorphisms connecting the groups PSp(4,F) and PΩ(5,F)
in the case whereF is a perfect field of characteristic 2. We can apply one and
then the inverse of the other to obtain an automorphism of the group PSp(4,F).
Now we show geometrically that it must be an outer automorphism.

The isomorphism in the preceding section was based on taking a vector space
of rank 5 and factoring out the radicalZ. Recall that, on any cosetZ + u, the
quadratic form takes each value inF precisely once; in particular, there is a unique
vector in each coset on which the quadratic form vanishes. Hence there is a bi-
jection between vectors inF4 and vectors inF5 on which the quadratic form
vanishes. This bijection is preserved by the isomorphism. Hence, under this iso-
morphism, the stabiliser of a point of the symplectic polar space is mapped to the
stabiliser of a point of the orthogonal polar space.

Now consider the isomorphism given by the Klein correspondence. Points on
the Klein quadric correspond to lines of PG(3,F), and it can be shown that, given
a non-singular matrixA, points of the Klein quadric orthogonal toA correspond
to flat lines with respect to the corresponding symplectic form onF4. In other
words, the isomorphism takes the stabiliser of a line (in the symplectic space) to
the stabiliser of a point (in the orthogonal space).

So the composition of one isomorphism with the inverse of the other inter-
changes the stabilisers of points and lines of the symplectic space, and so is an
outer automorphism of PSp(4,F).

7.2 The Suzuki groups

In certain cases, we can choose the outer automorphism such that its square is the
identity. Here is a brief account.
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Theorem 7.4 Let F be a perfect field of characteristic2. Then the polar space
defined by a symplectic form on F4 itself has a polarity if and only if F has an
automorphismσ satisfyingσ2 = 2, where2 denotes the automorphism x7→ x2 of
F.

Proof We take the standard symplectic form

B((x1,x2,x3,x4),(y1,y2,y3,y4)) = x1y2 +x2y1 +x3y4 +x4y3.

The Klein correspondence takes the line spanned by the two points(x1,x2,x3,x4)
and(y1,y2,y3,y4) to the point wit coordinateszi j , for 1≤ i < j ≤ 4, wherezi j =
xiy j +x jyi . This point lies on the Klein quadric with equation

z12z34+z13z24+z14z23 = 0,

and also (if the line is flat) on the hyperplanez12+ z34 = 0. This hyperplane is
orthogonal to the pointp with z12 = z34 = 1, zi j = 0 otherwise. Using coordinates
(z13,z24,z14,z23) in p⊥/p, we obtain a point of the symplectic space representing
the line. This gives the dualityδ previously defined.

Now take a pointq = (a1,a2,a3,a4) of the original space, and calculate its
image under the duality, by choosing two flat lines throughq, calculating their
images, and taking the line joining them. Assuming thata1 anda4 are non-zero,
we can use the lines joiningq to the points(a1,a2,0,0) and (0,a4,a1,0); their
images are(a1a3,a2a4,a1a4,a2a3) and(a2

1,a
2
4,0,a1a2 +a3a4). Now compute the

image of the line joining these two points, which turns out to be(a2
1,a

2
2,a

2
3,a

2
4). In

all other cases, the result is the same. Soδ2 = 2.
If there is a field automorphismσ such thatσ2 = 2, thenδσ−1 is a duality

whose square is the identity, that is, a polarity.
Conversely, suppose that there is a polarityτ. Thenδτ is a collineation, hence

a product of a linear transformation and a field automorphism, sayδτ = gσ. Since
δ2 = 2 andτ2 = 1, we have thatσ2 = 2 as required.

It can further be shown that the set of collineations which commute with this
polarity is a groupG which acts doubly transitively on the setΩ of absolute points
of the polarity, and thatΩ is anovoid(that is, each flat line contains a unique point
of Ω. If |F |> 2, then the derived group ofG is a simple group, theSuzuki group
Sz(F).

The finite field GF(q), whereq= 2m, has an automorphismσ satisfyingσ2 = 2
if and only if m is odd (in which case, 2(m+1)/2 is the required automorphism). In
this case we have|Ω| = q2 + 1, and|Sz(q)| = (q2 + 1)q2(q−1). For q = 2, the
Suzuki group is not simple, being isomorphic to the Frobenius group of order 20.
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7.3 Clifford algebras and spinors

We saw earlier (Proposition 3.11) that, ifQ is a hyperbolic quadratic form onF2m,
then the maximal flat subspaces forQ fall into two familiesS+ andS−, such that
if SandT are maximal flat subspaces, thenS∩T has even codimension inSand
T if and only if SandT belong to the same family.

In this section we represent the maximal flat subspaces as points in a larger
projective space, based on the space ofspinors. The construction is algebraic.
First we briefly review facts about multilinear algebra.

Let V be a vector space over a fieldF , with rankm. Thetensor algebraof V,
written

N
V, is the largest associative algebra generated byV in a linear fashion.

In other words, O
V =

M
n≥0

nO
V,

where, for example,
N2V = V⊗V is spanned by symbolsv⊗w, with v,w∈V,

subject to the relations

(v1 +v2)⊗w = v1⊗w+v2⊗w,

v⊗ (w1 +w2) = v⊗w1 +v⊗w2,

(cv)⊗w = c(v⊗w) = v⊗cw.

(Formally, it is the quotient of the free associative algebra overF with basisV
by the ideal generated by the differences of the left and right sides of the above
identities.) The algebra isN-graded, that is, it is a direct sum of components
Vn =

NnV indexed by the natural numbers, andVn1⊗Vn2 ⊆Vn1+n2.
If (e1, . . . ,em) is a basis forV, then a basis for

NnV consists of all symbols

ei1⊗ei2⊗·· ·⊗ein,

for i1, . . . , in ∈ {1, . . . ,m}; thus,

rk(
nO

V) = mn.

Theexterior algebraof V is similarly defined, but we add an additional con-
dition, namelyv∧v = 0 for all v∈V. (In this algebra we write the multiplication
as∧.) Thus, the exterior algebra

V
V is the quotient of

N
V by the ideal generated

by v⊗v for all v∈V.
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In the exterior algebra, we havev∧w =−w∧v. For

0 = (v+w)∧ (v+w) = v∧v+v∧w+w∧v+w∧w,

and the first and fourth terms on the right are zero. This means that, in any ex-
pressionei1 ∧ei2 ∧ ·· · ∧ein, we can rearrange the factors (possibly changing the
signs), and if two adjacent factors are equal then the product is zero. Thus, thenth
component

VnV has a basis consisting of all symbols

ei1∧ei2∧·· ·∧ein

wherei1 < i2 < .. . < in. In particular,

rk(
n̂

V =
(

m
n

)
,

so that
VnV +{0} for n > m; and

rk(
^

V) =
m

∑
n=0

(
m
n

)
= 2m.

Note that rk(
VmV) = 1. Any linear transformationT of V induces in a natural

way a linear transformation on
NnV or

VnV for anyn. In particular, the trans-
formation

VmT induced on
VmV is a scalar, and this provides a coordinate-free

definition of the determinant:

det(T) =
m̂

T.

Now let Q be a quadratic form onV. We define theClifford algebra C(Q) of
Q to be the largest associative algebra generated byV in which the relation

v·v = Q(v)

holds. (We use· for the multiplication inC(Q). Note that, ifQ is the zero form,
thenC(Q) is just the exterior algebra. IfB is the bilinear form obtained by polar-
isingQ, then we have

v·w+w ·v = B(v,w).

This follows because

Q(v+w) = (v+w) · (v+w) = v·v+v·w+w ·v+w ·w
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and also
Q(v+w) = Q(v)+Q(w)+B(v,w).

Now, when we arrange the factors in an expression like

ei1 ·ei2 · · ·ein,

we obtain terms of degreen−2 (and hencen−4,n−6, . . . as we continue). So
again we can say that thenth component has a basis consisting of all expressions

ei1 ·ei2 · · ·ein,

where i1 < i2 < .. . < in, so that rk(C(Q)) = 2m. But this time the algebra is
not graded but onlyZ2-graded. That is, if we letC0 andC1 be the sums of the
components of even (resp. odd) degree, thenCi ·C j ⊆Ci+ j , where the superscripts
are taken modulo 2.

Suppose thatQ polarises to a non-degenerate bilinear formB. Let G = O(Q)
andC = C(Q). TheClifford group Γ(Q) is defined to be the group of all those
unitss∈C such thats−1Vs= V. Note thatΓ(Q) has an actionχ onV by the rule

s : v 7→ s−1vs.

Proposition 7.5 The actionχ of Γ(Q) on V is orthogonal.

Proof

Q(s−1vs) = (s−1vs)2 = s−1v2s= s−1Q(v)s= Q(v),

sinceQ(v), being a scalar, lies in the centre ofC.

We state without proof:

Proposition 7.6 (a) χ(Γ(Q)) = O(Q);

(b) ker(χ) is the multiplicative group of invertible central elements of C(Q).

The structure ofC(Q) can be calculated in special cases. The one which is of
interest to us is the following:

Theorem 7.7 Let Q be hyperbolic on F2m. Then C(Q) ∼= End(S), where S is a
vector space of rank2m over F called thespace of spinors. In particular, Γ(Q)
has a representation on S, called thespin representation.

83



The theorem follows immediately by induction from the following lemma:

Lemma 7.8 Suppose that Q= Q′+yz, where y and z are variables not occurring
in Q′. Then C(Q)∼= M2×2(C(Q′)).

Proof LetV = V ′ ⊥ 〈e, f 〉. ThenV ′ generatesC(Q′), andV ′,e, f generateC(Q).
We represent these generators by 2×2 matrices overC(Q′) as follows:

v 7→
(

v 0
0 −v

)
,

e 7→
(

0 1
0 0

)
,

f 7→
(

0 0
1 0

)
.

Some checking is needed to establish the relations.

Let S be the vector space affording the spin representation. IfU is a flatm-
subspace ofV, let fU be the product of the elements in a basis ofU . (Note that
fU is uniquely determined up to multiplication by non-zero scalars; indeed, the
subalgebra ofC(Q) generated byU is isomorphic to the exterior algebra ofU .)
Now it can be shown thatC fU and fUC are minimal left and right ideals ofC.
SinceC∼= End(S), each minimal left ideal has the form{T : VT ⊆ X} and each
minimal right ideal has the form{T : ker(T)⊇Y}, whereX andY are subspaces
of V of dimension and codimension 1 respectively. In particular, a minimal left
ideal and a minimal right ideal intersect in a subspace of rank 1.

Thus we have a mapσ from the set of flatm-subspaces ofV into the set of
1-subspaces ofS.

Vectors which span subspaces in the image ofσ are calledpure spinors.

Theorem 7.9 S= S+⊕S−, whererk(S+) = rk(S−) = 2m−1. Moreover, any pure
spinor lies in either S+ or S− according as the corresponding maximal flat sub-
space lies inS+ or S−.

Furthermore, it is possible to define a quadratic formγ on S, whose corre-
sponding bilinear formβ is non-degenerate, so that the following holds:

• if m is odd, thenS+ andS− are flat subspaces forγ, andβ induces a non-
degenerate pairing between them;
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• if m is even, thenS+ and S− are orthogonal with respect toβ, and γ is
non-degenerate hyperbolic on each of them.

We now look briefly at the casem= 3. In this case, rkS+ = rk(S−) = 4. The
Clifford group has a subgroup of index 2 fixingS+ andS−, and inducing dual
representations of SL(4,F) on them. We have here the Klein correspondence in
another form.

This casem= 4 is even more interesting, as we see in the next section.

7.4 Triality

Suppose that, in the notation of the preceding section,m = 4. That is,Q is a
hyperbolic quadratic form onV = F8, and the spinor spaceS is the direct sum of
two subspacesS+ andS− of rank 8, each carrying a hyperbolic quadratic form of
rank 8. So each of these two spaces is isomorphic to the original spaceV. There
is an isomorphismτ (the triality map) of order 3 which takesV to S+ to S− to V,
and takesQ to γ|S+ to γ|S− to Q. Moreover,τ induces an outer automorphism of
order 3 of the group PΩ+(8,F).

Moreover, we have:

Proposition 7.10 A vector s∈ S is a pure spinor if and only if

(a) s∈ S+ or s∈ S−; and

(b) γ(s) = 0.

Henceτ takes the stabiliser of a point to the stabiliser of a maximal flat sub-
space inS+ to the stabiliser of a maximal flat subspace inS− back to the stabiliser
of a point.

It can be shown that the centraliser ofτ in the orthogonal group is the group
G2(F), anexceptional group of Lie type, which is the automorphism group of an
octonion algebra overF .

Further references for this chapter are in C. Chevalley,The Algebraic Theory
of Spinors and Clifford Algebras(Collected Works Vol. 2), Springer, 1997.
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8 Further topics

The main topic in this section isAschbacher’s Theorem, which describes the sub-
groups of the classical groups. First, there are two preliminaries: theO’Nan–Scott
Theorem, which does a similar job for the symmetric and alternating groups; and
the structure ofextraspecial p-groups, which is an application of some of the ear-
lier material and also comes up unexpectedly in Aschbacher’s Theorem.

8.1 Extraspecialp-groups

An extraspecial p-groupis a p-group (for some primep) having the property that
its centre, derived group, and Frattini subgroup all coincide and have orderp.
Otherwise said, it is a non-abelianp-groupP with a normal subgroupZ such that
|Z|= p andP/Z is elementary abelian.

For example, of the five groups of order 8, two (the dihedral and quaternion
groups) are extraspecial; the other three are abelian.

Exercise 8.1Prove that the above conditions are equivalent.

Theorem 8.1 An extraspecial p-group has order pm, where m is odd and greater
than1. For any prime p and any odd m> 1, there are up to isomorphism exactly
two extraspecial p-groups of order pm.

Proof We translate the classification of extraspecialp-groups into geometric al-
gebra. First, note that such a group is nilpotent of class 2, and hence satisfies the
following identities:

[xy,z] = [x,z][y,z], (2)

(xy)n = xnyn[y,x]n(n−1)/2. (3)

(Here[x,y] = x−1y−1xy.)

Exercise 8.2Prove that these equations hold in any group which is nilpotent of
class 2.

Let P be extraspecial with centreZ. ThenZ is isomorphic to the additive group
of F = GF(p); we identifyZ with F . Also,P/Z, being elementary abelian, is iso-
morphic to the additive group of a vector spaceV overF ; we identifyP/Z with V.
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Of course, we have to be prepared to switch between additive and multiplicative
notation.

The structure ofP is determined by two functionsB : V×V → F andQ : V →
F , defined as follows. SinceP/Z is elementary abelian, the commutator of any
two elements ofP, or thepth power of any element ofP, lie in Z. So commutation
andpth power are maps fromP×P to F and fromP to F . Each is unaffected by
changing its argument by an element ofZ, since

[xz,y] = [x,y] = [x,yz] and(xz)p = xp

for z∈ Z. So we have induced mapsP/Z×P/Z→ Z andP/Z→ Z, which (under
the previous identifications) are our requiredB andQ.

Exercise 8.3Show that the structure ofP can be reconstructed uniquely from the
field F , the vector spaceV, and the mapsB andQ above.

Now Equation (2) shows thatB is bilinear. Since[x,x] = 1 for all x, it is
alternating. Elements of its radical lie in the centre ofP, which isZ by assumption;
soB is nondegenerate. ThusB is a symplectic form.

In particular,n = rk(V) is even; so|P|= pm wherem= 1+n is odd, proving
the first part of the theorem.

Now the analysis splits into two cases, according asp = 2 or p is odd.

Case p = 2 Now consider the mapQ. Since |Z| = 2, we have[y,x] =
[x,y]−1 = [x,y] for all x,y. Now Equation (3) forn = 2, in additive notation,
asserts that

Q(x+y) = Q(x)+Q(y)+B(x,y),

In other words,Q is a quadratic form which polarises toB.
Since there are just two inequivalent quadratic forms, there are just two possi-

ble groups of each order up to isomorphism.

Casep odd The difference is caused by the behaviour ofp(p−1)/2 modp:
for p odd,p dividesp(p−1)/2. Hence Equation (3) asserts

Q(x+y) = Q(x)+Q(y).

In other words,Q is linear. Any linear function can be uniquely represented as
Q(x) = B(x,a) for some vectora ∈ V. Since the symplectic group has just two
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orbits onV, namely{0} and the set of all non-zero vectors, there are again just
two different groups. Note that the choicea = 0 gives a group of exponentp,
while a 6= 0 gives a group of exponentp2.

Corollary 8.2 (a) The outer automorphism groups of the extraspecial2-groups
of order21+2r are the orthogonal groupsΩε(2r,2), for ε =±1.

(b) Let p be odd. The outer automorphism group of the extraspecial p-group of
order p1+2r and exponent p is thegeneral symplectic group GSp(2r, p) con-
sisting of linear maps preserving the symplectic form up to a scalar factor.
The automorphism group of the extraspecial p-group of order p1+2r and
exponent p2 is the stabiliser of a non-zero vector in the general symplectic
group.

Exercise 8.4 (a) LetP1 andP2 be groups andθ an isomorphism between cen-
tral subgroupsZ1 andZ2 of P1 andP2. Thecentral product P1◦P2 of P1 and
P2 with respect toθ is the factor group

(P1×P2)/{(z−1,zθ) : z∈ Z1}.

Prove that the central product of extraspecialp-groups is extraspecial, and
corresponds to taking the orthogonal direct sum of the corresponding vector
spaces with forms.

(b) Hence prove that any extraspecialp-group of orderp1+2r is a central prod-
uct of r extraspecial groups of orderp3 where

– if p = 2, all or all but one of the factors is dihedral;

– if p is odd, all or all but one of the factors has exponentp.

We conclude with one more piece of information about extraspecial groups.
Let p be extraspecial of orderp1+2r . Thep elements of the centre lie in conjugacy
classes of size 1; all other conjugacy classes have sizep, so there arep2r + p−1
conjugacy classes. Hence there are the same number of irreducible characters.
But P/P′ has orderp2r , so there arep2r characters of degree 1. It is easy to see
that the remainingp−1 characters each have degreepr ; they are distinguished by
the values they take on the centre ofP.

For p= 2, there is only one non-linear character, which is fixed by outer auto-
morphisms ofP. Thus the representation ofP lifts to the extensionP.Ωε(2r,2).

88



For p = 2, suppose thatP has exponentp. The subgroup Sp(2r, p) of the
outer automorphism group acts trivially on the centre, so fixes thep−1 non-linear
representations; again, these representations lift toP.Sp(2r, p).

In the case of the last remark, the representation ofP.Sp(2r, p) can be written
over GF(l) (l a prime power) provided that this field contains primitivepth roots
of unity, that is,l ≡ 1 (modp). For the corresponding case withp= 2, we require
primitive 4th roots of unity, that is,l ≡ 1 (mod 4).

Thus, if these conditions hold, then GL(pr , l) contains a subgroup isomorphic
to P.Sp(2r, p) or P.Ωε(2r,2) (for p = 2).

8.2 The O’Nan–Scott Theorem

The O’Nan–Scott Theorem for subgroups of symmetric and alternating groups is
a slightly simpler prototype for Aschbacher’s Theorem

A group G is calledalmost simpleif S≤ G≤ Aut(S) for some non-abelian
finite simple groupS.

We define five classes of subgroups of the symmetric groupSn as follows:
C1 {Sk×Sl : k+ l = n,k, l > 1} intransitive
C2 {Sk oSl : kl = n,k, l ≥ 2} imprimitive
C3 {Sk oSl : kl = n,k, l ≥ 2} product action
C4 {AGL(d, p) : pd = n} affine
C5 {(Tk).(Out(T)×Sk) : k≥ 2} diagonal

In the last row of the table,T is a non-abelian simple group, and the group
in question has itsdiagonal action: the stabiliser of a point is Aut(T)×Sk =
(Td).(Out(T)×Sk), where the embedding ofTd in Tk is the diagonal one, as

Td = {(t, t, . . . , t) : t ∈ T},

and the action ofT = Td is by inner automorphisms.
Now we can state the O’Nan–Scott Theorem.

Theorem 8.3 Let G be a subgroup of Sn or An, not equal to Sn or An. Then either

(a) G is contained in a subgroup belonging to one of the classesCi , i = 1, . . . ,5;
or

(b) G is primitive and almost simple.
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Note that the action ofG in case (b) is not specified.
We sketch a proof of the theorem. IfG is intransitive, then it is contained in

a maximal intransitive subgroup, which belongs toC1. If G is transitive but im-
primitive, then it is contained in a maximal imprimitive subgroup, which belongs
to C2. So we may suppose thatG is primitive.

Let N be thesocleof G, the product of its minimal normal subgroups. It is well
known and easy to prove that a primitive group has at most two minimal normal
subgroups; if there are two, then they are abelian. SoN is a product of isomorphic
simple groups.

Now the steps required to complete the proof are as follows:

• If N is abelian, then it is elementary abelian of orderpd for some primep,
andN is regular, son = pd. ThenG≤ AGL(d, p) = pd : GL(d, p), soG is
contained in a group inC4.

• If N is non-abelian but not simple, then it can be shown thatG is contained
in a group inC3∪C5.

• Of course, ifN is simple, thenG is almost simple.

In order to understand the maximal subgroups ofSn and An, there are two
things to do now. The theorem shows that the maximal subgroups are either in
the classesC1–C5 or almost simple. First, we must resolve the question of which
of these groups contains another; this has been done by Liebeck, Praeger and
Saxl. Second, we must understand how almost simple groups act as primitive
permutation groups; equivalently, we must understand their maximal subgroups
(since a primitive action of a group is isomorphic to the action on the right cosets
of a maximal subgroup).

According to the Classification of Finite Simple Groups, most of the finite
simple groups are classical groups. So this leads us naturally to the question of
proving a similar result for classical groups.

8.3 Aschbacher’s Theorem

Aschbacher’s Theorem is the required result. After a preliminary definition, we
give the eight classes of subgroups, and then state the theorem.

A subgroupH of GL(n,F) is said to beirreducible if no subspace ofFn is
invariant underH. We say thatH is absolutely irreducibleif, regarding elements
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of H asn×n matrices overF , the group they generate is an irreducible subgroup
of GL(n,K) for any algebraic extension fieldK of F .

For example, the group

SO(2,R) =
{(

cosθ −sinθ
sinθ cosθ

)
: θ ∈ R

}
is irreducible but not absolutely irreducible since, if we write it relative to the basis
(e1 + ie2,e1− ie2), the group would be{(

eiθ 0
0 e−iθ

)}
.

Now we describe the Aschbacher classes. The examples of groups in these
classes will refer particularly to the general linear groups, but the definitions apply
to all the classical groups. We letV be the natural module for the classical group
G.

C1 consists of reducible groups, those which stabilise a subspaceW of V. In
GL(V), the stabiliser ofW consists of matrices which, in block form (the basis of
W coming first), have shape (

A O
X B

)
,

whereA∈GL(k,F), B∈GL(l ,F) (with k+ l = n), andX an arbitraryl×k matrix;
its structure isFkl : (GL(k,F)×GL(l ,F)).

Note that, in a classical group with a sesquilinear formB, if the subspaceW is
fixed, then so isW∩W⊥. So we may assume that eitherW∩W⊥ = {0} (so that
W is non-degenerate) orW ≤W⊥ (so thatW is flat).

C2 consists of irreducible but imprimitive subgroups, those which preserve
a direct sum decomposition

V = V1⊕V2⊕·· ·⊕Vt ,

where rk(Vi) = m and n = mt; elements of the group permute these subspaces
among themselves. The stabiliser of the decomposition in GL(n,F) is GL(m,F) o
St .
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C3 consists ofsuperfield groups. That is, a group in this class is a classi-
cal group acting on GF(qr)m, whererm = n, and it is embedded in GL(n,q) by
restricting scalars on the vector space from GF(qr) to GF(q). Elements of the
Galois group of GF(qr) over GF(q) are also linear. So in GL(n,q), a subgroup of
this form has shape GL(m,qr) : Cr . For maximality, we may taker to be prime.

In the case of the classical group, we must sometimes modify the form (by
taking its trace from GF(qr) to GF(q)); this may change the type of the form.

C4 consists of groups which preserve a tensor product structureV = Fn1 ⊗
Fn2, with n1n2 = n. The appropriate subgroup of GL(n,F) is the central prod-
uct GL(n1,F) ◦GL(n2,F). We can visualise this example most easily by taking
V to be the vector space of alln1× n2 matrices, and letting the pair(A,B) ∈
GL(n1,F)×GL(n2,F) act by the rule

(A,B) : X 7→ A−1XB.

The kernel of the action is the appropriate subgroup which has to be factored out
to form the central product.

C5 consists ofsubfield groups, that is, subgroups obtained by restricting the
matrix entries to a subfield GF(q0) of GF(q), whereq = qr

0 (and we may taker to
be prime).

C6 consists of groups with extraspecial normal subgroups. We saw in the
section on extraspecial groups that the groupP.Sp(2r, p) or (if p = 2) P.Ωε(2r,2)
can be embedded in GL(pr , l) if p (or 4) dividesl −1. These, together with the
scalars in GF(l), form the groups in this class.

C7 consists of groups preserving tensor decompositions of the form

V = V1⊗V2⊗·· ·⊗Vt ,

with rk(Vi) = m andn = mt . These are somewhat difficult to visualise!

C8 consists of classical subgroups. Thus, any classical group acting onFn

can occur here as a subgroup of GL(n,F) provided that it is not obviously non-
maximal (e.g. we excludeΩε(2r,q) for q even, since these groups are contained
in Sp(2r,q). However, these groups would occur as classC8 subgroups of the
symplectic group.

92



Now some notation for Aschbacher’s Theorem. We letX(q) denote a clas-
sical group over GF(q), andV = GF(q)n its natural module. Also,Ω(q) is the
normal subgroup ofX(q) such thatΩ(q) modulo scalars is simple; andA(q)
is the normaliser ofX(q) in the group of all invertible semilinear transforma-
tions of GF(q)n. A bar over the name of a group denotes that we have factored
out scalars. Note thatA(q) is the automorphism group ofΩ(q) except in the
casesX(q) = GL(n,q) (where there is an outer automorphism induced by dual-
ity), X(q) = O+(8,q) (where there is an outer automorphism induced by triality),
andX(q) = Sp(4,q) with q even (where there is an outer automorphism induced
by the exceptional duality of the polar space).

Theorem 8.4 With the above notation, letΩ(q)≤G≤ A(q), and suppose that H
is a subgroup of G not containingΩ(q). Then either

(a) H is contained in a subgroup in one of the classesC1, . . . ,C8; or

(b) H is absolutely irreducible and almost simple modulo scalars.

Kleidman and Liebeck,The Subgroup Structure of the Finite Classical Groups,
London Mathematical Society Lecture Note Series129, Cambridge University
Press, 1990, gives further details, including an investigation of which of the groups
in the Aschbacher classes are actually maximal.
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A short bibliography on classical groups

Standard books on classical groups are Artin [2], Dieudonné [14], Dickson [13]
and, for a more modern account, Taylor [22]. Cameron [5] describes the underly-
ing geometry.

Books on related topics include Cohn [10] on division rings, Gorenstein [15]
for the classification of finite simple groups, theATLAS[11] for properties of small
simple groups (including all the sporadic groups), theHandbook of Incidence
Geometry[4] for a detailed account of many topics including the geometry of
the classical groups, Chevalley [9] on Clifford algebras, spinors and triality, and
Kleidman and Liebeck [17] on subgroups of classical groups. (The last book is a
detailed commentary on the theorem of Aschbacher [3], itself the culmination of a
line of research commencing with Galois and continuing through Cooperstein [12]
and Kantor [16]. Cameron [6] has some geometric speculations on Aschbacher’s
Theorem.)

Carter [8] discusses groups of Lie type (identifying many of these with clas-
sical groups). The natural geometries for the groups of Lie type are buildings:
see Tits [23] for the classification of spherical buildings, and Scharlau [21] for a
modern account.

The other papers in the bibliography discuss aspects of the generation, sub-
groups, or representations of the classical groups. The list is not exhaustive!
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