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INVARIANT MEASURES FOR REAL ANALYT IC EXPANDING
MAPS

OSCAR BANDTLO W AND OLIVER JENKINSON

Abstract

Let X be a compact connected subset of Rd with non-empty interior, and T : X ! X a real
analytic full branch expanding map with countably many branches. Elements of a thermodynamic
formalism for such systems are developed, including criteria for compactness of transfer operators
acting on spaces of bounded holomorphic functions. In particular a new sufficient condition for
the existence of a T -invariant probability measure equivalent to Lebesgue measure is obtained.

1. Intr oducti on

Let X bea compact connected subset of Rd with non-empty interior, and suppose
that T : X → X is a real analytic full branch expanding map (see DeÞnition 4.1).
Let (Ti)i!I be the (countable) collection of inversebranches of T, and supposethe
sets X i = Ti(int (X )) form a partition of X up to a set of zero Lebesguemeasure.

By an acip (absolutely continuous invariant probabilit y) we mean a T-invariant
Borel probabilit y measure on X which is absolutely continuous with respect to
Lebesgue measure Leb. If T has only Þnitely many branches then it is well known
that there exists a unique acip µ, that the associated densit y function dµ/dLeb is
real analyti c, and that the corresponding dynamical system (T, µ) is exact. The
main purpose of th is article is to give a su!cie nt condition for the same facts to
hold in the case where I = N is countably inÞnit e.

We say that T has uniformly summable derivatives if there exists a complex
neighbourhood D ⊂ Cd of X such that

sup
z! D

"!

i= n

‖T#
i (z)‖ → 0 as n →∞ ,

where T#
i (z) denotesthe derivative of Ti at z, and ‖ · ‖ is any norm on Cd$ d, for

example the operator norm induced by the Euclidean norm on Cd.
Our main result (seeTheorem 11.4) is:

Theor em. Let T : X → X be a real analytic full branch expanding map with
uniformly summable derivatives, such that Leb(X \ ∪i!I X i) = 0.

Then T has a unique acip µ. The corresponding density functi on is real analytic
and str ict ly positive on X . The dynamical system (T, µ) is exact.

The uniformly summablederivativescondition turns out to be independent from
a well known alternat ivesu!cie nt conditi on for theexistenceof an acip, the bounded
distor tion condition (seee.g. [1], [9], [11]): in [3] we construct mapswith uniformly
summable derivatives but unbounded distortion , as well as maps with bounded
distor tion but with out uniformly summable derivatives.
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The uniformly summablederivatives condition is often easyto check: for example
it is implied by the condition

"!

i=1

sup
z! D

‖T#
i (z)‖ < ∞ . (1.1)

Another advantage of the uniformly summable derivatives condition is that the
proof of the above Theorem can be carried out wholly with in a complex analyti c
framework, so that the real analyti cit y of the density function dµ/dLeb follows
immediately from the existence of µ.

In fact the hypotheses of th is Theorem can be weakened(seeTheorem 11.2): it
su!c esto assume that lim supi%" supz! D ‖T#

i (z)‖ < 1 and

sup
z! D

"!

i=1

|Jac(Ti)(z)| < ∞ , (1.2)

where Jac(Ti) denotesthe Jacobian determinant of Ti.
A more abst ract analogue of theseresults is Theorem 11.1. Here we assumethat

D may be chosen to be invariant under complex conjugation, that it is mapped
compactl y inside itself (in a suitab le sense) by the inverse branches Ti, and that
the Jac(Ti) satisfy a suitable summabilit y condition , eit her that

sup
z! D

"!

i= n

|Jac(Ti)(z)| → 0 as n →∞,

or the weaker conditio n (1.2). Theseabstract versions resemble a stronger theorem
claimed by Mayer [10, Theorem, p. 12]. The proof presented in [10] is incorrect,
however (see the comments in our §3, in particular Remark 3.2), and the claimed
theorem should be considered an open problem  .

Our methods owe much to the approach of Mayer. His idea was to check that the
Perron-Frobenius operator LT , when act ing on a suitab le Banach spaceof analytic
functions, is both compact and f 0-positive (see DeÞnition 4.8) wit h respect to a
cert ain cone. Work of Kr asnoselÕskiÿõ [8] then impl ies that LT has a unique Þxed
point ! such that ! > 0 and

!
! dLeb = 1. It follows that T has a unique acip

µ, and that dµ/dLeb = ! . Our approach, therefore, is to determine conditions
on T which imply that LT is both compact and f 0-positive. In fact th is same
strategy can be used to prove existence and uniqueness of invariant measures
absolutely continuous wit h respect to certain more generalreference measures (see
§10): in thi s case LT is replaced by a more general transfer operator L of the
form Lf =

"
i!I wi · f ◦ Ti, where the weight functions wi are real analytic and

strictly positiv e on X . An alternative approach is to view the tr ansfer operator
L, deÞned in terms of the wi (or, equivalently , in terms of a potential function " ,
cf. §8), as the primary object of interest. Suit able hypothesesguarantee that L has
an eigenmeasure m (th e reference measure), and a strictl y positiv e real analytic
eigenfunction ! with

!
! dm = 1, and that the probabilit y measure µ deÞned by

dµ/dm = ! is T-invariant. In th is generality our main results are Theorems7.5 and
9.4. In this context, previous criteri a for the existence of invariant measureshave
been formulated by various authors, notably Mauldin & Urba«nski [12], Sarig [18],

  Our Proposition 3.1 casts doubt on a key lemma in [10, Lem. 3, p. 11]. Even if this lemma is
false, however, it may be possible to prove [10, Theorem, p. 12] by other means.
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and Walters [23]. In Appendix B we present a simple example where the cri teria of
th is paper are satisÞedbut those of [12], [18], [23] are not.

Compactness of the transfer operator L wasÞrst proved by Ruelle [17] in the case
where T has Þnitely many branches. The situation is more delicate in the inÞnite
branch case(this is where the incorrectness in [10] arises), and it tur ns out that
there are two useful su!c ient conditions for compactnessof L (Proposit ions 2.7 and
2.8). Thesecondit ions are most naturally formulated in the context of holomorphic
map-weight systems (see DeÞnit ion 2.2), wherethe weight functions wi are assumed
to be holomorphic (and bounded) on the complex domain D , but the set X plays
no role. Proposition 3.1 shows that a certain weakening of our two compactness
criteria is not su!c ient to guarantee compactness of L.

The f 0-positivit y of L follows from the str ict posit ivit y of the weight functions
wi on X . Our proof of th is fact (Proposition 4.9) is simpler than the proof of
the analogous result in [10], largely by virt ue of working with a slightly di"e rent
cone.Provided the domain D is invariant under complex conjugation, the spectral
properties of L mentioned above can be deducedfrom [8] (see Proposition 5.4).

From a technical standpoint someof our methods may beof independent interest:
for example the proofs of existence(Lemma 6.4) and uniqueness (Proposition 7.1)
of the eigenmeasure hinge on general properties of positiv e operators, and di" er
from the classical proofs in thermodynamic formalism (seee.g. [16], [12], [18]).

It should be possible to generalise the main results of th is paper to certain cases
wherethe real analyti c expanding map T is Markov, but not necessarily full branch.
We do not pursue this generalisation here, however, preferring to present the main
ideas in the simplest possible combinatorial settin g.

Notation 1.1. All the results in th is article are valid if the set I indexing the
inversebranches of T is countable. Our principle interest, however, is in the case
whereI is inÞnite, and it will sometimes be notat ionally convenient to assume that
I = N. For consistency we then adopt the conventi on that, if T has Þnitely many
branches, the weight functions wi (see DeÞnitio n 2.2) and the norms ‖T#

i (z)‖ are
deÞned to be identically zero for all su!c ient ly large i ∈ N.

The notati on
!

f dm and m(f ) will beused interchangeablyto denote the integral
of a function f with respect to a measure m.

2. Transfer operators for holomorphic map-weight systems

Notation 2.1. If (B , ‖ · ‖B) is a Banach space, we write ‖ · ‖ instead of
‖ · ‖B whenever th is does not lead to confusion. For X a compact metric space,
and (B , ‖ · ‖) a Banach space, let C(X , B ) denote the set of continuous functions
from X to B . This is a Banach space when equipped with the norm ‖f ‖C(X,B) =
maxx! X ‖f (x)‖. I f D ⊂ Cd is a domain (a non-empty connected open subset of Cd),
let H " (D , B ) denote the collect ion of functions f : D → B which are holomorphic
on D with ‖f ‖H∞(D,B) := supz! D ‖f (z)‖ < ∞ . The space(H " (D , B ), ‖·‖H∞(D,B) )
is a complex Banach space. In the case where (B , ‖ · ‖) = (C, | · |) we use C(X )
to denote C(X , C), and H " (D ) to denote H " (D , C). We use L(B ) to denote the
spaceof bounded linear operators from a Banach space(B , ‖ · ‖) to itself, which we
always assume to be equipped with the induced operator norm.
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Definition 2.2. Let D ⊂ Cd be a bounded domain, and let I be a non-empty
countable set .
(i) A holomorphic map system (on D) is a collect ion (Ti)i!I (alsodenoted(Ti, D )i!I )

of holomorphic maps Ti : D → D.
(ii ) A holomorphic weight system (on D) is a collect ion (wi)i!I (also denoted

(wi, D )i!I ) of functions wi ∈ H " (D). The wi are called weight funct ions.
(ii i) If (Ti)i!I is a holomorphic map system and (wi)i!I is a holomorphic weight

system then (Ti, wi)i!I (also denoted (Ti, wi, D )i!I ) is called a holomorphic
map-weight system.

For two subsets D , D # ⊂ Cd, we write D # ⊂⊂ D to mean that D # is compactl y
contained in D , i.e. that D # is a compact subset of D . For futur e referencewe
int roduce the following possible condit ions on a map system (Ti)i!I :

(D1) Ti(D ) ⊂⊂ D for all i ∈ I ,

(D2)
#

i!I

Ti(D ) ⊂⊂ D .

The following summabilit y conditions on the weight system (wi)i!I will also be
usedin the sequel:

(S1) sup
z! D

!

i!I

|wi(z)| < ∞ ,

(S2) sup
z! D

"!

i= n

|wi(z)| → 0 as n →∞ .

Remark 2.3.
(a) Clearly (D2) ⇒ (D1) and (S2) ⇒ (S1).
(b) If I is Þnite then both (S1) and (S2) are tr ivial ly satisÞed.
(c) If I = N then we have the following equivalences(here #1(N) denotes the

spaceof absolutely summable sequenceswith its usual topology):

(S1) ⇔ { (wn(z))n! N | z ∈ D } is a bounded subsetof #1(N) ,

(S2) ⇔ { (wn(z))n! N | z ∈ D } is a relati vely compact subset of #1(N) ,

The Þrst equivalenceis obvious. The second is by [5, IV.13, Ex. 3, pp. 338Ð9]).

Wi th each holomorphic map-weight system we wish to associate a linear operator
L : H " (D ) → H " (D), called a transfer operator, deÞned by the formula

Lf =
!

i!I

wi · f ◦ Ti . (2.1)

Operators of th is kind were Þrst considered by Ruelle in the case where I is Þnite
(see [16] for their Þrst intro duction, and [17] for their Þrst use in a holomorphic
context). If I is inÞnite, it is not obvious whether (2.1) produces a well -deÞned
endomorphism of H " (D ). The following result givesa su!c ient condition for th is
to be the case, at the same t ime ensuring the continuit y of L.
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Proposition 2.4. If the holomorphic map-weight system (Ti, wi, D )i!I satis-
Þes(S1) then (2.1) deÞnesa bounded linear operator L : H " (D ) → H " (D).

Proof. Let S := supz! D

"
i!I |wi(z)| < ∞. Fir st we show that L maps H " (D )

to H " (D ). Fix f ∈ H " (D). Wit hout loss of generalit y let I = N (cf. Notati on
1.1). If gk(z) :=

" k
i=1 wi(z)f (Tiz) for k ∈ N, then gk ∈ H " (D). Since

|gk(z)| ≤
k!

i=1

|wi(z)||f (Tiz)| ≤ S ‖f ‖H∞(D) (2.2)

for all z ∈ D, we seethat the sequence{gk} is uniformly bounded on D. Moreover,
limk%" gk(z) = : g(z) exists for every z ∈ D. By Vitali Õsconvergencetheorem (see
e.g. [14, Prop. 7]) gk thus converges uniformly on compact subsets of D . Hence g
is analytic on D. Moreover, by (2.2) we see that |g(z)| ≤ S‖f ‖ for any z ∈ D. Thus
Lf = g ∈ H " (D) and ‖Lf ‖H∞(D) ≤ S ‖f ‖H∞(D) , and the assertion follows.

Notation 2.5. Let (Ti, wi, D )i!I be a holomorphic map-weight system. For
i ∈ In, n ∈ N we write Ti := Tin ◦ · · · ◦ Ti1 and wi :=

$ n
k=1 wik ◦ TPk−1i, where

for k ∈ N, Pk : In → Ik denotes the projection Pk i = (i 1, . . . , ik) onto the Þrst k
coordinates, with the conventi on that TP0i = id.

Remark 2.6. If (Ti, wi, D )i!I is a holomorphic map-weight system satisfying
(S1) and L the corresponding transfer operator, then it is easily seenthat, for n a
posit ive integer, (Ti, wi, D )i!I n is a holomorphic map-weight system satisfying (S1)
whosetr ansferoperator is Ln; or, put di"erently , Lnf =

"
i!I n wi · f ◦Ti for every

f ∈ H " (D), with the sum converging in H " (D ).

We now consider the possible compactnessof the transferoperator L : H " (D ) →
H " (D). If I is Þnite, it is well known that L is compact  whenever (D1), or
equivalentl y (D2), is satisÞed.When I is inÞnit e, condition s (D1) and (D2) are not
equivalent, because(D1) doesnot preclude the accumulati on of the sets Ti(D ) on
the boundary of D . Moreover, neither condit ion (D1) nor (D2) is alone su! cient
to guarantee the compactness of L. We shall see, however, that combining (D1)
or (D2) wit h an appropriat e summabili ty conditi on on the weights wi will yield a
criterion for compactness.

Proposition 2.7. For a holomorphic map-weight system (Ti, wi, D )i!I satis-
fying (D2) and (S1), the tr ansfer operator L : H " (D ) → H " (D) is compact.

Proof. Let D # be a domain contain ing ∪i!I Ti(D ) and such that D # ⊂⊂ D.
Arguments analogousto those of Proposition 2.4 show that L(H " (D #)) ⊂ H " (D),
and that öL : H " (D #) → H " (D) deÞned by öL = L|H∞(D′) is bounded (since%
%
%öLf

%
%
%

H∞(D)
≤ supz! D

"
i!I |wi(z)| |f (Tiz)| ≤ (supz! D

"
i!I |wi(z)|) ‖f ‖H∞(D′) ).

The canonical embedding J : H " (D ) $→ H " (D #) is compact, by MontelÕs Theorem
[14, Chapter 1, Prop. 6]. Since L = öLJ , it follows that L is compact.

  This was first observed by Ruelle [17], who noted that in fact such an L is nuclear of order zero.
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Proposition 2.8. For a holomorphic map-weight system (Ti, wi, D )i!I satis-
fying (D1) and (S2), the tr ansfer operator L : H " (D ) → H " (D) is compact.

Proof. For each i ∈ I, the operator Lif = wi · f ◦Ti is compact, by Proposition
2.7 applied to the index set Ii = {i}. Since the spaceof compact linear operators
H " (D ) → H " (D) is closed in L(H " (D )) (see e.g. [21, V.7.1, V.7.2]), it su!c es
to prove that the sum

"
i!I Li is convergent with respect to th is norm.

We may wri te I = N (cf. Notati on 1.1). Then
%
%
%
%
%

"!

i= n

Li

%
%
%
%
%

= sup
&f&H ∞(D )=1

sup
z! D

&
&
&
&
&

"!

i= n

wi(z)f (Tiz)

&
&
&
&
&
≤ sup

z! D

"!

i= n

|wi(z)| ,

and (S2) impl ies that th is quantit y tends to 0 as n →∞.

3. A non-compact t ransfer operator

In view of Propositi ons 2.7 and 2.8, it is natural to wonder whether the tr ansfer
operator L : H " (D ) → H " (D) might be compact if the holomorphic map-weight
system (Ti, wi, D )i!I merely satisÞes(D1) and (S1). In [10, Lem. 3] a claim to this
e"ect is made  , but the proof is ßawed (seeRemark 3.2). The following result shows
that (D1) and (S1) are not su!cie nt to guarantee the compactness of L.

Proposition 3.1. There is a holomorphic map-weight system (Ti, wi, D )i!I

satisfying (D1) and (S1), but whose transfer operator is not compact.

Proof. Let D be the unit disc. Below we shall construct wn ∈ H " (D) and
zn ∈ D, where n ∈ N, such that

wn(zn) = 1 for every n ∈ N, (3.1)

!

n! N\{ m}

|wn(zm)| ≤ 1
2

for every m ∈ N, (3.2)

sup
z! D

!

n! N

|wn(z)| < ∞ . (3.3)

DeÞning Tn(z) = zn for each n ∈ N, it is not di! cult to see that (Tn, wn, D )n! N

satisÞes (D1) and (S1). We shall now show that the associated t ransfer operator
L is not compact. To see th is let #" (N) denote the space of bounded complex
sequences, equipped with its usual norm. The map A : H " (D ) → #" (N) deÞned
by A(f ) = (f (zn))n! N is bounded, with norm 1. The map B : #" (N) → H " (D)
deÞned by B ((bn)n! N) =

"
n! N bnwn is bounded by (3.3). The tr ansfer operator

L : H " (D ) → H " (D) can be factorised asL = B A. A calculation shows that

‖AB − I ‖!∞(N) ≤ sup
m! N

!

n! N\{ m}

|wn(zm)| ≤ 1
2

,

  The claim is made for a particular choice of weight system, though the purported proof only
uses the fact that the weight functions all lie in a suitable space of analytic functions.
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by (3.1) and (3.2), so AB hasa continuous inverseon l " (N), hence the sameis tru e
for (AB )2. So (AB )2 is not compact (for otherwise I = (AB )2(AB )' 2 would be
compact) , henceneither is B A = L (or else(AB )2 = A(B A)B would be compact) .

It remains to construct the weights wn and the points zn. For convenience, we
shall Þrst work in the upper half-plane H + = { z : ,z > 0} ⊂ C.

For n ∈ N, let an = n + i · 2' (n+2) ∈ H + and deÞne

÷w(z) =
an − an

z− an
.

Then | ÷w(z)| ≤ |(an − an)/ ,an| = 2 for any z ∈ H + and

÷wn(an) = 1. (3.4)

If n, m ∈ N, m -= n, we have | ÷wn(am)| ≤ |an − an| = 2' (n+1) , and thus
!

n! N\{ m}

| ÷wn(am)| ≤ 1/ 2. (3.5)

For z ∈ H + let p ∈ Z denote the integer part of .z, that is, .z ∈ [p,p + 1). Then
| ÷wn(z)| ≤ 2 for n = p or n = p + 1 and | ÷wn(z)| ≤ 2' (n+1) otherwise, and hence

!

n! N

| ÷wn(z)| ≤ 9/ 2 for any z ∈ H + . (3.6)

DeÞning wn = ÷wn◦M ' 1 and zn = M (an), where M : H + → D denotes the M¬obius
transformation M (z) = (z− i )/ (z + i ), the desired properties (3.1), (3.2), and (3.3)
now follow from the corresponding relations (3.4), (3.5), and (3.6).

Remark 3.2.
(a) In the above counter-example the Tn are constant mappings. With some

extra e"ort it possible to construct counter-exampleswhere the Tn are open.
(b) In [10, Lem. 3, p. 11] it is claimed  that if (D1) and (S1) hold then L

is nuclear of order zero, and hence compact. The argument for thi s is incorrect,
however, as it hinges on the assertion that L maps the spaceH(D ) of holomorphic
functions on D into the spaceH " (D ). This is false in general: for example if D is
the unit disc, wn ≡ 2' n, and

Tn(z) =
1− 4' n

1− 4' (n+1)
z ,

then the associated transfer operator L satisÞes(D1) and (S1), but the imageunder
L of the function f (z) = 1/ (1− z) does not belong to H " (D ).

A second argument in [10, Lem. 3, pp. 11Ð12]is used to support the claim that
some iterate of a tr ansfer operator act ing on a spaceof vector -valued holomorphic
functions is compact . This argument is also false due to an incorrect application of
a version of MontelÕstheorem.

  The claim is made in the case where wi is the Jacobian determinant of Ti, and (Ti)i!I are
inverse branches of an expanding map (i.e. the same context as in our ¤11), though only the
analytic properties of the wi are actually used in the purported proof. There is an additional
hypothesis (see [10, (A1), p. 4]) that the wi are holomorphic on some domain D" which compactly
contains D, and that (S1) holds on D", though this hypothesis is not used anywhere in [10].
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4. Real analyti c dynamics

Having consideredholomorphic map-weight systems, wenow look at the interplay
with the real structure.

Definition 4.1. Henceforth X will always denote a compact connected subset
of Rd with non-empty interior. Let {X i}i!I be a Þnite or countably inÞnite family
of non-empty pairwise disjoint subsets of X such that each X i is open in Rd and
∪i!I X i = X . Supposethat T : X → X is Borel measurable, and such that for all
i ∈ I, T(X i) is open in Rd, and T |Xi : X i → T(X i) is a C1 di" eomorphism which
can be extended to a C1 map on X i.

We shall say that T is full branch if T(X i) = X for all i ∈ I.
The map T is called (uniformly) expanding if there exists a norm ‖ · ‖ on Rd,

and %> 1, such that, for any x, y which lie in the same parti tion element X i,

‖T(x) − T(y)‖ ≥ %‖x − y‖ . (4.1)

For any partiti on element X i, the restriction T |Xi is called a branch of T. If T
is a full branch expanding map then each branch T |Xi has an inverse Ti such that
T ◦ Ti is the ident it y map on the interior of X , and Ti ◦ T is the ident it y map on
X i. The maps Ti will be referred to as inversebranches. Condition (4.1) implies

sup
x! int(X)

‖T#
i (x)‖L(Rd ) ≤ %' 1 for all i ∈ I , (4.2)

where T#
i (x) denotesthe derivativ e of Ti at the point x, and ‖ · ‖L(Rd ) denotes the

induced operator norm on L(Rd) = L((Rd, ‖ · ‖)).
If n ≥ 1, and i = (i 1, . . . , in) ∈ In, we write X i := Ti(int (X )).

Lemma 4.2. Let T : X → X be a full branch expanding map. For any non-
empty open subset U of X , there existsn ≥ 1 and i ∈ In such that Ti(int(X )) ⊂ U.

Proof. Fix &> 0 such that there is an open ball B of radius & contained in U.
Now diam(X i) ≤ %' ndiam(X ) for all i ∈ In, and all n ≥ 1, so we may Þx n ≥ 1
such that diam(X i) < &/ 2 for all i ∈ In. The union ∪i!I X i is open and densein
X , and therefore so is ∪i!I n X i. So there exists i ∈ In and x ∈ X i such that the
distance of x to the centre of B is less than &/2. But since diam(X i) < &/2, all of
X i must belong to B . Therefore X i ⊂ B ⊂ U, as required.

Definition 4.3. A full branch expanding map T : X → X will be called real
analytic if there is a bounded domain D ⊂ Cd (in particular D is connected), with
X ⊂ D, such that each inversebranch Ti has a holomorphic extension to D . A real
analytic full branch expanding map will often be denoted by (T, X , D).

For a real analyti c full branch expanding map T : X → X , the holomorphic
extensions of the Ti to D , and in particul ar to X , will also be denoted Ti. Wit h
th is convention, we have the following obvious strengthening of Lemma 4.2.

Corollary 4.4. Let T : X → X be a real analytic full branch expanding map.
For any non-empty open U ⊂ X , there exists n ≥ 1, i ∈ In such that Ti(X ) ⊂ U.
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Definition 4.5. Let I be a non-empty countable set . A collection (wi)i!I of
functions wi : X → R is called a real analytic weight system if there is a bounded
domain D ⊂ Cd with X ⊂ D, such that (wi, D )i!I is a holomorphic weight system.
If D is any such domain thenthe system will sometimesbedenoted by (wi, X , D )i!I .

Definition 4.6. DeÞne  H "
R (D ) := { f ∈ H " (D) : f (x) ∈ R for x ∈ X },

a real Banach space when equipped with the norm ‖f ‖H∞
R (D) = supz! D |f (z)| =

‖f ‖H∞(D) . DeÞne K := { f ∈ H "
R (D) : f (x) ≥ 0 for x ∈ X }. Now X has non-

empty interior as a subset of Rd, so is a set of uniquenessin Cd (i.e. a holomorphic
function on D which vanisheson X is identically zero on D), which implies that
K ∩ −K = {0}. Moreover K is closed, and is such that ' f + %g ∈ K whenever
f , g ∈ K and ' , %≥ 0. So K is a cone (see [8, p. 17]). For f , g ∈ H "

R (D) we write
f ≤ g to mean that g− f ∈ K , and this deÞnes a partial order on H "

R (D).

If (T, X , D) is a real analyti c full branch expanding map whose inverse branches
(Ti)i!I form a holomorphic map system on D, and (wi, X , D )i!I is a real analytic
weight system satisfying (S1), then the transfer operator L deÞned by (2.1) is an
endomorphism of H " (D ), by Proposition 2.4. Since each wi is real-valued on X ,
L is also an endomorphism of H "

R (D).
Henceforth we shall require some kind of positivit y assumption on (wi)i!I .

Definition 4.7. A real analytic weight system (wi)i!I is positiv e if wi(x) ≥ 0
for all x ∈ X , i ∈ I, and strictly positiv e if wi(x) > 0 for all x ∈ X , i ∈ I.

These positivit y assumptions on the weight system wil l lead to positivit y prop-
erties, deÞned below, of the transfer operator.

Definition 4.8. Let (T, X , D) be a real analyti c full branch expanding map
whose inverse branches (Ti)i!I form a holomorphic map system on D, and let
(wi, X , D )i!I bea real analytic weight systemsatisfying (S1). The tr ansferoperator
L : H "

R (D ) → H "
R (D) is said to be posit ive if L(K ) ⊂ K . It is called f 0-positive if

there is a non-zero f 0 ∈ K such that for every f ∈ K \ {0} there exist %> ' > 0
and n ∈ N such that ' f 0 ≤ Lnf ≤ %f 0.

Proposition 4.9. Let (T, X , D) be a real analytic full branch expanding map
whose inverse branches (Ti)i!I form a holomorphic map system on D, and let
(wi, X , D )i!I be a real analytic weight system satisfying (S1). If L : H "

R (D ) →
H "

R (D) is the corresponding transfer operator then
(i) (wi)i!I posit ive⇒ L posit ive,
(ii ) (wi)i!I strictly positiv e⇒ L f 0-positive.

Proof. (i) Since wi(x) ≥ 0 for all x ∈ X and i ∈ I, if f ∈ K then Lf (x) ="
i!I wi(x)f (Tix) ≥ 0 for all x ∈ X . SoLf ∈ K .

  This definition differs from the real Banach space { f " H# (D) : f(x) " R for x " D # Rd}
used in [10, p. 10], and leads to a shorter proof of f0-positivity of L (see Prop. 4.9 (ii)). The two
spaces coincide in the case where D # Rd is connected.
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(ii ) Let f 0 ≡ 1 be the funct ion which is constant and equal to 1 on X . To prove
f 0-positivit y it is su!c ient [8, Thm. 2.2] to check that L is both f 0-bounded below
(i.e. for all f ∈ K \ {0} there exist ( > 0 and l ∈ N such that Llf ≥ ( f 0) and
f 0-bounded above (i.e. for all f ∈ K \ {0} there exist ) > 0 and m ∈ N such that
Lmf ≤ ) f 0). L is clearly f 0-bounded above. To seethat L is f 0-bounded below, Þx
f ∈ K \{0} and note that since f is not identically zero, there must be a non-empty
set U ⊂ X , open in X , such that f (x) > 0 for x ∈ U. By Corollary 4.4 there exists
i ∈ In such that Ti(X ) ⊂ U. But then (Lnf )(x) > 0 for x ∈ X , since each wi is
strictly positiv e on X . Choosing ( := minx! X (Lnf )(x) > 0 yields

Lnf ≥ ( f 0 , (4.3)

thus L is f 0-bounded below as well, and hencef 0-positive.

5. Positive compact transfer operators

Definition 5.1. A domain D ⊂ Cd is said to be conjugation-invariant if it
equals { z : z ∈ D }, where z = (z1, . . . , zd) denotes the complex conjugate of
z = (z1, . . . , zd).

The usefulnessof a conjugation-invariant domain D stems from the fact that the
complexiÞcation (seee.g. [8, pp. 73Ð74])of H "

R (D ) is precisely H " (D ):

Lemma 5.2. If D ⊂ Cd is a conjugation-invariant domain then the complexiÞ-
cation H "

R (D) + iH "
R (D ) of H "

R (D ) equals H " (D ).

Proof. The norm in H " (D ) clearly coincideswith the norm in the complexiÞ-
cation of H "

R (D ). It now su!c esto prove that H " (D ) ⊂ H "
R (D) + iH "

R (D ), since
the reverse inclusion obviously holds. Note that since D is conjugation-invariant,
z 2→ f (z) is analyti c on D whenever f is analytic on D as a consequence of the
Cauchy-Riemann equations. Fix f ∈ H " (D) and deÞne

f 1(z) :=
1
2

'
f (z) + f (z)

(
, f 2(z) :=

1
2i

'
f (z) − f (z)

(
.

Clearly f 1, f 2 ∈ H "
R (D) and f = f 1 + if 2, so H " (D ) ⊂ H "

R (D) + iH "
R (D ).

Remark 5.3. It is claimed in [10, p. 10] that H " (D ) = H "
R (D) + iH "

R (D ) for
arbitra ry domains, but th is is not the case.For example if f (z) = 1/ (z − i ) then
f = f 1 + i f 2 wheref 1(z) = z/ (z2 + 1), f 2(z) = 1/ (z2 + 1). Whi le the only singulari ty
of f is the pole at z = i , the functi ons f 1, f 2 also have a pole at z = −i . So if D is
the disc of radius 3/ 2 centr ed at −i , say, then f ∈ H " (D) but f 1, f 2 /∈ H "

R (D).

Proposition 5.4. Let (T, X , D) be a real analytic full branch expanding map,
and let (wi, X , D )i!I bea real analytic weight system. Supposethat D is conjugation-
invariant, and that either (S2) and (D1) are satisÞed, or (S1) and (D2) are satisÞed.
Let L : H " (D ) → H " (D) denote the corresponding tr ansfer operator.

If (wi)i!I is strictly positive, then thereexists a real analytic function ! ∈ H "
R (D)

such that ! > 0 on X , and L! = *! for some * > 0. The eigenvalue * is simple,
with modulus strictly larger than any other eigenvalue of L.
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Proof. L is compact by eit her Proposition 2.7 or 2.8, and f 0-positive by Propo-
sition 4.9 (ii). Clearly K is a reproducing cone(i.e. H "

R (D ) = K − K ), so we can
apply Theorems 2.5, 2.10and 2.13of [8], which assert that the compact f 0-positive
operator L, acting on thecomplexiÞcation of H "

R (D ), hasa positivesimple maximal
eigenvalue with corresponding eigenvector ! ∈ K . Moreover ! is strictly positive
on X , since by (4.3) it is bounded below by ( > 0. The result follows because
Lemma 5.2 implies that the complexiÞcation of H "

R (D ) is precisely H " (D ).

6. Eigenmeasuresfor the transfer operator

We start by extending L to a conti nuous endomorphism of C(X ).

Proposition 6.1. Let (T, X , D) be a real analytic full branch expanding map
whose inverse branches (Ti)i!I form a holomorphic map system on D, and let
(wi, X , D )i!I bea real analytic weight system satisfying (S1). The tr ansferoperator
L given by (2.1) deÞnesa bounded linear operator C(X ) → C(X ).

Proof. Let f ∈ C(X ). Polynomials are densein C(X ), by the Stone-Weierstrass
theorem, so let {f k} be a sequenceof polynomials such that f k → f in C(X ). Each
f k ∈ H " (D), since D is bounded, so Lf k ∈ H " (D), by Proposition 2.4. Now
S := supx! X

"
i!I |wi(x)| ≤ supz! D

"
i!I |wi(z)| < ∞ by (S1), and

sup
x! X

|Lf (x) − Lf k(x)| ≤ sup
x! X

!

i!I

|wi(x)| |f (Tix) − f k(Tix)| ≤ S ‖f − f k‖C(X)

so Lf k → Lf in C(X ), from which it follows that Lf ∈ C(X ). The operator
L : C(X ) → C(X ) is bounded because‖Lf ‖C(X) ≤ supx! X

"
i!I |wi(x)| |f (Tix)| ≤

S ‖f ‖C(X) .

Remark 6.2. The weaker summabilit y assumption supx! X

"
i!I |wi(x)| < ∞

is not enough to guarantee that the tr ansfer operator L is an endomorphism of
C(X ). For example if X = [0, 1] and wi(x) := xi(1 − x) for i ∈ N ∪ {0} then
L1 = +[0,1) /∈ C(X ), yet supx! X

" "
i=0 |wi(x)| = supx! X

" "
i=0 wi(x) = 1 < ∞.

Definition 6.3. An eigenmeasure (for L) is a Þnite Borel measure m on X for
which there exists * ≥ 0 (the corresponding eigenvalue) such that

"
Lf dm = *

"
f dm for all f ∈ C(X ) . (6.1)

Every positive t ransfer operator has an eigenmeasure  :

Lemma 6.4. Let (T, X , D) be a real analyti c full branch expanding map whose
inversebranches(Ti)i!I form a holomorphic map system on D, and let (wi, X , D )i!I

be a real analyti c weight system satisfying (S1). Let L : C(X ) → C(X ) denote the
corresponding t ransfer operator.

If (wi)i!I is positive then there exists an eigenmeasure.

  See [16] for an alternative proof of this fact, which could be applied in the case where (wi)i!I
is strictly positive.
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Proof. Let K C := { f ∈ C(X ) : f (x) ≥ 0 for x ∈ X }, a cone with interior
in the real Banach spaceCR(X ) of real-valued continuous functions on X . Since
(wi)i!I is positive,L : CR(X ) → CR(X ) is positiv ewith respect to K C . By theRiesz
representation theorem, the topological dual CR(X )# of CR(X ) can be identi Þed
with the space of signed Borel measureson X , and the dual cone K #

C with the
set of Borel measures on X . Let L# : CR(X )# → CR(X )# denote the adjoint of
L : CR(X ) → CR(X ), given by (L#, )( f ) = , (Lf ) for all f ∈ CR(X ). Since L :
CR(X ) → CR(X ) is positive and K C has interior, [20, Corollary in Appendix 2.6]
now implies that L# has an eigenvalue * ≥ 0 with corresponding eigenvector m in
the dual cone K #

C . Thus L#m = *m , so m is an eigenmeasure.

It will often be convenient to it eratively apply the tr ansfer operator L to func-
tions which are integrable with respect to an eigenmeasure. The following result
guarantees that th is is possible.

Lemma 6.5. Let (T, X , D) be a real analyti c full branch expanding map whose
inversebranches(Ti)i!I form a holomorphic map system on D, and let (wi, X , D )i!I

be a real analytic positive weight system satisfying (S1). For any eigenmeasure m,
thetransfer operator L givenby (2.1) deÞnesa bounded linear operator L 1(X , m) →
L 1(X , m). Moreover,

!
Lf dm = *

!
f dm for all f ∈ L 1(X , m).

Proof. If f : X → C then |Lf | =
&
&"

i!I wi · f ◦Ti

&
&≤

"
i!I wi · |f | ◦Ti = L(|f |),

so combining with the eigenmeasureequation (6.1) gives
"
|Lf |dm ≤

"
L|f |dm = *

"
|f |dm for all f ∈ C(X ) . (6.2)

SinceC(X ) can be canonically identiÞed with a subspace of L 1(X , m), the tr ans-
fer operator L : C(X ) → C(X ) determines a linear endomorphism C(X ) →
L 1(X , m). This endomorphism is bounded with respect to the (incomplete) norm
‖ · ‖L1(X,m) on C(X ), by (6.2). By the B.L.T. theorem [15, Thm. I.7] it can
therefore be extended (uniquely) to a bounded linear operator from the complet ion
of (C(X ), ‖ · ‖L1(X,m) ) to L 1(X , m). To Þnish the proof we now observe that C(X )
is dense in L 1(X , m) (see [4, Prop. 7.4.2]). We thus conclude that the completi on
of (C(X ), ‖ · ‖L1(X,m) ) is precisely L 1(X , m), which, by the preceding argument ,
impl ies that L : L 1(X , m) → L 1(X , m) is continuous, and that the eigenmeasure
equation (6.1) in fact holds for all f ∈ L 1(X , m).

The following iteration formula will be very useful.

Lemma 6.6. Let (T, X , D) be a real analyti c full branch expanding map whose
inversebranches(Ti)i!I form a holomorphic map system on D, and let (wi, X , D )i!I

bea real analyti c positiveweight systemsatisfying (S1). Let m beany eigenmeasure.
Supposethat B is a Borel subset of int (X ) and that n ∈ N. Then

(Lnf ) · +B = Ln(f · +Bn )

holds m-almost everywhere for all f ∈ L 1(X , m), where Bn := ∪j!I n Tj(B ).
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Proof. Let B (X ) denote the Banach spaceof all bounded functions, equipped
with the sup-norm. If f ∈ B (X ) then

‖Lf ‖B(X) ≤ sup
x! X

!

i!I

|wi(x)| |f (Tix)| ≤ ‖f ‖B(X) sup
x! X

!

i!I

|wi(x)| < ∞ .

Thus the transfer operator L given by (2.1) extends to a well -deÞned conti nuous
endomorphism of B (X ). This, together with Remark 2.6, impl ies that for n ∈ N
the operator Ln is given by the series

Lnf =
!

i!I n

wi · f ◦ Ti , (6.3)

convergent in B (X ) for every f ∈ B (X ). Now +B = +Bn ◦Ti for all i ∈ In, so (6.3)
impl ies that

(Lnf ) · +B = Ln(f · +Bn ) (6.4)

everywhere for all f ∈ B (X ). But since bounded Borel measurable functi ons are
densein L 1(X , m), and since L and multi plication by bounded Borel measurable
functions are conti nuous operators on L 1(X , m), a simple approximation argument
shows that (6.4) holds m-almost everywhere for all f ∈ L 1(X , m).

7. Invariant measures

We saw in §6 that, provided the positive weight system(wi)i!I satisÞes(S1), the
corresponding t ransferoperator hasan eigenmeasure m. Sinceany positive multipl e
of m is also an eigenmeasure, we shall slightl y abuse terminology by saying that
the eigenmeasureis unique if all eigenmeasuresare positive multip lesof each other.
Thr oughout thi s section we shall make the following Standing Hypothesis:

Standing Hypothesis for §7. (T, X , D) is a real analytic full branch expanding map,
(wi, X , D )i!I is a stri ctl y positiv e real analyti c weight system, D is conjugation-
invariant, and either (S2) and (D1), or (S1) and (D2), are satisÞed.

Proposition 7.1. Under the Standing Hypothesis, there is a uniqueeigenmea-
surem, and it s corresponding eigenvalue is precisely the (str ict ly positive) maximal
eigenvalue of L : H " (D ) → H " (D). Moreover,
(i) m is non-atomic, and its support is the whole of X ;
(ii ) m(X \ ∪i!I n X i) = 0 for every n ∈ N.

Proof. Let m be an eigenmeasure, wit h corresponding eigenvalue * ≥ 0. If
)* > 0 is the eigenvalue for L with corresponding eigenfuncti on ! > 0 on X
(cf. Proposition 5.4), then *

!
! dm =

!
L! dm = )*

!
! dm. But

!
! dm -= 0, so

* = )* .
In order to show that there is only one eigenmeasure,write LC for L : C(X ) →

C(X ), and LH for L : H " (D ) → H " (D). Note that JLH = LCJ , where J :
H " (D ) $→ C(X ) denotesthe canonical embedding. Taking adjoints gives

L#
HJ # = J #L#

C . (7.1)

Supposenow that m1 and m2 are two linearly independent eigenvectors of L#
C

corresponding to the eigenvalue * , that is, L#
Cmi = *m i for i = 1, 2. Using (7.1) we

see that J #m1 and J #m2 are two eigenvectors of L#
H corresponding to the eigenvalue
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* . Since J has denserange, J # is injective. Thus J #m1 and J #m2 are also linearly
independent, and consequentl y the eigenspace of L#

H corresponding to * must have
dimensionstr ict ly larger than one.This, however, is a contr adiction: the eigenspace
of L#

H corresponding to the maximal eigenvalue * has dimension 1, because the
maximal eigenvalue of LH is simple by Proposit ion 5.4.

(i) If U is a non-empty open subset of X then, by Corollary 4.4, there existsn ≥ 1
and i ∈ In such that Ti(X ) ⊂ U. But (wi)i!I is strictly positiv e, so Ln+U (x) ≥
wi(x)+U (Ti(x)) > 0 for all x ∈ X , thus m(U) =

!
1U dm = * ' n

!
Ln+U dm > 0, so

m is fully supported. To show that m is non-atomic we can intr oduce an operator
M : f 2→

"
i!I (g·f )◦Ti, for a certain str ictly positive real analyt ic function g, with

the property that m is the eigenmeasure for M, with corresponding eigenvalue 1,
and then proceed exactly as in [23, Cor. 12 (2), p. 134]. (M ore precisely, in the
languageof §8, g := w!/ (*! ◦ T) is a g-function whose g-measureis m, where w is
the w-function corresponding to the weight system (wi)i!I ).

(ii ) The proof of this part is inspired by [23, Lem. 9, p. 131].Fix k ∈ N. Let µ be
the probabilit y measure, equivalent to m, with dµ/dm = ! , where ! = * ' 1L! > 0
is as in Proposition 5.4. Fir st we will show that if B is a Borel subset of int(X ) then
µ(B ) = µ(∪j!I k Tj(B )). DeÞning Bk := ∪j!I k Tj(B ), Lemmas 6.5 and 6.6 imply
that

µ(B ) =
"

B
! dm = * ' k

"

B
Lk! dm = * ' k

"
(Lk! ) · +B dm

= * ' k

"
Lk(! · +Bk ) dm =

"
! · +Bk dm

=
"

Bk

! dm = µ(∪j!I k Tj(B )) ,

as required. Set ting B = int (X ) givesµ(int (X )) = µ(∪j!I k X j). Hence

m(int (X )) = m(∪j!I k X j) for every k ∈ N . (7.2)

It therefore remains to show that m(- X ) = 0. Let U be an open ball in X whose
closure is disjoint from - X . By Lemma 4.2 there exists n ≥ 1 and i ∈ In such that
Ti(int (X )) ⊂ U, and therefore Ti(X ) = Ti(int(X )) ⊂ U is disjoint from - X .

In particul ar, Ti(- X ) ⊂ int (X ). Moreover, Ti(- X ) is disjoint from ∪j!I n Tj(int (X )),
becauseTi(- X ) = - X i = - (TiX ) is disjoint from Ti(int(X )) = int(TiX ), and X i

is disjoint from X j = Tj(int (X )) for all j ∈ In \ {i}. So

Ti(- X ) ⊂ i nt(X ) \ ∪j!I n Tj(int(X )) . (7.3)

Combining (7.2) and (7.3) gives m(Ti(- X )) = 0. Therefore, using the formula (6.3)
for the n-th iterate of L,

0 = * nm(Ti(- X )) = * n

"
+Ti (∂X) dm =

"
Ln+Ti (∂X) dm

≥
"

wi · +Ti (∂X) ◦ Ti dm ≥
"

∂X
wi · +Ti (∂X) ◦ Ti dm

=
"

∂X
wi dm ≥ Wi m(- X ) ,

where we deÞne Wi := minx! X wi(x) > 0. So m(- X ) = 0, as required.
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Remark 7.2. An alternati ve proof of the uniqueness of m is to show that for
all f ∈ C(X ), * ' nLnf → m(f )! in C(X ) as n →∞ (see [16], [12], [18]).

A consequence of Lemma 6.6 and Proposition 7.1 is the following tr ansformation
property of the eigenmeasure m.

Lemma 7.3. Under the Standing Hypothesis, if m denotes the unique eigen-
measure, and * the corresponding eigenvalue, then for all Borel subsets A of X ,

"

A
Lnf dm = * n

"

T−n A
f dm for all f ∈ L 1(X , m), n ∈ N . (7.4)

Proof. If A is a Borel subset of X and n ∈ N then it is easily seen that

T ' nA ∩ (∪i!I n X i) = ∪i!I n Ti(A ∩ int (X )) .

Therefore, wri ting B := A∩ i nt(X ) and Bn := ∪i!I n Ti(A∩ int (X )), Proposition 7.1
shows that m(A) = m(B ) and m(T ' nA) = m(Bn). Thus, for any f ∈ L 1(X , m),
"

A
Lnf dm =

"
(Lnf ) · +B dm =

"
Ln(f · +Bn ) dm = * n

"
f · +Bn = * n

"

T−n A
f dm ,

where the second and th ird equaliti es follow from Lemma 6.6 and Lemma 6.5.

Remark 7.4. As is clear from the above proof, formula (7.4) is in fact valid
whenever (S1) holds and m is an eigenmeasure such that m(X \ ∪i!I X i) = 0.

It is now possible to interpret Proposition 5.4 in terms of T-invariant probabilit y
measures absolutely continuous with respect to the eigenmeasure.

Theorem 7.5. Under the Standing Hypothesis, there is a unique T-invariant
probabilit y measure µ absolutely cont inuous with respect to the eigenmeasure m.
The corresponding Radon-Nikodym derivative dµ/dm is the eigenvector ! given by
Proposition 5.4, so in parti cular is str ictly positive on X , real analytic, and extends
holomorphically to an element of H "

R (D ). The dynamical system (T, µ) is exact.

Proof. If ! is the eigenfunction of L guaranteed by Proposition 5.4, and m
the unique eigenmeasurewith

!
! dm = 1, settin g dµ/dm = ! deÞnes a probabilit y

measure µ. Lemma 7.3 now impli es the T-invarianceof µ, sincefor any Borel subset
A of X we have µ(T ' 1A) =

!
T−1A ! dm = * ' 1

!
A L! dm =

!
A ! dm = µ(A).

The proof of the remaining assert ions relies on the fact that

lim
n%"

%
%* ' nLnf −m(f )!

%
%

L1(X,m) = 0 for all f ∈ L 1(X , m) . (7.5)

For this, observe that the spectral properties of L : H " (D ) → H " (D) imply that

lim
n%"

%
%* ' nLnf −m(f )!

%
%

H∞(D) = 0 for all f ∈ H " (D) . (7.6)

Now the canonical identiÞcation H " (D ) → L 1(X , m) is continuous,and the image
of H " (D ) is a densesubsetof L 1(X , m). This is because the canonical embedding
J1 : H " (D ) $→ C(X ), and the canonical identiÞcation J2 : C(X ) → L 1(X , m),
are both contractions, hence continuous, and J1 has dense range by the Stone-
Weierstrasstheorem, while J2 has dense rangeby [4, Prop. 7.4.2]. The desiredlimit
(7.5) now follows from (7.6) using a simple approximation argument.



16 OSCAR BANDTLOW AND OLIVER JENKINSON

In order to prove uniqueness of µ, suppose that there is another T-invariant
probabilit y measure ÷µ with ÷µ << m. If ÷! ∈ L 1(X , m) denotes the Radon-Nikodym
derivative of ÷µ with respect to m then

!
T−1A ÷! dm =

!
A ÷! dm for all Borel subsets

A of X . Thus, by Lemma 7.3,
!

A L÷! dm = *
!

T−1A ÷! dm = *
!

A ÷! dm for all Borel
subsetsA of X , and henceL÷! = * ÷! m-almost everywhere, which forces ÷! = !
m-almost everywhere, by (7.5). Therefore ÷µ = µ.

It remains to proveexactness, for which weadapt the argument of [1, Thm. 1.3.3].
Supposeto the contr ary that (T, µ) is not exact, so that the tail . -algebraof (T, µ)
contains an element A with µ(A)µ(X \ A) -= 0. Thus there are Borel setsAn ⊂ X
with T ' nAn = A, and f ∈ L 1(X , m) with m(f ) = 0 but

!
A f dm > 0. Hence for

all n ∈ N, ‖* ' nLnf ‖L1(X,m) ≥ * ' n
!

An
Lnf dm =

!
T−n An

f dm =
!

A f dm > 0, by
Lemma 7.3, thereby contrad icting (7.5).

8. Thermodynamic formalism

Here the material of the preceding sect ions is related to some notions in thermo-
dynamic formalism. In parti cular th is will allow a comparison of the results in thi s
paper to those already in the literatu re (seeAppendix B).

Definition 8.1. w : ∪i!I X i → R is called a (strictly positive) real analytic
w-function if there is a (stri ctly positi ve) real analytic weight system (wi)i!I such
that w|Xi = wi ◦ T |Xi for each i ∈ I. A str ict ly positiv e real analytic w-function
w is called a real analytic g-function if

"
i!I wi(x) = 1 for all x ∈ i nt(X ), where

(wi)i!I is as above. A function " : ∪i!I X i → R is called a real analyti c potential
function if " = logw for some strictl y positive real analytic w-function w, and a
normalised real analytic potenti al function if th is w is a real analytic g-function.

Remark 8.2.
(a) The terminology g-function was int roduced by Keane [7]. The notion of

a potential function is standard in thermodynamic formalism, originat ing from
the analogousobject in statistical mechanics. The terminology w-function is non-
standard: functions w playing this role are someti mescalled weight functions, but
here this nomenclature is reserved for the members wi of a weight system.

(b) There is a oneto onecorrespondencebetween(st rictly positive) real analyti c
w-functions w and (str ict ly positive) real analyt ic weight systems (wi)i!I . Note in
particular that if w is a real analytic w-function then for every i ∈ I, the restr iction
w|Xi has a holomorphic extension to the complex neighbourhood D i := Ti(D ) of
X i, where D is such that (wi, D )i!I is a holomorphic weight system.

Notation 8.3. Let " be a real analytic potenti al function whosecorresponding
strictly positiv e real analytic weight system (wi)i!I satisÞes(S1) on somebounded
domain D ⊂ Cd with X ⊂ D. The transfer operator L : H " (D ) → H " (D)
(cf. Proposit ion 2.4) will be denoted by Lϕ. By Proposition 6.1 we know that
L = Lϕ extends to a bounded linear operator C(X ) → C(X ). If either (S2)
and (D1) are satisÞed, or (S1) and (D2) are satisÞed, then let ! ϕ and * ϕ denote,
respecti vely, the str ict ly positive eigenvector and its corresponding eigenvalue, for
Lϕ, as guaranteed by Propositi on 5.4. Let mϕ denote the unique eigenmeasure for
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Lϕ which is guaranteed by Proposition 7.1. Let µϕ denote the measure equivalent
to mϕ with dµϕ/dm ϕ = ! ϕ, and which is T-invariant by Theorem 7.5.

Remark 8.4.
(a) Noti ce that although the potential funct ion " is initiall y deÞned only on

∪i!I X i, it is still possible to make senseof Lϕ as a continuous endomorphism of
C(X ), subject to the hypothesis (S1). This should be compared to the di" erent
class of potential funct ions " consideredby Walters [23], which are also ini tially
deÞned on ∪i!I X i, and where againLϕ makes senseasa continuousendomorphism
of C(X ). The method of achieving th is is di"erent however, reßecting the di" erent
assumptions on " : Walters [23, Lem. 1] Þrst shows that Lϕ determines an endo-
morphism of the spaceof uniformly continuous functions on int (X ), and then that
it extends to a continuous endomorphism of C(X ).

(b) If " is a normalised real analytic potential functi on then Lϕ1 = 1, so that
* ϕ = 1 and ! ϕ = 1.

(c) If " is any real analytic potential function whose corresponding stri ctly
posit ive weight system satisÞes either (S2) and (D1), or (S1) and (D2), then / ϕ =
" + log ! ϕ − log ! ϕ ◦ T − log* ϕ is a normalised real analyti c potent ial function.

Normalised potenti al functions, and g-functions, are closely related to the notion
of a g-measure, as intro duced by Keane [7]:

Definition 8.5. If w is a real analytic g-function, or equivalently if " is a
normalised potential function, then the unique eigenmeasure m for Lϕ = Llog w is
called the corresponding g-measure. Note that m = mϕ = µϕ, so in particul ar the
g-measureis T-invariant.

Note that every eigenmeasure is a g-measure:if it is an eigenmeasure for Lϕ then
it is a g-measure for / ϕ (i.e. for the functi on w = eϕ! ϕ/ (* ϕ! ϕ ◦T)). Thus the study
of g-measuresis equivalent to the study of eigenmeasures of transfer operators.

Note as well that if w is a real analytic g-function, so that
"

i!I wi = 1 on
int (X ) for the corresponding str ictl y positive real analytic weight system (wi)i!I ,
it need not be the case that on some complex neighbourhood D the sum

"
i!I wi

is pointwise convergent, so in particul ar neither (S1) nor (S2) need hold. Therefore
such a hypothesis is required in the following result, which is an immediate corollary
of Proposit ion 7.1 formulated in the languageof g-measures.

Theorem 8.6. Let (T, X , D) be a real analytic full branch expanding map,
and w a real analyti c g-function with corresponding strictly positive real analyti c
weight system (wi)i!I . If D is conjugation-invariant, and either (S2) and (D1), or
(S1) and (D2), are satisÞed, then there is a unique g-measurefor w.

Now suppose that m is an eigenmeasure. For each i ∈ I, the formula mi(A) =
m(T(A ∩X i)) deÞnesa Þnite measure on X whosetotal mass is the same as for m.
Then deÞning mT =

"
i!I mi gives a . -Þnite measuremT (which is Þnite if and

only if I is Þnit e). Wewrite mT ' 1 for themeasuregivenby (mT ' 1)(A) = m(T ' 1A)
and, for each i ∈ I, we usemTi for the measure deÞned by (mTi)(A) = m(TiA).

Part (i) of the following proposition is adapted from [23, Lem. 3, Cor. 4].
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Proposition 8.7. Under the Standing Hypothesis of §7, let w be the corre-
sponding w-function, " the corresponding potent ial function, m = mϕ the corre-
sponding eigenmeasure, and * = * ϕ the corresponding maximal eigenvalue. Then

(i) mT ∼ m with dmT
dm = λ

w = *e ' ϕ;
(ii ) mTi ∼ m for every i ∈ I, with dmTi

dm = wi
λ ;

(ii i) mT ' 1 =
"

i!I mTi, and dmT−1

dm = * ' 1 "
i!I wi.

Proof. (i) Fir st observe that (X i)i!I is a part ition (up to sets of mT -measure
zero) of X into setsof Þnit e mT -measure. Let A be a Borel subset of X i for some
i ∈ I. Then +A/w ∈ L 1(X , m), since wi is bounded away from zero on X and hence!

X +A/w dm =
!

Xi
+A/ (wi ◦ T) dm < ∞. Thus, by Lemma 6.5,

"
Lϕ

' +A

w

(
dm = *

"
+A

w
dm . (8.1)

By (8.1), the deÞnition of mT , and the fact that m giveszero massto - X ,

(mT )(A) =
"

+T (A( Xi ) dm =
"

+A ◦ Ti dm

=
" !

j!I

w ◦ Tj ·
' +A

w

(
◦ Tj dm =

"
Lϕ

' +A

w

(
dm

=
"

*
+A

w
dm =

"

A

*
w

dm .

So */w is the Radon-Nikodym derivative dmT/dm , and in particul ar mT << m.
Moreover, since dmT/dm is bounded away from zero on each X i then m << mT as
well . Note that dmT/dm ∈ L 1(X i, m) for any i ∈ I; however, dmT/dm ∈ L 1(X , m)
if and only if I is Þnite.

(ii ) Fix i ∈ I. Let A be a Borel subset of X and let +i denote the characteristic
function of X i. Then L+i = wi on int(X ), and hence m-almost everywhere by
Proposition 7.1, so by Lemma 7.3,

* ' 1
"

A
wi dm = * ' 1

"

A
L+i dm =

"

T−1A
+i dm = m(T ' 1A ∩ X i) . (8.2)

Observing that T ' 1A ∩ X i = Ti(A ∩ int (X )) = TiA \ Ti(A ∩ - X ), and that
m(Ti(A ∩ - X )) = 0, becauseTi(A∩- X ) ⊂ - X i and m(- X i) = 0 by Propositi on 7.1,
we conclude that

m(T ' 1A ∩ X i) = m(TiA) . (8.3)

Combining (8.2) and (8.3) now yields

* ' 1
"

A
wi dm = m(TiA) .

Thus * ' 1wi is the Radon-Nikodym derivative of mTi with respect to m, and in
particular mTi << m. But * ' 1wi is stri ctl y positive on X , so m << mTi as well.

(ii i) It su! ces to show that mT ' 1 =
"

i!I mTi; the formula for dmT ' 1/dm then
follows from (ii ). Let A be a Borel subset of X . Then by Proposition 7.1 and (8.3),
m(T ' 1A) = m(T ' 1A ∩ (∪i!I X i)) =

"
i!I m(T ' 1A ∩ X i) =

"
i!I m(TiA).
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9. The eventually complex contr acti ng condit ion

In view of Theorem 7.5, for a given real analytic full branch expanding map
it is useful to Þnd condit ions guaranteeing the existence of a domain D which is
conjugation-invariant and satisÞeseither (D1) or (D2). DeÞnitio n 9.1 below provides
such a su!cien t condition . To formulate it we Þrst require a norm ‖ · ‖Cd on Cd: we
deÞne ‖ · ‖Cd to be the norm arising from the complexiÞcation (seee.g. [8, pp. 73Ð
74]) of (Rd, ‖ · ‖), where ‖ · ‖ is the norm on Rd used in DeÞnit ion 4.1. We then
equip L(Cd) with the operator norm induced by ‖ · ‖Cd .

Definition 9.1. If (T, X , D) is a real analyti c full branch expanding map with

lim sup
i%"

‖T#
i‖H∞(D,L(Cd )) < 1, (9.1)

we say that its inverse branchesare eventually complex contracting .

Remark 9.2. If the real analyti c full branch expanding map T has only Þnitely
many inversebranches,then clearly they areeventual ly complexcontr acti ng (cf. the
convention detai led in Notation 1.1).

In the following result we deÞne dist( 0, z) := ‖0 − z‖Cd for 0, z ∈ Cd, and
dist( 0, Z ) := infz! Z dist( 0, z) for Z ⊂ Cd.

Proposition 9.3. Let T : X → X bea real analytic full branch expanding map
whoseinverse branches are eventually complex contractin g. If &> 0 is su! ciently
small then the &-neighbourhood Dε = {z ∈ Cd : dist( z, X ) < &} satisÞes (D2) and
is conjugation-invariant.

Proof. Since T is expanding there exists ( #∈ (0, 1) (see(4.2)) such that

sup
x! int(X)

‖T#
i (x)‖L(Rd ) ≤ ( # for all i ∈ I . (9.2)

Since the inverse branches are eventually complex contr acti ng, there exists a
bounded domain D and ( ∈ [( #, 1) such that ‖T#

i‖H∞(D,L(Cd )) ≤ ( for all i ∈ I \J ,
whereJ is someÞnite subset of I. SinceJ is Þnite, and each T#

i is continuouson D,
(9.2) implies that there exists &> 0 such that Dε ⊂ D and ‖T#

i‖H∞(D! ,L(Cd )) ≤ (
for all i ∈ J . Therefore in fact ‖T#

i‖H∞(D! ,L(Cd )) ≤ ( for all i ∈ I.
From the several variables mean value theoremit follows that for each i ∈ I, the

inversebranch Ti is ( -Lipschitz on any convex subset of Dε (see e.g. [2, Thm. 2.3]).
We claim th is implies that for each i ∈ I,

dist( Ti(z), X ) ≤ ( dist( z, X ) for all z ∈ Dε . (9.3)

To verify (9.3), let z ∈ Dε and choose x ∈ X with dist(z, X ) = dist(z, x). In
particular x, z both lie in the open &-ball centred at x, a convex subset of Dε,
so dist(Ti(z), Ti(x)) ≤ ( dist( z, x). Therefore dist(Ti(z), X ) ≤ dist( Ti(z), Ti(x)) ≤
( dist( z, x) = ( dist( z, X ), as required. So Ti(Dε) ⊂ Dγε for all i ∈ I, and therefore
∪i!I Ti(Dε) ⊂⊂ Dε, which is the condition (D2). The fact that Dε is conjugation-
invariant follows immediately from the fact that X ⊂ Rd.
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Theorem 9.4. Let T : X → X be a real analytic full branch expanding
map whose inverse branchesare eventually complex contr actin g, and supposethat
(wi)i!I is a strictly positive real analyti c weight system satisfying (S1).

Then there is a unique T-invariant probabilit y measure µ which is absolutely
contin uouswith respect to the eigenmeasurem. Thecorresponding Radon-Nikodym
derivative dµ/dm is strictl y positive on X , real analytic, and extends holomorphi-
cally to an element of H "

R (D). The dynamical system (T, µ) is exact.

Proof. The eventuall y complexcontr act ing hypothesisensuresthe existenceof a
conjugation-invariant domain D for which condit ion (D2) is satisÞed, by Proposition
9.3. The result then follows from Theorem 7.5.

Similarly, combining Theorem 8.6 with Proposition 9.3 gives:

Theorem 9.5. Let (T, X , D) be a real analyti c full branch expanding map
whoseinversebranches are eventually complex contractin g, and w a real analytic
g-function whosecorresponding stri ctl y positiv e real analyti c weight system (wi)i!I

satisÞes(S1). Then there is a unique g-measurefor w.

10. Invariant measures equivalent to a referencemeasure

The character of th is section di"e rs from the preceding ones. Here we will start
with someÞnit e Borel measurem on X , and ask whether there exists a T-invariant
probabilit y measureµ which is equivalent to m. The single most interesting case,
when m is equal to Lebesguemeasure, will be considered in §11.

Definition 10.1. Let m be a Þnite measureon X . A map T : X → X is said
to be non-singular with respect to m if mT ' 1 << m.

If T : X → X is a full branch map, and m is such that m(X \ ∪i!I X i) = 0, then
mT ' 1 =

"
i!I mTi. This can be shown using the same arguments as in the proof

of part (ii i) of Proposition 8.7. Therefore T is non-singular with respect to m if and
only if

"
i!I mTi << m, if and only if mTi << m for every i ∈ I.

Lemma 10.2. Let T : X → X be a full branch map which is non-singular with
respect to a Þnite measure m. If m(X \ ∪i!I X i) = 0 then, for every f ∈ L 1(X , m),
the series

"
i!I

dmTi
dm · f ◦ Ti converges in L 1(X , m) and

" !

i!I

dmTi

dm
· f ◦ Ti dm =

"
f dm . (10.1)

Proof. Let f ∈ L 1(X , m). Since m(X \ ∪i!I X i) = 0,

!

i!I

"
dmTi

dm
· f ◦ Ti dm =

!

i!I

"

int(X)

dmTi

dm
· f ◦ Ti dm

=
!

i!I

"

Ti (int(X))
f dm =

"

) i ∈IXi

f dm =
"

f dm .
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But
!

i!I

" &
&
&
&
dmTi

dm
· f ◦ Ti

&
&
&
&dm =

!

i!I

"
dmTi

dm
· |f | ◦ Ti dm =

"
|f | dm < ∞ ,

by the sameargument asabove. Thus
"

i!I
dmTi
dm · f ◦Ti dm converges in L 1(X , m),

and " !

i!I

dmTi

dm
· f ◦ Ti dm =

!

i!I

"
dmTi

dm
· f ◦ Ti dm =

"
f dm .

Theorem 10.3. Let (T, X , D) be a real analytic full branch expanding map,
where the domain D is conjugation-invariant. Suppose m is a Þnite measure on
X with m(X \ ∪i!I X i) = 0, and such that T is non-singular with respect to m.
Suppose that wi := dmTi

dm ∈ H " (D) for all i ∈ I, and that each wi is strictly
posit ive on X . Supposethat either (S2) and (D1) are satisÞed, or (S1) and (D2)
are satisÞed, for the weight system (wi)i!I .

Then there is a unique T-invariant probabilit y measure µ which is absolutely
contin uous with respect to m. The corresponding density function dµ/dm is real
analytic and strictly positive on X . The dynamical system (T, µ) is exact.

Proof. The real analytic weight system (wi)i!I is strictly positive, and m is
the eigenmeasure for the associated t ransfer operator by Lemma 10.2, so the result
follows from Theorem 7.5.

11. Invariant measures equivalent to Lebesgue measure

Thr oughout th is section, (non-normalised)Lebesguemeasureon X will bedenoted
by Leb. For a given real analytic full branch expanding map T : X → X , our aim is
to derivea su!cie nt condition for theexistenceof a T-invariant probabili ty measure
µ on X which is absolutely continuouswit h respect to Leb. Such a µ will simply be
referred to as an acip, and the Radon-Nikodym derivative dµ/dLeb will be called
its density function. Let Jac(T) denote the Jacobian determinant of T, deÞnedby
Jac(T)(x) = |det(T#(x)) | for all x ∈ ∪i!I X i, where T#(x) denotes the derivative
of T at the point x. Analogously, the Jacobian determinant Jac(Ti) of any inverse
branch Ti is deÞned by Jac(Ti)(x) = |det(T#

i (x)) | for all x ∈ X . The change of
variablesformula for integration with respect to Leb(seee.g. [4, Thm. 6.1.6]) implies
that dLebTi/dLeb = Jac(Ti) for all i ∈ I, and hence in particu lar T is non-singular
with respect to Lebesguemeasure.

If D ⊂ Cd is a domain such that (Ti, D )i!I is a holomorphic map system, then
becausedet( T#

i ) does not change sign on X , each Jac(Ti) also has a holomorphic
extension to D . If moreover supz! D

"
i!I |Jac(Ti)(z)| < ∞, then each Jac(Ti) ∈

H " (D), and (S1) is satisÞedfor the weight system (wi)i!I given by wi = Jac(Ti).
Of all our results, the following is the one which most closely resembles the

claimed theoremin [10].

Theorem 11.1. Let (T, X , D) be a real analytic full branch expanding map
such that Leb(X \ ∪i!I X i) = 0. Supposethat D is conjugation-invariant, and that
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either (S2) and (D1) are satisÞed,or (S1) and (D2) are satisÞed,for the weight
system deÞned by wi = Jac(Ti).

Then T has a unique acip µ. The corresponding density functi on is real analytic
and str ict ly positive on X . The dynamical system (T, µ) is exact.

Proof. As noted above
"

i!I LebTi << Leb. Each functi on wi = dLebTi/dLeb =
Jac(Ti) = 1/ |det T# ◦ Ti| is stri ctly positiv e on X , since the branch T |Xi is a C1

di" eomorphism whosederivative has a continuous extension to X i (see DeÞniti on
4.1). The result then follows from Theorem 10.3.

In view of the stri ct positivit y of the Jac(Ti) on X , the following result is an
immediate corollary of Theorem 10.3 and Proposition 9.3.

Theorem 11.2. Let (T, X , D) be a real analyti c full branch expanding map
whoseinversebranchesareeventually complex contr acti ng, with Leb(X \∪i!I X i) =
0 and supz! D

"
i!I |Jac(Ti)(z)| < ∞.

Then T has a unique acip µ. The corresponding density functi on is real analytic
and str ict ly positive on X . The dynamical system (T, µ) is exact.

Definition 11.3. The real analyti c full branch expanding map T : X → X
has uniformly summable derivatives if there exists a domain D such that

sup
z! D

"!

i= n

‖T#
i (z)‖L(Cd ) → 0 as n →∞ . (11.1)

The usefulness of th is deÞnit ion is that , as we shall see in the proof of Theorem
11.4, (11.1) implies both that the inverse branches of T are eventually complex
contractin g and that the summabilit y condit ion (S1) holds when wi = Jac(Ti).

Note that (11.1) is implied by the absolute summabilit y of the derivatives:
!

i!I

‖T#
i‖H∞(D,L(Cd )) < ∞ . (11.2)

Clearly (11.2), and hence (11.1), holds whenever I is Þnite.

Theorem 11.4. Let T : X → X be a real analytic full branch expanding map
with uniformly summable derivatives, such that Leb(X \ ∪i!I X i) = 0.

Then T has a unique acip µ. The corresponding density functi on is real analytic
and str ict ly positive on X . The dynamical system (T, µ) is exact.

Proof. By Theorem 11.2 it is su!c ient to verify that the inverse branches of
T are eventually complex contract ing, and that (S1) holds for the weight system
(wi)i!I deÞned by wi = Jac(Ti). By (11.1), supz! D ‖T#

n(z)‖L(Cd ) → 0 as n → ∞,
so limn%" ‖T#

n‖H∞(D,L(Cd )) = 0 < 1; thus the inversebranches of T are eventually

complex contractin g. Now |det(A)| ≤ ‖A‖d
L(Cd ) for any A ∈ L(Cd), so |wi(z)| =

|Jac(Ti)(z)| ≤ ‖T#
i (z)‖d

L(Cd ) for all z ∈ D. Since ‖T#
i‖H∞(D,L(Cd )) < 1 for all

su!c ientl y large i , it follows that |wi(z)| ≤ ‖T#
i (z)‖d

L(Cd ) ≤ ‖T#
i (z)‖L(Cd ) for all

su!c ientl y large i , and all z ∈ D. Combining th is with condition (11.1) gives
supz! D

" "
i= n |wi(z)| → 0 as n →∞, which is condition (S2), which in particular

impl ies (S1).
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Remark 11.5. The proof of exactness of (T, µ) in Theorem 11.4 answers a! r-
matively a conjecture of Mayer [10, Remark 1, p. 13].

12. Appendix A: The symbolic coding approach to invariant measures

In thi s paper we have addressed the problem of Þnding a T-invariant probabilit y
measure µ which is absolutely conti nuous with respect to a suitab le Þnite reference
measure m, with parti cular emphasison the casewhere m is Lebesguemeasure. We
proved that the tr ansfer operator associated to the weight system wi = dmTi/dm
has, under appopriate hypotheses, a real analytic st rictly positive eigenvector ! ,
and ! can be interpreted as the Radon-Nikodym derivative dµ/dm .

The purpose of th is appendix is to brießy describe an alternative, less direct,
approach to solving this problem. The alternative method, which is well known,
relies on sett ing up a symbolic dynamics which models the dynamical system T :
X → X ; the init ial problem is transferred to the symbolic setti ng, solved in th is
setti ng, and then the solution is transferred back to the original setting. More
precisely, a full shift . : # → # is int roduced, together with a map 1 : # → X
which in some sense conjugates. and T (see below for more detail s). If m satisÞes
m(X \ ∪i!I X i) = 0 then n := m1 is a Þnite measureon #. The weight system
(wi)i!I on X induces a weight system (Wi)i!I on #, where Wi := wi ◦ 1. There
are various conditi ons on the Wi, typically formulated in terms of their continuit y
moduli, which imply the existence of a unique . -invariant probabilit y measure ,
absolutely continuouswith respect to n (see e.g. [12], [13], [18], [19], [22], [23], and
§13). Usually it can be shown that , is ergodic and fully supported, and in this case
it follows that the probabilit y measure µ := , ◦1' 1 is T-invariant (seeLemma 12.1
below). It can be shown that the function dµ/dm = (d, /d n) ◦ 1' 1 is well-deÞned
m-almost everywhere, and can be interpreted as an element of L 1(X , m), so that µ
is absolutely continuous with respect to m, and the original problem is solved.

The main drawback of this symbolic coding method is that it does not provide
any information on the analyticit y, or even the continuit y, of the density functi on
dµ/dm . On the other hand it applies to maps T which enjoy less regularit y than
real analyticit y, and even in the real analytic category the conditi ons under which
the approach works are genuinely di" erent from the condition s we use in th is paper
(see §13 and [3]).

Wenow describe in greater detail the symbolic coding (which allows the set ting of
theproblem to be transferred), and a key lemma guaranteeing that certain invariant
measures on symbolic space yield T-invariant measures on X (th ereby allowing
symbolic solutions to be transferred back to the original set ting) .

DeÞne # to be the set IN of sequences whose entr ies are elements of I. If we
equip I with the discrete topology, and # = IN with the product topology, then
the left shift . : # → # given by . (i 1, i 2, i 3, . . .) = (i 2, i 3, . . .) is continuous. Since
T is expanding, for every i = (i 1, i 2, . . .) ∈ #, the limit 1(i ) = limn%" Ti1 ◦ Ti2 ◦
· · · ◦ Tin (z) exists, and is independent of z ∈ X . This deÞnes a continuous map
1 : # → X , which is never inj ective (since there exist i -= j with X i ∩X j -= ∅), and
in general is not surjective (it is surjectiv e if and only if X = ∪i!I X i; th is holds
if I is Þnite, for example). For i ∈ I, the i -th inverse branch . i : # → # of . is
deÞned by . i(i 1, i 2, . . .) = (i, i 1, i 2, . . .). Then, for every i ∈ I,

Ti ◦ 1 = 1 ◦ . i on #, (12.1)
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becauseeach Ti is conti nuous on X , and

1 ◦ . = (T |Xi ) ◦ 1 on 1' 1(X i) , (12.2)

becauseT |Xi is continuous, and T ◦ Ti is the identit y on int (X ). From (12.1) and
(12.2) it follows that for every i ∈ I,

. i1' 1(B ) = 1' 1Ti(B ) for all B ⊂ i nt(X ) . (12.3)

Lemma 12.1. If , is a fully supported Borel probabili ty measure on # which is
ergodic and . -invariant, then µ = , ◦1' 1 is a T-invariant Borel probabilit y measure
on X (and is it self ergodic and fully supported).

Proof. The sets U := 1' 1(∪i!I X i) and V := 1' 1(int(X )) are easily seen to be
non-empty, with U ⊂ V, and we claim that

. ' 1(V ) ⊂ U . (12.4)

To prove (12.4), Þx i ∈ V and i ∈ I. Then by (12.1), 1(. i(i )) = Ti(1(i )) ∈
Ti(int (X )) = X i. Thus . i(i ) ∈ 1' 1(X i) for every i ∈ V and every i ∈ I. Hence
∪i!I . i(V ) ⊂ 1' 1(∪i!I X i) = U, which proves(12.4), because. ' 1(V ) = ∪i!I . i(V ).

Next we show that

, (U) = 1. (12.5)

To see th is, note that since . ' 1(U) ⊂ . ' 1(V ) ⊂ U, and , is . -invariant, . ' 1(U) =
U (mod , ). But , is ergodic, so , (U) = 0 or 1. As 1 is conti nuous, U is a non-empty
open subset of #, and hence , (U) > 0, and (12.5) is proved. It follows that

µ(∪x!I X i) = 1. (12.6)

The T-invarianceof µ now follows: if A is a Borel subset of X then

µ(T ' 1A) = µ((T ' 1A) ∩ (∪i!I X i)) = µ(∪i!I Ti(A ∩ i nt(X )))

=
!

i!I

µ(Ti(A ∩ i nt(X ))) =
!

i!I

, (1' 1(Ti(A ∩ int (X ))))

=
!

i!I

, (. i(1' 1(A ∩ i nt(X )))) = , (∪i!I . i1' 1(A ∩ int (X )))

= , (. ' 11' 1(A ∩ int (X ))) = , (1' 1(A ∩ i nt(X )))

= µ(A ∩ int (X )) = µ(A) ,

using (12.6) twice, (12.3), and the . -invarianceof , .
Since 1 : # → X is continuous and has dense range, and , is fully supported on

#, it follows that µ = , ◦ 1' 1 is fully supported on X .
The ergodicit y of µ follows from (12.3), (12.6), and the ergodicit y of , .

13. Appendix B: Comparison to other criteria for existenceof invariant measures

The purpose of th is appendix is to describe somepreviously known criteria for
the existence of invariant measures for expanding maps, and compare them to
the results of th is paper. These previous results neither require, nor exploit, the
analyticit y of the map T.

Before describing in detai l the previously known criteri a, let us summarise the
ways in which they di" er from those of th is paper. Let T : X → X be a real
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analytic full branch expanding map with inversebranches (Ti)i!I , and (wi)i!I a
strictly positiv e real analytic weight system. For countably inÞnit e I, both our
criteria and the previously known criteria impose additional hypotheseson T and
(wi)i!I in order to guarantee theexistenceand uniquenessof µ. It tur nsout that the
additio nal hypotheses arising from the di" ering approachesare independent : there
exist examples which satisfy our hypotheses but not those of previous authors
(see Example 13.1 below), but equally there are examples which fail to satisfy
our hypotheses yet are covered by previously known results (one such example is
detailed in [3]).

To describe the previous approaches, it will be convenient to work with the real
analytic potential functi on " (see DeÞniti on 8.1) associated to the stri ctl y positive
weight system (wi)i!I . Walters [23] has a criterion for existence and uniqueness of
µ which in parti cular includesthe condition   that for some Þxed &0 > 0,

sup
x,y ∈in t (X )
‖x−y ‖

Rd <! 0

sup
n* 1

sup
i!I n

Sn" (Tix) − Sn" (Tiy) < ∞ , (13.1)

where Sn" (z) :=
" n' 1

i=0 " (T iz).
In fact a weakerà analogueof this condition arises by applying WaltersÕresults to

the symbolic dynamical system (a full shift on I) obtained by the coding method
described in Appendix A, namely that for some ÞxedN ≥ 0,

sup
x,y! int(X)

sup
n* 1

sup
i!I N +n

Sn" (Tix) − Sn" (Tiy) < ∞ . (13.2)

Condition (13.2) is a kind of bounded distor tion conditi on; for example if " =
− logJac(T) it asserts that for some C > 1,

1
C
≤

Jac(Tn)(Tjx)

Jac(Tn)(Tjy)
≤ C for all j ∈ IN , x, y ∈ int (X ), n ∈ N .

Work of Mauldin & Urba«nski [12], [13], and Sarig [18], [19], treats symbolic
setti ngs (namely, a rather generalclassof inÞnite alphabet subshifts of Þnite type)
whosecombinatorics is more complicated than the full shift, and where WaltersÕ
techniques do not necessarily apply (cf. [18, p. 1566]). However these authors do
not strive for an optimally weak assumption on the potenti al function " . Rather,
they are usually content (see [12], [13], [18]) to assume that varN (" ) < Cr N for
some C > 0, r ∈ [0, 1), where for N ≥ 1,

varN (" ) := sup
x,y! int(X)

sup
i!I N

*
" (Tix) − " (Tiy)

+
,

though it is noted in [19] that this condit ion can be replaced by
" "

j=2 varj(" ) < ∞.
In fact if

" "
j= N varj(" ) < ∞ for any N ≥ 1 then " satisÞesWaltersÕcondition

(13.2), because for all x, y ∈ int (X ), n ≥ 1, i ∈ In+ N ,

Sn" (Tix) − Sn" (Tiy) ≤
n!

i=1

vari+ N (" ) ≤
"!

j= N+1

varj(" ) < ∞ .

  This is part of condition (iii) on [23, p. 125].
àThe condition is weaker because the natural topology on $ i!I Xi is finer than the one induced

by the coding map π and the topology of Σ (see ¤12 for the definitions of π and Σ). However the
conclusions are also weaker: in particular one cannot conclude that the density function dµ/dm is
continuous (cf. the discussion in ¤12).
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Of the previously known cri teria discussed above, we see that the weakest one
guaranteeing existence and uniquenessof µ = µϕ is the symbolic interpretation of
WaltersÕhypothesis, which involves in particular the conditi on (13.2). With thi s
in mind, we now detail an example which satisÞesthe hypotheses of our Theorem
9.4, yet which fails to satisfy (13.2); in fact the potential functi on " will satisfy
varN (" ) = +∞ for all N ≥ 1.

Example 13.1. Let X = [0, 1], and X i = (2' i, 21' i) for i ∈ N. DeÞne T : X →
X to be the piecewise a!n e map with slope 2i and T(21' i) = 1 on (2' i, 21' i], for
i ∈ N, and T(0) = 0. Clearly T is eventual ly complex contr acti ng.

Let {' i}"
i=1 be any sequenceof positive reals such that

" "
i=1 ' i < ∞, and for

i ∈ N deÞne wi to be the polynomial

wi(x) = ' i

,
(x/ 2)4i

+ (2' 1 − 2' 1' i)4i
-

.

Note that each wi is strictly positi ve, and strictly increasing, on [0, 1]. If D is the
complex disc of radius 2 centred at 0 ∈ C, then

‖wi‖H∞(D) = wi(2) = ' i

,
1 + (2' 1 − 2' 1' i)4i

-
,

and therefore
" "

i=1 ‖wi‖H∞(D) < ∞, so (S1) holds. Therefore the conditi ons of
Theorem 9.4 are satisÞed,and we deduce the existence of a unique T-invariant
probabilit y measure µ which is equivalent to the eigenmeasure m.

Let w : ∪"
i=1 X i → R be the real analytic w-function associated to (wi)i!I , and

" = logw the corresponding real analytic potenti al function. We claim that

sup
x,y! int(X)

sup
i!I N +1

*
" (Tix) − " (Tiy)

+
= ∞ for all N ≥ 0. (13.3)

Clearly (13.3) implies that WaltersÕconditi on (13.2) does not hold, and therefore
nor does(13.1). It also implies that varN (" ) = +∞ for all N ≥ 1.

To prove (13.3) it su!c esto show that

sup
j! N

,
" (Tij

1)− " (Tij
x0)

-
= ∞ , (13.4)

where i j := (j , 1, . . . , 1) ∈ IN+1 , and x0 = 1
2 ,  since both points 1

2 and 1 are
accumulation points of int(X ) and 2 ◦ Tij

is conti nuous on (0, 1].
Now T(Tij

1) = 1, so " (Tij
1) = logwj(1), and T(Tij

x0) = 1 − 2' N ' 1, so
" (Tij

x0) = logwj(1 − 2' N ' 1). But wj is an increasing function, so if j ≥ N + 1
then wj(1− 2' N ' 1) ≤ wj(1− 2' j). Therefore

" (Tij
1)− " (Tij

x0) ≥ log
wj(1)

wj(1− 2' j)
for all j ≥ N . (13.5)

But
wj(1)

wj(1− 2' j)
=

1
2

,
1 + (1− 2' j)' 4j

-
→∞ as j →∞ , (13.6)

so (13.5) and (13.6) together give (13.4), as required.

  In fact a similar argument would work for any choice of x0 " X \ { 0, 1} .
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Remark 13.2. In practi ce a condit ion such as (13.2), involving both " and
(iterati on of) T, may be di!c ult to verify. The conditi ons of Theorem 9.4, where
the assumption on " (i.e. the summabilit y condition (S1) on the associated weight
system) is decoupled from theassumption on T (th eeventually complex contract ing
condition), may be easier to check.
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