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INVARIANT MEASURES FOR REAL ANALYT IC EXPANDING
MAPS

OSCAR BANDTLO W AND OLIVER JENKINSON

ABSTRACT

Let X be a compact connected subset of R? with non-empty interior, and T : X | X a real
analytic full branch expanding map with countably many branches. Elements of a thermodynamic
formalism for such systems are developed, including criteria for compactness of transfer operators
acting on spaces of bounded holomorphic functions. In particular a new sufficient condition for
the existence of a T-invariant probability measure equivalent to Lebesgue measure is obtained.

1. Introduction

Let X beacompact connected subset of R? with non-enpty interior, and suppose
that T : X — X is areal analytic full branch expanding map (see Debrition 4.1).
Let (T;);y bethe (countable) collection of inversebranches of T, and supposethe
sds X,; = T;(int (X)) form a partition of X up to a s& of zero Lebesguemeasire.

By an acip (absolutely continuousinvariant probabilit y) we meana T-invariant
Borel probability measure on X which is absolutely cortinuous with resped to
Lebeggue measure Leb. If T has only Pnitely many branchesthen it is well known
that there exists a unique adp M, that the asciated density function du/dLeb is
real analytic, and that the corresponding dynamical system (T, ) is exact. The
main purpose of this article is to give a sulcie nt condition for the same facts to
hold in the case where 7 = N is countably inPnite.

We say that T has uniformly summable derivatives if there exists a complex
neighbourhood D C C¢ of X sud that

"
sup  ||[TA2)|| -0 asn — oo,
z!' D ._ n
where T/(z) denotesthe derivative of T; at z, and || - || is any norm on C% 4, for
example the operator norm induced by the Euclidean norm on C<.
Our main result (seeTheorem 114) is:

Theor em. Let T : X — X be a real analytic full branch expanding map with
uniformly summable derivatives such that Leb(X \ U;; X;) = 0.

Then T hasa unique acip 4. The corresponding density function is real analytic
and strictly positive on X. The dynamical sygem (T, ) is exact.

The uniformly summablederivativescondition turns out to be independent from
awell known alternative sulcie nt conditi on for the existenceof an adp, the bounded
distortion condition (seee.g.[1], [9], [11]): in [3] we construct mapswith uniformly
summable derivatives but unbounded distortion, as well as maps with bounded
distortion but with out uniformly summable derivatives.
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The uniformly summablederivatives condition is often easyto ched: for example
it is implied by the condition
"
sup||T/(2)| < oo. 1.1)
i=1 z!' D
Another advantage of the uniformly summable derivatives condition is that the
proof of the above Theorem can be carried out wholly within a complex analytic
framework, so that the real analyticity of the density function dwdLeb follows
immediately from the existence of .
In fact the hypothesesof this Theorem can be weakened (see Theorem 11.2): it
sulc esto assume that lim sup,,. sup,, p |[TA2)|| < 1 and
"
sup  Jac(T;)(z)| < oo, (1.2)
# Do
where Ja(T;) denotesthe Jacobian determinant of T;.

A more abstract analogue of theseresults is Theorem 11.1. Here we assumethat
D may be chosen to be invariant under complex conjugation, that it is mapped
compactly inside itself (in a suitable sensg by the inverse branches T;, and that
the Jac(T;) satisfy a suitable summabilit y condition, either that

"
sup  |Jac(T;)(z)| — 0asn — oo,
z!' D ._ n
or the weaker condition (1.2). Theseabstract versions resamble a stronger theorem
claimed by Mayer [10, Theorem, p. 12]. The proof preserted in [10] is incorrect,
however (seethe comments in our §3, in particular Remark 3.2), and the claimed
theorem shoud be considered an open problem .

Our meth ods owe much to the approach of Mayer. His idea wasto check that the
Perron-Frobenius operator L1, when acting on a suitable Banadh space of analytic
functions, is both compact and f g-positive (see Debrition 4.8) with respect to a
cetain cone. Work of KrasoslOski[8] then implies that £7 has a unique bxed
point ! such that | > 0 and ! dLeb = 1. It follows that T has a unique acp
M, and that dwdLeb = !. Our approach, therefore, is to determine conditions
on T which imply that £r is both compact and fg-positive. In fact this same
strategy can be used to prove existence and uniqueness of invariant measires
absoluely cortinuous wit h respect to certain more generalreference measures (see
§10): in this case L is replaced by a more general transfer operator £ of the
form £f =, w;-f oT;, where the weight functions w; are real analytic and
strictly podtive on X. An alternative approadc is to view the transfer operator
L, debred in terms of the w; (or, equvalently, in terms of a potential function ",
cf. §8), asthe primary object of intereq. Suitable hypothesesguarantee that £ has
an eigenmeasire m (th e reference measue), and a strictly postive real analytic
eigenfunction ! with ! dm = 1, and that the probability measire p debred by
dwdm =1 is T-invariant. In this generalty our main results are Theorems7.5 and
9.4. In this context, previous criteria for the existence of invariant measureshave
been formulated by various authors, notably Mauldin & Urbarski [12], Sarig [18],

Our Proposition 3.1 casts doubt on a key lemma in [10, Lem. 3, p. 11]. Even if this lemma is
false, however, it may be possible to prove [10, Theorem, p. 12] by other means.
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and Walters [23]. In Appendix B we present a simple example wherethe criteria of
this paper are satisPedbut those of [12], [18], [23] are not.

Compactnes of the transfer operator £ wasbrst proved by Ruelle[17] in the case
where T has bnitely many branches. The situation is more delicate in the inpnite
branch case(this is where the incorredness in [10] arises), and it turns out that
there aretwo usdul sulc ient conditions for compactnessof £ (Propostions 2.7 and
2.8). Theseconditions are mog naturally formulated in the context of holomorphic
map-weight systems (see Debnition 2.2), wherethe weight functions w; are assumed
to be holomorphic (and bounded) on the complex domain D, but the set X plays
no role. Proposition 3.1 shows that a certain weakening of our two compactness
criteria is not sulc ient to guarantee compactness of L.

The fo-positivity of £ follows from the strict postivity of the weight functions
w; on X. Our proof of this fact (Proposition 4.9) is simpler than the proof of
the analogous result in [10], largely by virt ue of working with a slightly di"e rent
cone.Provided the domain D is invariant under complex conjugation, the spectral
properties of £ mentioned above can be deducedfrom [8] (see Propostion 5.4).

From atechnical standpoint some of our methods may be of independert interest:
for example the proofs of existence(Lemma 6.4) and uniquenes (Propostion 7.1)
of the eigenmeasire hinge on general properties of postive operators, and di" er
from the classical proofs in thermodynamic formalism (seee.g.[16], [12], [18]).

It shoud be possble to generalise the main reaults of this paper to certain cases
wherethereal analyti c expanding map T is Markov, but not necesarily full branch.
We do not pursuethis generalisation here, however, preferring to present the main
ideasin the simplest possible combinatorial setting.

NotATION 1.1. All theresults in this article are valid if the se¢ Z indexing the
inverse branches of T is countable. Our principle interest, however, is in the case
whereZ is inbnite, and it will sometimes be notationally conveniert to assume that
Z = N. For consistency we then adopt the convention that, if T has bnitely many
branches the weight functions w; (see DePrition 2.2) and the norms ||T#(z)| are
debred to be identically zero for all sulc iently largei € N.

The notation  f dm and m(f ) will be used interchangeablyto denote theintegral
of a function f with respect to a measure m.

2. Transfer operators for holomorphic map-weight systems

NotaTioN 2.1. If (B,| - ||g) is a Banach space, we write || - || instead of
| - ||z whenewr this does not lead to confusion. For X a compact metric space,
and (B, || - ||) a Banach space, let C(X,B) denote the s& of continuous functions
from X to B. This is a Banach space when equipped with the norm ||f ||y 5) =
max, x ||f (x)||. If D ¢ C?is adomain (a non-empty connected open subset of C9),
let H" (D, B) denotethe colledion of functionsf : D — B which are holomorphic
on D with [[f [|gr=(p,p) 1= sUp., p [If (2)]| < 0. The space(H" (D,B), ||-[|r=(p,5))

is a complex Banach space In the casewhere (B, | -||) = (C,|-|) we use C(X)
to denae C(X,C), and H" (D) to denote H" (D, C). We use L(B) to denote the
spaceof bounded linear operators from a Banach space(B, || - ||) to itself, which we

always assime to be equipped with the induced operator norm.
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DEFINITION 2.2. Let D C C¢ be a bounded domain, and let Z be a non-empty
countable sd.
(i) A holomorphic map systen (on D) isacolledion (T;);; (alsodenoted(T;,D);,
of holomorphic mapsT; : D — D.
(i) A holomorphic weight system (on D) is a colledion (w;);; (also denoted
(w;, D)4y ) of functionsw; € H (D). The w; are called weight functions.
@iii) If (T;);n is a holomorphic map sysem and (w;);; is a holomorphic weight
sygem then (T;,w;);y (also denoted (T,;,w;,D);; ) is called a holomorphic
map-weight system.

For two subsets D,D* c C¢, we write D* D to meanthat D* is compactly
contained in D, i.e. that D¥ is a compact subse of D. For future referencewe
introduce the following possble conditions on a map system (T;);,

(D1) %(D) cD forallieT,
(D2) T,(D) € D.

all

The following summability conditions on the weight system (w;);; will alsobe
usedin the sequel:

!
(1)  sup  |wi(2)] < oo,
=Dy
X
(S2) sup  |w;(z)] - 0 asn — oo.
z!' D ._

=n

REMARK 2.3.
(a) Clearly (D2) = (D1) and (S2) = (S1).
(b) If Z is bnite then both (S1) and (S2) are trivially satisbed.
(c) If T = N then we have the following equivalences(here #(N) denotes the
spaceof absoluely summable sequenceswith its usual topology):

(S1) < {(W,(2)),u n|Z € D } is a bounded subsetof #(N),
(S2) & {(W,(2)),u n|Z € D } is a relatively compact subse of #(N),

The brst equivalenceis obvious. The secnd is by [5, IV.13, Ex. 3, pp. 338D9).

With ead holomorphic map-weight sysem we wish to asscciate a linear operator
L:H" (D) — H" (D), called a transfer operator, debred by the formula
|

il
Operators of this kind were Prst considered by Ruelle in the cae where 7 is bnite
(see [16] for their brst introduction, and [17] for their Prst use in a holomorphic
context). If Z is inbnite, it is not obvious whether (2.1) produces a well-debned
endomorphism of H" (D). The following result givesa sulc ient condition for this
to be the case at the sametime ensuring the cortinuity of L.
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ProprosITION 2.4. If the holomorphic map-weight system (T;,w;,D);, satis-
Pes(S1) then (2.1) debnesa bounded linear operator £:H" (D) — H" (D).
Proof. LetS:=sup, , , [W;(z)]< cc.First weshow that £ mapsH" (D)
to H (D). Fix f € H" (D). Without loss of generalty let 7T = N (cf. Notation
1.1).1f gi(2) = %, wi(2)f (Ti2) for k € N, then g, e H" (D). Since
1k
g2 < (Wi@If (Tiz)] < SIf | goo( ) (2.2)
=1
for all z € D, we seethat the sequence{g; } is uniformly bounded on D. Moreover,
limgy  gr(z) =: g(z) exists for every z € D. By Vitali Ogonvergencetheorem (see
e.g. [14, Prop. 7]) gr thus converges uniformly on compact subsds of D. Hence g
is analytic on D. Moreover, by (2.2) we seethat |g(z)| < S||f || for any z € D. Thus
£f = geH" (D) and ||£f || yoo(py < SIIf | goe(py» @and the asertion follows.
O

NoraTioN 2.5. Let (T;,w;,D);y bea holomorphlcg”nap-waght system. For
ieI™,neNwewrite T; := T;, o---0oT;, and w; :=  ,_; W3 oTp_,;, Where
for k € N, P, : I — I* denotes the projection P.i = (i1,...,i;) onto the brst k
coordinates, with the convertion that Tp; = id.

REMARK 2.6. If (T;,w;, D) is a holomorphic map-weight system satisfying
(S1) and £ the corresponding transfer operator, then it is easily seenthat, for n a
postiveinteger, (T;,w;, D) » is aholomorphic map-weight system satisfying (S1)
whosetr ansferoperator is £"; or, put di"erently, £"f =, . w;-f oT, for every
f ¢ H" (D), with the sum converging in H" (D). B

We now consider the possble compactnessof the transferoperator £ : H" (D) —
H" (D). If Z is bnite, it is well known that £ is compact whenewr (D1), or
equivalently (D2), is satisped.When Z is inPnite, conditions (D1) and (D2) are not
equivalent, because(D1) doesnot preclude the accurrulation of the sets T;(D) on
the boundary of D. Moreover, neither condition (D1) nor (D2) is alone su! ciernt
to guarantee the compactnes of £. We shall see however, that combining (D1)
or (D2) with an appropriate summability conditi on on the weights w; will yield a
criterion for compacdness.

ProrosiTiON 2.7. For a holomorphic map-weight system (T;,w;,D);, satis-
fying (D2) and (S1), the transferoperator £:H" (D) — H" (D) is compact.

Proof. Let D¥ be a domain cortaining U;; T;(D) and sud that D* « D.
Arguments analogousto those of Proposition 2.4 shov that £(H" (D*)) C H™ (D),
?1 ?;at £ :H" (D%, — H" (D) debned by B = L|y~(py is bounded (since

<sup.p g (W2 IF (T Z)| <@Gupyp o (Wil@D I [ greepry)-
The canomcal embeddingJ : H" (D) $+ H" (D* iscompact, by Montel® Theorem
[14, Chapter 1, Prop. 6]. Since £ = £J, it follows that £ is compact. |

This was first observed by Ruelle [17], who noted that in fact such an L is nuclear of order zero.
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ProposiTION 2.8. For a holomorphic map-weight system (T;,w;,D),; satis-
fying (D1) and (S2), the transferoperator £L:H" (D) — H" (D) is compact.

Proof. For eati € Z, the operator £;f = w;-f oT,; is compad, by Proposition
2.7 applied to the index s& Z; = {i}. Since the spaceof compact linear operators
H" (D) — H" (D) isclosa in L(H" (D)) (see e.g.[21, V.7.1, V.7.2)), it sulc es
to prove that thesum ,, £, is convergert with respect to this norm.

We ma){) write % = N (cf. Notation 1.1). Then

% n@%z &f&HS:oJE)Zl jug%znwi(z)f (Tiz)gg jugi:n |w;(2)],

=

and (S2) implies that this quantity tendsto 0 asn — oc. O

3. A non-compact transfer operator

In view of Proposti ons 2.7 and 2.8, it is natural to wonder whether the transfer
operator £L:H" (D) — H" (D) might be compact if the holomorphic map-weight
sygem (T;,w;,D);; merely satispes(D1) and (S1). In [10, Lem. 3] a claim to this
e"ed is made , but the proof is Bawed (seeRemark 3.2). The following result shavs
that (D1) and (S1) are not sulcie nt to guarantee the compactness of L.

ProprosiTION 3.1. There is a holomorphic map-weight system (T;,w;, D)y
satisfying (D1) and (S1), but whose transfer operator is not compact.

Proof. Let D be the unit disc. Below we shall construct w, € H" (D) and
z, € D, wheren € N, such that

w,(z,) = 1 for everyn €N, (3.1)
I
(Wi (Z)| < % for every m € N, (3.2)
n! N\{ m}
!
sup  |wp(2)] < . (3.3)
2! Dn! N

Debning T,(z) = z, for each n € N, it is not di! cult to seethat (T,,w,,D).
satisbes (D1) and (S1). We shal now show that the asciated transfer operator
L is not compact. To seethis let # (N) denote the space of bounded complex
sequences, equipped with its usual norm. The map A : H" (D) — # (N) debred
by A(f) = (f (z,))n ~ is hounded, with norm 1. The map B : # (N) — H" (D)
debred by B((b,)n n) = ) n W, is bounded by (3.3). The transfer operator
L:H" (D) — H" (D) can be factorised as £ = BA. A calculation shows that
|
[AB =1 [goe(ny < SUP (Wi (Z) | < %,
m N N\ m}

The claim is made for a particular choice of weight system, though the purported proof only
uses the fact that the weight functions all lie in a suitable space of analytic functions.
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by (3.1) and (3.2), so AB hasa cortinuousinverseon |’ (N), hence the sameis true
for (AB)2. So (AB)? is not compact (for otherwise!| = (AB)?(AB) 2 would be
compad) , henceneither is BA = £ (or else(AB)? = A(BA)B would be compac).

It remains to construct the weights w,, and the points z,. For convenience, we
shall brst work in the upper half-planeH* = {z : 3z> 0} c C.

ForneN,leta,=n+i-2 "2 cH* and debre

w(z) = "8
zZ—a,

Then \w(z)| < |(a, — &)/ Sa,|= 2forany ze H* and
W(a,) = 1. (3.4)
If n,m e N, m# n, we have |w,(a,,)| < |a, —a&,| = 2 ("*V | and thus
!

W8 < 2. (3.5)
n! N{ m}

For z € H* let p € Z denote the integer part of %z, that is, Rz € [p,p+ 1). Then
W, (z)] <2forn=porn=p+ 1land|w,(z)| <2 (" otherwise, and hence
!

W, (z)| <9/2 foranyzeH™. (3.6)
n! N

Debring w,, = W,oM " *andz, = M(a,), whereM : H* — D denotes the Mebius
transformation M (z) = (z—i)/(z+ i), the desred properties (3.1), (3.2), and (3.3)
now follow from the correonding relations (3.4), (3.5), and (3.6). O

REMARK 3.2.

(&) In the above counter-example the T, are constant mappings. With some
extra e"ort it possble to construct counter-exampleswhere the T,, are open.

(b) In [10, Lem. 3, p. 11] it is claimed that if (D1) and (S1) hold then £
is nuclear of order zero, and hence compact. The argument for this is incorrect,
however, asit hinges on the assrtion that £ mapsthe space H(D) of holomorphic
functions on D into the spaceH" (D). This is false in general:for example if D is
the unit disc,w,, =2 ™, and

1-4n

Ta(2) = mz )

then the asociated tran sfer operator £ satisPes(D1) and (S1), but the image under
L of the function f (z) = 1/ (1 — z) does not belongto H" (D).

A second argumert in [10, Lem. 3, pp. 11D12]is used to support the claim that
some iterate of a transfer operator acting on a spaceof vedor-valued holomorphic
functions is compact. This argumert is alsofalse due to an incorrect application of
a version of MontelOgheorem.

The claim is made in the case where w; is the Jacobian determinant of T;, and (T};);y are
inverse branches of an expanding map (i.e. the same context as in our #11), though only the
analytic properties of the w; are actually used in the purported proof. There is an additional
hypothesis (see [10, (A1), p. 4]) that the w; are holomorphic on some domain D" which compactly
contains D, and that (S1) holds on D", though this hypothesis is not used anywhere in [10].



8 OSCAR BANDTLOW AND OLIVER JENKINSON

4. Real analyti c dynamics

Having consideredholomorphic map-weight systems, we now look at theinterplay
with the real structure.

DEFINITION 4.1. Hencdorth X will always denote a compact conneded subse
of R? with non-empty interior. Let {X,},; be a Pnite or courtably inpnite family
of non-empty pairwise disjoint subses of X sud that eac X; is openin R¢ and
U X; = X. Supposethat T : X — X is Borel measurable, and sud that for all
i €7, T(X;) isopenin R, and T|x, : X; — T(X,) is a C! di" eomorphism which
can be extended to a C* map on X;.

We shall say that T is full branch if T(X;) = X for all i € Z.

The map T is called (uniformly) expanding if there exists a norm || - || on R¢,
and %> 1, such that, for any x, y which lie in the same partition element X,
[TO) =TI = %[x -y . (4.1)

For any partiti on element X, the restriction T|x, is calleda branch of T. If T
is a full branch expanding map then ead branch T|x, hasan inverse T, suc that
T o T, is the identity map on the interior of X, and T, o T is the identity map on
X;. The maps T; will be referred to asinversebranches Condition (4.1) implies

sup [T/ (X))l ey <% * forallieT, 4.2)
z! int(X)
where T(x) denotesthe derivative of T; at the point x, and || - || (re) denotes the
induced operator norm on L(R%) = L((R%, || - |))).
fn>1andi= (i1,...,i,) € Z", wewrite X, := T,(int (X)).

LEMMA 4.2. Let T : X — X be a full branch expanding map. For any non-
empty opensubset U of X, thereexistsn > 1andi € Z" such that T,(int(X)) C U.

Proof. Fix &> 0 such that thereis an open ball B of radius & cortained in U.
Now diam(X;) < % "diam(X) for all i € 7", and all n > 1, sowe may bxn > 1
sudh that diam(X;) < &2 for all i € Z". The union U;; X, is open and densein
X, and therefore sois U, » X;. So there existsi € Z" and x € X; suc that the
distance of x to the certre of B is lessthan &/2. But since diam(X;) < &/2, all of
X; must belongto B. Therefore X; C B C U, asrequired. O

DEerFiNiTION 4.3. A full branch expanding map T : X — X will be called real
analytic if there is a bounded domain D ¢ C¢ (in particular D is connected), with
X ¢ D, such that ead inversebranch T; hasa holomorphic extensionto D. A real
analytic full branch expanding map will often be denoted by (T, X, D).

For a real analytic full branch expanding map T : X — X, the holomorphic
extensions of the T; to D, and in particular to X, will also be denoted T;. Wit h
this convention, we have the following obvious strengthening of Lemma 4.2.

COROLLARY 4.4. LetT : X — X beareal analytic full branch expanding map.
For any non-empty open U C X, there exists n > 1, i € Z" suc that T,(X) C U.
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DEFINITION 4.5. Let Z be a non-empty countable sa&. A collection (w;);; of
functionsw; : X — R is called a real analytic weight system if there is a bounded
domain D ¢ C¢ with X c D, sudch that (w;,D);; is aholomorphic weight system.
If D is any such domainthenthe system will sometimesbedenoted by (w;, X, D) .

DEFINITION 4.6. Debre Hg (D) == {f e H" (D) : f(x) € Rforx e X},
a real Banacd space when equipped with the norm ||f ||H§°(D) = sup,, plf(2)] =
If | ooy DEPNE K = {f € Hg (D) : f(x) > Oforx € X }. Now X has non-
empty interior asa subset of R?, sois a set of uniquenessin C? (i.e. a holomorphic
function on D which vanisheson X is idertically zero on D), which implies that
K n—K = {0}. Moreover K is closed, and is such that ' f + % € K whenewr
f,ge K and' ,%> 0. SoK is a cone(see [8, p. 17). For f,g € Hy (D) we write
f <gto meanthat g—f € K, and this depres a partial order on Hg (D).

If (T,X,D) is areal analytic full branch expanding map whose inverse branches
(T;)sn form a holomorphic map system on D, and (w;,X,D);, is a real analytic
weight system satisfying (S1), then the transfer operator £ debned by (2.1) is an
endomorphism of H" (D), by Proposition 2.4. Since ead w; is real-valued on X,
L is also an endomorphism of Hg (D).

Hencdorth we shall require some kind of positivity assumption on (w;);; .

DEFINITION 4.7. A real analytic weight system (w;);y is postive if w;(x) >0
forall x € X, i € Z, and strictly postive if w;(x) > Oforall x e X,i € Z.

These postivit y assumptions on the weight system will lead to positivity prop-
erties, debned below, of the transfer operator.

DEFINITION 4.8. Let (T,X,D) be a real analytic full branch expanding map
whose inverse branches (T;);; form a holomorphic map system on D, and let
(w;, X,D); beareal analytic weight systemsatisfying (S1). Thetransferoperator
L:Hg (D) — Hp (D) issaid to be postive if £(K) C K. It is called f o-positive if
there is a non-zero fo € K such that for every f € K \ {0} there exist %> "' > 0
andn € N such that ' fg < £ < %.

ProposITION 4.9. Let (T, X,D) be areal analytic full branch expanding map
whose inverse branches (T;);; form a holomorphic map system on D, and let
(w;, X,D);  be areal analytic weight system satisfying (S1). If £ : Hg (D) —
Hy (D) is the corresponding transfer operator then

() (w;); postive = L postive,
(i) (w;); strictly postive = L fo-positive.

« Proof. (i) Sncew;(x) >0forall x e X andi € Z, if f € K then £f (xX) =
w;(x)f (T;x) > 0forall x e X. SoLf K.

!l

This definition differs from the real Banach space {f " H* (D) : f(z) " Rfor z " D # R9}
used in [10, p. 10], and leads to a shorter proof of fo-positivity of L (see Prop. 4.9 (ii)). The two
spaces coincide in the case where D # R? is connected.
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(ii) Let fo = 1 be the function which is constart and equal to 1 on X . To prove
fo-positivity it is sulc ient [8, Thm. 2.2]to check that L is both fy-bounded below
(i.e. for all f € K \ {0} there exist ( > O and | € N such that £'f > (f,) and
fo-bounded above (i.e. for all f € K \ {0} there exist) > 0 and m € N such that
L <)fg). L is clearly fo-bounded above. To seethat L is f o-bounded below, bx
f € K\ {0} and note that sincef is not identically zero, there must be a non-empty
sa U C X, openin X, sud that f (x) > 0 for x € U. By Corollary 4.4 there exists
i € 7" such that T,(X) C U. But then (£"f)(x) > 0for x € X, since each w; is
strictly posdtive on X . Choosing ( := min, x(£"f)(x) > 0 yields

L > (fo, (4.3)

thus L is fo-bounded belon aswell, and hencef o-positive. O

5. Positive compact transfer operators

DEFINITION 5.1. A domain D ¢ C? is said to be conjugation-invariant if it
equals{z : z € D}, where Z = (Z;,...,Z4) denotes the complex conjugate of
z2=(21,...,29)-

The usdfulnessof a conjugation-invariant domain D stems from the fact that the
complexibPcation (seee.g. [8, pp. 73D74])of Hy (D) is precisely H" (D):

LEmMA 5.2. If D ¢ C? is a conjugation-invariant domain then the complexib-
cation Hg (D) + iHg (D) of Hi (D) equasH" (D).

Proof. The normin H" (D) clearly coincideswith the norm in the complexib-
cation of Hy (D). It now sulc esto provethat H" (D) C Hi (D)+ iH 1 (D), since
the reverse inclusion obviously holds. Note that since D is conjugation-invariant,
z — f (Z) is analytic on D whenewr f is analytic on D as a consejuence of the
Cauchy-Riemann equations. Fix f € H" (D) and debne

1 _( 1 _(
fi(z) = > f(2)+f(@ , fa(2) = 5 f(z) —f(2)
Clearly f1,f, e Hg (D) andf = f1 + if , SOH" (D) C Hi (D) + iH (D). O

REMARK 5.3. It is claimedin [10, p. 10]that H" (D) = Hy (D) + iH ; (D) for
arbitrary domains, but this is not the case.For example if f (z) = 1/(z — i) then
f = f1+if, wheref () = z/ (2%+ 1), f2(2) = 1/ (z?+ 1). While the only singularity
of f isthe poleat z = i, the functionsf,,f, alsohave a poleat z= —i. Soif D is
the disc of radius 3/ 2 certred at —i, say, thenf € H" (D) but f1,f, £ Hg (D).

ProprosITION 5.4. Let (T,X,D) beareal analytic full branch expanding map,
andlet (w;,X,D);; bearealanalytic weight sysem. Supposethat D is conjugation-
invariant, and that either (S2) and (D1) are satisbed, or (S1) and (D2) are satisbed.
Let £:H" (D) — H" (D) denote the corresponding tr ansfer operator.

If (w;). isstrictly positive, then thereexists areal analytic function! € H, (D)
sudh that ! > Oon X, and £! = *I for some * > 0. The eigervalue * is simple,
with modulus strictly larger than any other eigervalue of L.
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Proof. L is compact by either Proposition 2.7 or 2.8, and f o-positive by Propo-
sition 4.9 (ii). Clearly K is a reproducing cone(i.e. H; (D) = K — K, sowe can
apply Theorans 2.5,2.10and 2.13of [8], which as®rt that the compact f o-positive
operator £, acting on the complexipcation of Hs (D), hasa positive simple maximal
eigevalue with corresponding eigervedor ! € K. Moreover ! is strictly positive
on X, since by (4.3) it is bounded below by ( > 0. The result follows because
Lemma 5.2 implies that the complexipcation of H, (D) is precisely H" (D). [

6. Eigenmeasuresfor the transfer operator

We start by extending £ to a corti nuous endomorphism of C(X).

ProprosITION 6.1. Let (T, X,D) be areal analytic full branch expanding map
whose inverse branches (T;);; form a holomorphic map system on D, and let
(w;, X,D);1 beareal analytic weight system satisfying (S1). Thetr ansferoperator
L given by (2.1) debnesa bounded linear operator C(X) — C(X).

Proof. Letf € C(X). Polynomials are densein C(X), by the Stone-Weierstrass
theorem, solet {f,} be a seguenceof polynomials such that f;, — f in C(X). Each
fr € H" (D), since D is bounded,.so £f, € H" (D), by Proposition 2.4. Now
S=sup, x g WiX)[<sup., p 4y [Wi(2)| < oo by (S1), and

|

sup|.Lf (x) — LEx(x)] < slug' w; ()] [F (Tx) = Fu(Tix)| < S If —frllox

o A
so Lfy — Lf in C(X), from which it follows that £f &« C(X). The operator
L:C(X) — C(X) isbounded because || Lf [[ oy < sUp,y x4y (Wi(X)] [F (Tix)[ <
S If legy- O

REMARK 6.2. The weaker summability assumption sup,, x ,, [Wi(X)| < oo
is not enough to guarantee that the transfer operator £ is an endomorphism of
C(X). For exampleif X = [0,1] and w;(x) := x*(1 —x) for i € NU {0} then
L1= 41y € C(X), yetsup,, x ;-0 [Wi(X)| = 8SUp, x ;o0 Wi(X) = 1< o0,

DEeFINITION 6.3.  An eigenmeasure (for £) is a bnite Borel measure m on X for
which there exists * > 0 (the corresponding eigenvalue) such that

Lfdm=* fdm forallf € C(X). (6.1)

Every positive transfer operator has an eigenmeasire :

LEMMA 6.4. Let (T,X,D) beareal analytic full branch expanding map whose
inversebranches(T;);; form aholomorphic map systemonD, and let (w;, X, D),y
be a real analyti c weight sysem satisfying (S1). Let £ : C(X) — C(X) denote the
correponding transfer operator.

If (w;);n is positive then there exists an eigenmeasure.

See [16] for an alternative proof of this fact, which could be applied in the case where (w;)
is strictly positive.
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Proof. Let Ko = {f € C(X) : f(x) > Ofor x € X }, a cone with interior
in the real Banach spaceCg(X) of real-valued cortinuous functions on X . Since
(w;);n ispositive, £ : Cr(X) — Cgr(X) is podtivewith respect to K . By the Riesz
representation theorem, the topological dual Cgr(X)* of Cr(X) can be identi Ped
with the space of signed Borel measureson X, and the dual cone K% with the
sea of Borel measires on X. Let £#: Cr(X)* — Cgr(X)* denote the adjoint of
L : Cr(X) — Cgr(X), given by (£# )(f) = , (£f) for all f € Cr(X). Since L :
Cr(X) — Cr(X) is positive and K ¢ hasinterior, [20, Corollary in Appendix 2.6]
now implies that £* has an eigervalue * > 0 with corresponding eigervector m in
the dual cone K%. Thus £%m = *m, som is an eigenmeasire. O

It will often be conveniert to iteratively apply the transfer operator £ to func-
tions which are integrable with regped to an eigenmeasure. T he following result
guarantees that this is possble.

LEMMA 6.5. Let (T,X,D) beareal analytic full branch expanding map whose
inversebranches(T;);; form aholomorphic map systanonD, and let (w;, X,D);y
be a real analytic positive weight system satisfying (S1). For any eigenmeasure m,
thetransfer operator £ givenby (2.i) dePresa bounded linear operator L*(X,m) —
L(X,m). Moreover, Lf dm=* f dm forall f € LY(X,m).

Proof. If f : X — Cthen |Lf|= g a Wi f oTigg a Wi [FloTy = L(|f)),
so combining with the eigenmeasureequation (6.1) gives

|£fjdm < Lf|dm=* |f|dm forall f € C(X). (6.2)

Since C(X ) can be canorically identiped with a subspace of L*(X, m), the tr ans-
fer operator £ : C(X) — C(X) determines a linear endomorphism C(X) —
L1(X,m). This endamorphism is bounded with respect to the (incomplete) norm
|l - lleix,my on C(X), by (6.2). By the B.L.T. theorem [15, Thm. 1.7] it can
therefore be extended (uniquely) to a bounded linear operator from the completion
of (C(X), || - |1 (x.m)) to LY(X, m). To bnish the proof we now observe that C(X)
is dense in L1(X,m) (see[4, Prop. 7.4.2]). We thus conclude that the completion
of (C(X), || - lz1(x.my) is precisely L1(X, m), which, by the preceding argument,
implies that £ : L*(X,m) — L(X,m) is continuous, and that the eigenmeasre
equation (6.1) in fact holds for all f € L*(X,m). O

The following iteration formula will be very useul.

LEMMA 6.6. Let (T,X,D) beareal analytic full branch expanding map whose
inversebranches(T;);; form aholomorphic map systemonD, and let (w;, X, D),y
beareal analyti c positive weight systemsatisfying (S1). Let m beany eigenmeasre.
Supposethat B is a Borel subse of int (X) and that n € N. Then

(£"t)-+p=L"(f -+p,)

holds m-almog everywhere for all f € L*(X,m), whereB,, := Uju n T;(B).
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Proof. Let B(X) denae the Banad spaceof all bounded functions, equipped

with the sup-norm. If f € B(X) then
| |

1£f [ 5x) < SIU)F(’ Iw; () [ (Tax)| < [If [ 5y SIU)E Iw;(X)| < 0.
A A
Thus the transfer operator £ given by (2.1) extendsto a well-debPned conti nuous
endomoiphism of B(X). This, together with Remark 2.6, implies that for n € N
the operator £ is given by the series;

£f= wifoT,, (6.3)

ah n

corvergent in B(X) for every f € B(X). Now +p = +p oT, forall i € Z", so (6.3)
implies that

(L") -+p= L - +5,) (6.4)

everywhere for all f € B(X). But since bounded Borel measurable functions are
densein L(X,m), and since £ and multi plication by bounded Borel measirable
functions are corti nuous operators on L1(X,m), a smple approximation argumert
shaows that (6.4) holds m-almog everywhere for all f € L1(X,m). |

7. Invariant measires

We saw in §6 that, provided the positive weight system(w;);; satisbPegS1), the
corregponding transfer operator hasan eigenmeasure m. Sinceany positive multipl e
of m is also an eigenmeasire, we shall slightly abuse terminology by saying that
the eigenmeasureis unique if all eigenmeasires are positive multip les of ead other.
Throughout this section we shall make th e following Standing Hypothess:

Standing Hypothesis for §7. (T, X, D) is areal analytic full branch expanding map,
(w;, X,D);y is a strictly podtive real analytic weight system, D is conjugation-
invariant, and either (S2) and (D1), or (S1) and (D2), are satisbed.

ProrosiTION 7.1. Under the Standing Hypothesis, thereis a unique eigenme-
surem, and its corresponding eigenvalue is predisely the (strictly positive) maximal
eigevalueof £L:H" (D) — H" (D). Moreover,

(i) m is non-atomic, and its support is the whole of X ;
(i) m(X \ Uiy nX;) = 0foreveryneN.

Proof. Let m be an eigenmeasire, with corresponding eigenvalue * > 0. If
} > 0 is the eigervalue for, £ with cprresponding gigenfunction ! > 0 on X
(cf. }Proposition 54), then* !dm = Lldm =% !dm. But !dm # 0, so
P—

In order to shaw that thereis only one eigenmeasure,write Lo for £ : C(X) —
C(X), and Ly for £ : H" (D) — H" (D). Note that JLy = LcJ, where J :
H" (D) $+ C(X) denotesthe canorical embedding. Taking adjoints gives

L£ha%= 3% (7.2)

Supposenow that m; and m, are two linearly independent eigervedors of £%,
corregponding to the eigenvalue *, that is, ££m; = *m ; for i = 1, 2. Using (7.1) we
seethat J%m; and J*m, are two eigervedors of £%, correponding to the eigenvalue
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*. Since J has denserange, J* is injective. Thus J*m; and J*m, are also linearly
independent, and consequently the eigenspace of £%, correponding to * must have
dimensionstrictly larger than one. This, howewer, is a contr adiction: the eigenspace
of £% correponding to the maximal eigenvalue * has dimension 1, because the
maximal eigenvalue of Ly is simple by Propostion 5.4.

(i) If U is anon-empty open subsé of X then, by Corollary 4.4,there existsn > 1
and i € Z" sudc that T,(X) C U. But (w;);y is strictly postive, so L™+(X) >
w; (X)+p(Ti(x)) > Ofor all x € X, thusm(U) =~ 1ydm=*" " L"+;dm> 0, so
m is fully.supported. To show that m is hon-atomic we can intr oduce an operator
M:f— , (9:-F)oT;, for acertain strictly positive real analytic function g, with
the property that m is the eigenmeasure for M, with corresponding eigenvalue 1,
and then procea exactly asin [23, Cor. 12 (2), p. 134]. (More precisdy, in the
languageof §8, g := w!/ (*! o T) is a g-function whose g-measureis m, wherew is
the w-function corresponding to the weight system (w;);; ).

(i) The proof of this part isinspired by [23, Lem. 9, p. 131].Fix k € N. Let u be
the probability measire, equivalernt to m, with dwdm = !, where! = *" 121 > 0
is asin Proposition 5.4. First we will show that if B is a Borel subset of int(X) then
M(B) = WUy «T;(B)). DePning By := U, «T;(B), Lemmas 6.5 and 6.6 imply
that

tdm=** cFrdm=*"* (£F1).+5dm
B n B n

=+ k Ek(l ~+Bk)dm: I +p, dm

H(B)

bdm = p(Uzy «T;(B)),
By

asrequired. Setting B = int (X) givespu(int (X)) = H(Ul—u «X ;). Hence
m(int (X)) = m(Ujy «X;) foreveryk e N. (7.2)

It therefore remainsto shaw that m(- X) = 0. Let U be an openball in X whose
closure is disjoint from - X . By Lemma 4.2 thereexistsn > 1 andi € Z" sud that
T,;(int (X)) C U, and therefore T;(X) = T,(int(X)) C U is disjoint from - X .

In particular, T,(- X) C int (X). Moreover, T;(- X ) is disjoint from Uj; «» T;(int (X)),
becauseT;(- X) = - X; = - (T;X) is digoint from T,(int(X)) = int(T;X), and X ;
is disjoint from X ; = T,(int (X)) for all j € ™\ {i}. So

Ti(-X) Cint(X) \ Ujn « T, (int(X)). (7.3)

Combining (7.2) and (7.3) givesm(T,(- X)) = 0. Therefore, using the formula (6.3)
for the n-th iterate of L,

0=*"m(Ty(-X)) =*" +p0x)dm= L5 x)dm
> W, - t+qax) 0 Tidm > W; - +1;(0x) © T dm
n - 8X -

= w; dm > W; m(- X),
X -

where we debPne W, := ming x w;(x) > 0. Som(- X) = 0, as required. O
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REMARK 7.2. An alternative proof of the uniquenessof m is to show that for
all f e C(X), * "L — m(f)! in C(X) asn — oo (see[16], [12], [18]).

A consegjuence of Lemma 6.6 and Proposition 7.1 is the following tr ansformation
property of the eigenmesure m.

LEmMA 7.3. Under the Standing Hypothesis, if m denaes the unique eigen-
measure, and * the corresponding eigervalue, then for all Borel subsets A of X,

LM dm=*" fdm foral f e LY(X,m), neN. (7.4)
A T-"A

Proof. If A is aBorel subse of X and n € N then it is easily seen that
T "AnN (UZ” n XL) = U n TZ(A Nint (X )) .

Therefore, writing B := Anint(X) and B, := U »~ T;(ANint (X)), Propostion 7.1
shows that m(A) = m(B) and m(T" "A) = m(B,,). Thus, for any f € L(X,m),

L£rfdm= (L°f)-+pdm= L°(F -+p )dm=*" f .4y = *0 f dm,
A T-n A

where the second and third equaliti es follow from Lemma 6.6 and Lemma 6.5. [

REMARK 7.4. As is clear from the above proof, formula (7.4) is in fact valid
whenewer (S1) holds and m is an eigenmeasire such that m(X \ Uy X;) = 0.

It is now possible to interpret Proposition 5.4 in terms of T-invariant probability
measures absolutely continuous with resped to the eigenmeasire.

THEOREM 7.5. Under the Standing Hypothesis, there is a unique T-invariant
probabhilit y measure y absoluely continuous with regpect to the eigenmeasire m.
The corresponding Radon-Nikodym derivative dp/dm is the eigenvector ! given by
Proposition 5.4, soin parti cular is strictly positive on X, real analytic, and extends
holomorphically to an element of H; (D). The dynamical sysem (T, ) is exact.

Proof. If ! is the eigeninction of £ guaranteed by Proposition 5.4, and m

the unique eigenmeasurewith ! dm = 1, setting du/dm = ! debres a probability
measure 4. Lemma 7.3 now implies the T- mvarlanceof M, sincefor any Borel subset
A of X we have w(T' A) = Jltdm=*"1" £ldm= ", ! dm= p(A).
The proof of tt}e remaining asset)ons relieson the fact that
lim B nene mery: /JLl(X =0 foralf eLYX,m).  (7.5)
For this, obseve that the spectral properues of L:H" (D) — H" (D) imply that
I|m &8 "L —m(f)! })HOC(D) 0 forallf eH" (D). (7.6)

Now the canonical idertibcation H" (D) — L(X,m) is continuous, and the image
of H" (D) is a densesubsetof L1(X,m). This is becuse the canonical embedding
J; : H" (D) $ C(X), and the canonical identibcation J, : C(X) — L*(X,m),
are both contractions, hence continuous, and J; has dense range by the Stone-
Weierstrasstheorem, while J, has dense rangeby [4, Prop. 7.4.2]. The desiredlimit
(7.5) now follows from (7.6) using a simple approximation argument.
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In order to prove uniqueness of |, supposethat there is another T-invariant
probability measire g with g << m. If € L*(X, m) denotes the Radon-Nikodym
derivative of g with resped to m then ", ,=dm =, k-dm,for all Borel subsets
A of X. Thus, by Lemma 7.3, ,Lkdm=* ., kEdm=*  kdm for all Borel
subsetsA of X, and hence Lk = *k m-almog everywhere, which forces & = !
m-almog everywhere, by (7.5). Therefore g = L.

It remainsto prove exactness for which we adapt the argument of [1, Thm. 1.3.3].
Supposeto the contrary that (T, 1) is not exact, sothat thetail . -algebraof (T, W)
cortains an element A with p(A)u(X \ A) # 0. Thus therg are Borel setsA,, C X
with T' A, = A, and f € LY(X,m) with m(f) 5 O but , f dm;> 0. Hence for
alln e N, [|*" "L || iy 2% " 4 Lfdm=", , fdm=",fdm>0,by
Lemma 7.3, thereby cortradicting (7.5).

O

8. Thermodynamic formalism

Here the material of the preceding sedionsis related to some notions in thermo-
dynamic formalism. In parti cular this will allow a comparison of the resultsin this
paper to those already in the literatu re (see Appendx B).

DEFINITION 8.1. w : Uy X; — R is called a (strictly positive) real analytic
w-function if there is a (strictly postive) real analytic weight system (w;);; sucd
that w|x, = w; o T|x, for eah i € Z. A strictly postive real analytic w-function
w is called a real analytic g-function if ,, w;(x) = 1 for all x € int(X), where
(w;); is asabove. A function " : U;y X; — R is called a real analyti c potential
function if * = logw for some strictly positive real analytic w-function w, and a
normalised real analytic potential function if this w is a real analytic g-function.

REMARK 8.2.

(@) The terminology g-function was introduced by Keane [7]. The notion of
a potential function is standard in thermodynamic formalism, originating from
the analogousobject in statistical medanics. The terminology w-function is non-
standard: functions w playing this role are someti mes called weight functions, but
here this nomenclature is resaved for the membersw; of a weight system.

(b) Thereis aoneto onecorrespondencebetween (strictly positive) real analytic
w-functions w and (strictly positive) real analytic weight systems (w;);; . Note in
particular that if w is a real analytic w-function then for every i € Z, the redriction
w|x, has a holomorphic extension to the complex neighbourhood D; := T,(D) of
X, where D is such that (w;, D),y is a holomorphic weight system.

NoTATION 8.3. Let" beareal analytic potential function whosecorresponding
strictly postiv e real analytic weight system (w;);; satispeg(S1) on somebounded
domain D c C? with X < D. The transfer operator £ : H" (D) — H" (D)
(cf. Propostion 2.4) will be denoted by L,. By Proposition 6.1 we know that
L = L, extends to a bounded linear operator C(X) — C(X). If either (S2)
and (D1) are satisbed or (S1) and (D2) are satisbed, thenlet ! , and *, denote,
regpedively, the strictly positive eigervedor and its corresponding eigenvalue, for
L, asguaranteed by Proposti on 5.4. Let m,, denote the unique eigenmesure for
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L, which is guaranteed by Proposition 7.1. Let p, denote the measire equivalent
to m, with dp,/dm, =1!,, and which is T-invariant by Theorem 7.5.

REMARK 8.4.

(a) Notice that although the potential function " is initiall y debned only on
Ui X, it is still possible to make senseof £, as a cortinuous endomorphism of
C(X), subject to the hypotheds (S1). This should be compared to the di" erert
class of potential functions” consideredby Walters [23], which are also initially
debred on U;; X;, and where again £, makes senseasa contin uous endomorphism
of C(X). The method of achieving this is di"erent however, re3ectingthe di" erert
assimptions on " : Walters [23, Lem. 1] brst shows that £, determines an endo-
morphism of the spaceof uniformly cortinuous functions on int (X ), and then that
it extendsto a corntin uous endomorphism of C(X).

(b) If " is a normalised real analytic potential function then £,1 = 1, so that
*o=lland!, = 1.

(c) If " is any real analytic potential function whose corresponding strictly
postive weight sysem satispes either (S2) and (D1), or (S1) and (D2), then/ , =
"+ log!, —log!,oT —log*, is a normalised real analyti c potential function.

Normalised potenti al functions, and g-functions, are closely related to the notion
of a g-measure asintroduced by Keane[7]:

DerINITION 8.5. If w is a real analytic g-function, or equivalently if " is a
normalised potential function, then the unique eigenmesure m for L, = Liggw IS
called the corresponding g-measure Note that m = m,, = p,, soin particul ar the
g-measureis T -invariant.

Note that every eigenmasure is a g-measure:if it is an eigenmesure for £, then
it is a g-measure for / , (i.e. for the functionw = e*! ./ (*,! ,0T)). Thusthe study
of g-measuresis equivalent to the study of eigenmesures of transfer operators.

Note as well that if w is a real analytic g-function, sothat ,, w; = 1 on
int (X ) for the corresponding strictly positive real analytic weight system.(w;);; ,
it need not be the case that on some complex neighbourhood D the sum , w;
is pointwise corvergert, so in particul ar neither (S1) nor (S2) need hold. Therefore
such a hypothessis required in the following result, which is an immediate corollary
of Propostion 7.1 formulated in the languageof g-measures

THEOREM 8.6. Let (T,X,D) be a real analytic full branch expanding map,
and w a real analyti ¢ g-function with corresponding strictly positive real analyti c
weight system (w;);y . If D is conjugation-invariant, and either (S2) and (D1), or
(S1) and (D2), are satisbed, then there is a unique g-measurefor w.

Now suppose that m is an eigenmeasure. For ead i € Z, the formula m;(A) =
m(T(ANX;)) debnesa bnite measire on X whosetotal massis the same asfor m.
Then debnng mT =, m, givesa . -bnite measuremT (which is Pnite if and
only if 7 is bnite). Wewrite mT " * for the measuregivenby (mT" 1)(A) = m(T" A)
and, for eat i € Z, we usemT; for the measuire debned by (mT;)(A) = m(T;A).

Part (i) of the following proposition is adapted from [23, Lem. 3, Cor. 4].
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ProrosiTION 8.7. Under the Standing Hypothesis of §7, let w be the corre-
sponding w-function, " the corresponding potential function, m = m,, the corre-
sponding eigenmeasire, and * = *, the corregponding maximal eigenvalue. Then

() mT ~mwith 42T = A = g’ ¢;

dm
(i) mT; ~m,for every i € Z, with 4L = wi,
L d T—l _ "1
(i) mT *=,, mT; and “5-— = * a Wi

Proof. (i) First obseve that (X;);; is a partition (up to sds of mT -measure
zero) of X into setsof Pnite mT -measure. Let A be a Borel subset of X; for some
| €Z.Then +4/w € LY(X, m), sincew; is bounded away from zeroon X and hence
g *talwdm =" +4/(w;0T)dm < oo. Thus, by Lemma 6.5,

+A( * +A

14 = 2 dm. A
Ly w dm W dm (8.1)
By (8.1), the debrition of mT, and the fact that m giveszero massto - X,

(MT)(A) = +paxydm= +40T;dm

" N oy (
WoT;- A oT;dm= L, e

u il W

*
—dm.
AW

[
*
|

o

3
I

So */w is the Radon-Nikodym derivative dmT/dm, and in particular mT << m.
Moreover, since dmT/dm is bounded away from zero on each X; then m << mT as
well. Note that dmT/dm € LY(X;, m) for any i € Z; however, dmT/dm < L(X,m)
if and only if 7 is Pnite.

(i) Fix i € Z. Let A be a Borel subse of X and let +; denote the characteristic
function of X;. Then £+; = w; on int(X), and hence m-almog everywhere by
Proposition 7.1, soby Lemma 7.3,

*' 1 Widm:*l L L+;dm = +,dm = m(T lAle) (82)
A A T-1A
Observing that T' AN X,; = T,(Anint(X)) = T,A\ T;,(AN-X), and that
m(T;(A N-X)) = 0, becauseT;(AN- X) C - X; andm(- X;) = Oby Propostion 7.1,
we conclude that

m(T *ANnX;)= m(T;A). (8.3)

Combining (8.2) and (8.3) now yields
* 1w, dm = m(T,;A).
A

Thus ** w; is the Radon-Nikodym derivative of mT, with respect to m, and in
particular mT; << m. But *" 1w; is strictly positive on X, so m << mT; aswell.
(i) It su! cesto showthatmT = mT;; theformula for dmT %/dm then
follows from (ii). Let A be a Bord subsé of X . Then by Proposition 7.1 and (8.3),
m(T' 1A) = m(T' IAN (Uill Xz)) = m(T' A ﬂXz) = m(TzA) |

all all
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9. The evertually complex contracti ng condition

In view of Theorem 7.5, for a given real analytic full branch expanding map
it is useful to Pnd conditions guaranteeing the existence of a domain D which is
conjugation-invariant and satispeseither (D1) or (D2). Debrition 9.1 below provides
such a sulcien t condition. To formulate it we Prst require a norm || - |ca on C%: we
debre || - ||ce to be the norm arising from the complexikcation (seee.g.[8, pp. 73D
74)) of (R%, | - ||), where | - || is the norm on R? usedin Depnition 4.1. We then
equip L(C?%) with the operator norm induced by || - ||cs.

DerFINITION 9.1. If (T, X, D) is areal analyti ¢ full branch expanding map with
|ifT;§Up||Tf|\Hoo(D,L(cd)) <1, (9.1)

we say that its inverse branchesare eventually complex contracting .

REMARK 9.2. If thereal analytic full branch expanding map T has only Pnitely
many inverse branches,then clearly they are eventually complex contr acti ng (cf. the
convention detailed in Notation 1.1).

In the following result we debre dist(0,z) := ||0 — z||c« for 0,z € C¢, and
dist(0,Z) := inf,, £ dist(0,z) for Z ¢ C%

ProprosITION 9.3. Let T : X — X beareal analytic full branch expanding map
whoseinverse branches are eventually complex contracting. If &> 0is su! ciently
small then the &neighbourhood D, = {z € C? : dist(z, X) < & satisbes(D2) and
is conjugation-invariant.

Proof. SinceT is expanding there exists (¥ (0, 1) (see(4.2)) such that
sup [T prey < (F forallieZ. (9.2)
)

! int(X

Since the inverse branches are evertually complex cortracting, there exists a
bounded domain D and ( € [(* 1) such that [T/ e p(cay < (forallieZ\J,
where J is some Pnite subset of Z. Since J is bnite, and each T/'is continuouson D,
(9.2) implies that there exists &> 0 such that D. € D and [|T/l| e p, 1cey < (
for all i € 7. Thereforein fact || T/l ;yee(p, ey < ( foralli €. '

From the several variables mean value theoremit follows that for each i € Z, the
inversebranch T, is ( -Lipschitz on any corvex subse of D. (seee.g.[2, Thm. 2.3]).
We claim this implies that for each i € Z,

dist(T;(z),X) < (dist(z,X) forallzeD.. (9.3)

To verify (9.3), let z € D. and choosex € X with dist(z,X) = dist(z,x). In
particular x,z both lie in the open &ball centred at x, a convex subsd of D.,
so dist(T;(2), T;(x)) < ( dist(z,x). Therefore dist(T;(z),X) < dist(T;(2), T;(x)) <
(dist(z,x) = ( dist(z, X), asrequired. So T;(D.) C D, for all i € Z, and therefore
U T:(D.) « D¢, which is the condtion (D2). The fact that D. is conjugation-
invariant follows immediately from the fact that X c R¢. O
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THEOREM 9.4. Let T : X — X be a real analytic full branch expanding
map whose inverse branchesare eventually complex contr actin g, and supposethat
(w;);n is astrictly positive real analyti c weight system satisfying (S1).

Then there is a unique T-invariant probability measire p which is absoluely
cortinuouswith respectto the eigenmeasure m. T he corresponding Radon-Nikodym
derivative dp/dm is strictly positive on X, real analytic, and extends holomorphi-
cally to an element of H, (D). The dynamical sysem (T, ) is exact.

Proof. The eventually complexcontr acting hypothesisensuresthe existenceof a
conjugation-invariant domain D for which condition (D2) is satisbed, by Proposition
9.3. The reault then follows from Theorem 7.5. |

Similarly, combining Theorem 8.6 with Proposition 9.3 gives

THEOREM 9.5. Let (T,X,D) be a real analytic full branch expanding map
whoseinversebrances are evertually complex cortractin g, and w a real analytic
g-function whosecorresponding strictly posdtiv e real analyti c weight system (w;);
satisPes (S1). Then thereis a unique g-measurefor w.

10. Invariant measires equivalent to a referencemeasure

The character of this section di"ers from the preceding ones. Here we will start
with some bnit e Borel measurem on X, and askwhether there exists a T -invariant
probability measurep which is equivalent to m. The single most interesting case,
when m is equal to Lebesguemeasure, will be consideredin §11.

DEFINITION 10.1. Let m be a bnite measureon X. Amap T : X — X is said
to be non-singular with respect tom if mT' 1 << m.

If T: X — X isafull branch map, and m is such that m(X \ Uy, X;) = 0, then
mT 1=, mT,. This can be shown using the same arguments asin the proof
of part (iii) of Proposition 8.7. Therefore T is non-sngular with respectto m if and
only if ,, mT; << m, if and only if mT; << m for every i € T.

LEMMA 10.2. Let T : X — X bea full branch map which is non-sngular with
regped to.a bnite measire m. If m(X \ Uy X;) = Othen, for every f € L(X, m),

theseries ,, %L .f o T, convergesin L(X, m) and
! .
d;n; foT,dm= fdm. (10.1)

il

Proof. Letf € L(X,m). Sincem(X \ Uy X;) =0,

! ) ! )
dmT; foT,dm = dmT,;
dm

all il

-f OTidm

int(x) , dM
!
= f dm= fdm= f dm.

il T, (int( X)) )ierXi
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! n . ' n ' "
@.foTigdm: mel.|f|oTidm: If | dm < oo,
dm dm

all all

But

by the sameargument asabove. Thus djj—mﬂ-f oT; dm corvergesin L1(X,m),
and n n n

! . ! )
mez-foTidm: dmT”~foTZ-dm: f dm.
dm dm

all all

O

THEOREM 10.3. Let (T,X,D) be a real analytic full branch expanding map,
where the domain D is conjugation-invariant. Suppose m is a bnite measure on
X with m(X \ Uy X;) = 0, and such that T is non-singular with regped to m.
Supposethat w; = 4fi ¢ H" (D) for all i € Z, and that each w; is strictly
postive on X . Supposethat either (S2) and (D1) are satisbed, or (S1) and (D2)
are satisbed, for the weight system (w;);; .

Then there is a unique T-invariant probability measire p which is absoluely
continuous with respect to m. The correponding density function dw/dm is real
analytic and strictly positive on X . The dynamical sygem (T, ) is exact.

Proof. The real analytic weight system (w;);; is strictly positive, and m is
the eigenmeasire for the associated transfer operator by Lemma 10.2, sothe result
follows from Theorem 7.5. |

11. Invariant measires equivalent to Lebeggue measure

Thr oughout this section, (non-normalised) Lebeggue measure on X will be denoted
by Leh. For a given real analytic full branch expandingmap T : X — X, our aim is
to derivea sulcie nt condition for the existenceof a T-invariant probability measure
K on X which is absolutely continuouswit h respect to Leb. Such a p will simply be
referred to as an acip, and the Radon-Nikodym derivative dw/dLeb will be called
its density function. Let Jac(T) denote the Jacobian determinant of T, dePnedby
Jac(T)(x) = |det(T#x))| forall x € Uy X;, where T#x) denotes the derivative
of T at the point x. Analogously, the Jacobian determinant Jac(T;) of any inverse
branch T; is debPred by Jac(T;)(x) = |det(T#x))| forall x € X. The change of
variablesformula for integration with respectto Leb(seee.g.[4, Thm. 6.1.6])implies
that dLebT,/dLeb = Jac(T;) for all i € Z, and hence in particular T is non-singular
with respect to Lebesguemeasire.

If D c C¢is a domain such that (T;,D); is a holomorphic map system, then
becausedet(T/) does not changesign on X, eah Jag(T;) also has a holomorphic
extension to D. If moreover sup,, , ,, [Jac(T;)(z)| < oo, then ead Jac(T;) €
H" (D), and (S1) is satispedfor the weight system (w;);; given by w; = Jac(T;).

Of all our reallts, the following is the one which mogs closdy resmbles the
claimed theoremin [10].

THEOREM 11.1. Let (T,X,D) be a real analytic full branch expanding map
such that Leb(X \ Uy X;) = 0. Supposethat D is conjugation-invariant, and that
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either (S2) and (D1) are satisbPed,or (S1) and (D2) are satisbed,for the weight
sysgem debned by w; = Jac(T;).

Then T hasa unique acip 4. The corresponding density function is real analytic
and strictly positive on X. The dynamical sygem (T, ) is exact.

Proof. Asnoted above ,, LebT; << Leh Eachfunctionw; = dLebT;/dLeb =
Jac(T;) = 1/|detT#o T,| is strictly postive on X, since the branch T|y, is a C!
di" eomorphism whose derivative has a cortinuous extensionto X; (see Debniti on
4.1). The realt then follows from Theorem 10.3. U

In view of the strict podtivit y of the Jac(T;) on X, the following result is an
immediate corollary of Theorem 10.3 and Proposition 9.3.

THEOREM 11.2. Let (T,X,D) be a real analytic full branch expanding map
whoseinversebranchesare eventually complex contr acti ng, with Leb(X \U;y X;) =
Oand sup,, p , [Jac(T;)(2)| < oo.

Then T hasa unique acip p. The corresponding density function is real analytic
and strictly positive on X . The dynamical sysem (T, L) is exact.

DEerFiNITION 11.3. The real analytic full branch expanding map T : X — X
has uniformly summable derivativesif there exists a domain D such that
"
sup T2 coy ~ 0 asn — oo. (11.1)
z!' D ._

=n

The usdulness of this debnition is that, as we shal seein the proof of Theorem
11.4, (11.1) implies both that the inverse branches of T are eventually complex
cortractin g and that the summability condition (S1) holds whenw; = Jad(T;).

Note that (11.1) is implie(lj by the absolute summability of the derivatives

”Tz#HHOO(D,L(Cd)) < 0. (11.2)
ill

Clearly (11.2), and hence (11.1), holds whenever 7 is bnite.

THEOREM 11.4. Let T : X — X be areal analytic full branch expanding map
with uniformly summable derivatives suc that Leb(X \ Uy X;) = 0.

Then T hasa unique acip 1. The corresponding density function is real analytic
and strictly positive on X . The dynamical sygem (T, ) is exact.

Proof. By Theorem 112 it is sulc ient to verify that the inverse branches of
T are eventually complex contracting, and that (S1) holds for the weight system
(w;)a  debned by w; = Jac(T;). By (11.1), sup,, p [|T,(2)ll(cay — 0 @sn — oo,
solimuss | T/l oo (coy = 0< 1; thusthe inversebranches of T are eventually
complex cortractin g. Now |det(A)| < ||A||C£(Cd) for any A € L(C%), so |w;(2)| =
|Jac(T;)(2)| < HTf(z)H‘é(Cd) for all z € D. Since [T/l ye(p rcey < 1 for all
sulc iently large i, it follows that |w;(z)| < ||Tf(z)||‘z(cd) < T/ @Il (cey Tor all
sulc iently large i, and all z € D. Combining this with condition (11.1) gives
SUP,  p 4=, Wi(Z)] = 0 asn — oo, which is condition (S2), which in particular
implies (S1). O



INVARIANT MEASURES FOR REAL ANALYTIC EXPANDING MAPS 23

REMARK 11.5. The proof of exactnes of (T, ) in Theorem 11.4answersal r-
matively a conjecture of Mayer [10, Remark 1, p. 13].

12. Appendix A: The symbolic coding approach to invariant measures

In this paper we have addressd the problem of bnding a T -invariant probability
measure | which is absolutely continuous with regped to a suitable bnite reference
measure m, with parti cular emphasison the casewhere m is Lebesguemeasure. We
proved that the transfer operator associated to the weight system w; = dmT,;/dm
has, under appopriate hypotheses, a real analytic strictly positive eigenvedor !,
and! can be interpreted asthe Radon-Nikodym derivative du/dm .

The purpose of this appendix is to briely desaibe an alternative, lessdirect,
approach to solving this problem. The alternative method, which is well known,
relies on seting up a symbolic dynamics which models the dynamical system T :
X — X; theinitial problem is transferred to the symbolic setting, solved in this
sdti ng, and then the solution is transferred bad to the original setting. More
precisdy, a full shift . : # — # is introduced, together with amap 1 : # — X
which in some sense conjugates. and T (see below for more detail s). If m satisbes
m(X \ Uy X;) = O0then n := ml is a bnite measureon #. The weight system
(w;);n on X inducesa weight sygem (W,);; on #, where W, := w; o 1. There
are various conditi ons on the W;, typically formulated in terms of their cortinuity
moduli, which imply the existence of a unique . -invariant probability measre ,
absoluely continuouswith respectto n (seee.g. [12], [13], [18], [19], [22], [23], and
§13). Usually it canbe shown that , is ergadic and fully supported, and in this cas
it follows that the probability measure g := , o1" 1 is T-invariant (seeLemma 12.1
below). It can be shown that the function dw/dm = (d,/dn) o 1" ! is well-debned
m-almos everywhere, and can be interpreted as an element of L1(X,m), sothat p
is absolutely cortinuouswith regped to m, and the original problem is solved.

The main drawbadk of this symbolic coding method is that it does not provide
any information on the analyticit y, or even the continuity, of the density function
dp/dm . On the other hand it applies to maps T which enjoy less regularity than
real analyticity, and even in the real analytic category the conditi ons under which
the approac works are genuinely di" erert from the condition s we use in this paper
(see §13 and [3]).

We now descibein greater detail the symbolic coding (which allows the seting of
the problem to betransferred), and a key lemma guararteeing that certain invariant
measures on symbolic space yield T-invariant measures on X (thereby allowing
symbolic solutions to be transferred bad to the original seting).

Debre # to be the set IV of sequences whose ertries are elements of Z. If we
equip Z with the discrete topology, and # = ZN with the product topology, then
the left shift . : # — # givenby . (i1,iz,i3,...) = (i2,i3,...) is cortinuous. Since
T is expanding, for every i = (i1,i2,...) € #, the limit 1(i) = limue T;; 0o T;, 0

--o T, (z) exists, and is independent of z € X. This debnes a cortinuous map
1:# — X, which is never injective (since there existi 7 j with X ;X ; # ), and
in general is not surjective (it is surjective if and only if X = U; X;; this holds
if Z is bnite, for example). For i € Z, thei-th inverse branch . ; : # — # of . is
debred by . ;(i1,i2,...) = (i,i1,i2,...). Then, for everyi € 7,

Tiol=1o0.; on# (12.1)
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becauseeadt T; is continuous on X, and
lo. =(T|x)ol onl X,), (12.2)
becauseT |, is cortinuous,and T o T; is the identity on int (X). From (12.1) and
(12.2) it follows that for every i € Z,
1 1B)=1 1T,B) forall B cint(X). (12.3)
LEmMA 12.1. If , is afully supported Borel probability measire on # which is

ergadic and . -invariant, then u = , o1 *isa T-invariant Borel probability measire
on X (and is itself ergadic and fully supported).

Proof. Thesds U:=1 (U, X;)andV := 1 (int(X)) are easly seento be
non-empty, with U C V, and we claim that
"Yv)ycu. (12.4)
To prove (12.4), bx i € V and i € Z. Then by (12.1), 1(. ,(i)) = T,(1()) €
T;(int (X)) = X;. Thus . ;(i) € 1" }(X;) for every i € V and every i € Z. Hence
Ui . (V) 1 YUy X;) = U, which proves(12.4), because. " (V) = Uy . (V).
Next we show that
,(U) = 1. (12.5)
To see this, notethat since. " *(U) c . Y(V) c U, and, is. -invariant, . " 1(U) =
U (mod,). But , isergadic, so, (U) = Oor 1. As 1 is cortinuous, U is a non-empty
open subset of #, and hence, (U) > 0, and (12.5) is proved. It follows that
H(Uzn X5) = 1. (12.6)
The T-invariance of p now follows: if A is a Borel subse of X then
WT *A) = H((T' TA) N (U X)) = (Ui Ti(A Nint(X)))

WT(ANInK(X)) =, (1 Y(T(ANint (X))
r’!l il

@ HANINX)) =, (U -1 HANINE(X)))

Al
LG Y ANInt(X)) =, (@ YA NiInt(X)))
H(A Nint (X)) = H(A),

using (12.6) twice, (12.3), and the . -invarianceof , .

Sincel : # — X is cortinuous and has dense range, and , is fully supported on
#, it followsthat p=, o1 1 is fully supported on X .

The ergodicity of p follows from (12.3), (12.6), and the ergadicity of , . O

13. Appendx B: Comparison to other criteria for existenceof invariant measures

The purpose of this appendix is to describe some previously known criteria for
the existence of invariant measures for expanding maps, and compare them to
the reaults of this paper. These previous results neither require, nor exploit, the
analyticity of themap T.

Before desaibing in detail the previously known criteria, let us summarise the
ways in which they di" er from those of this paper. Let T : X — X be a real
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analytic full branch expanding map with inversebranches (T;);; , and (w;);; a
strictly posgtive real analytic weight system. For countably inPnite Z, both our
criteria and the previously known criteria impose additional hypotheseson T and
(w;);n in order to guarantee the existence and uniquenes of . It tur nsout that the
additio nal hypotheses arising from the di" ering approacesare independent: there
exist examples which satisfy our hypotheses but not those of previous authors
(see Example 13.1 below), but equaly there are examples which fail to satisfy
our hypothesesyet are covered by previously known results (one such exampleis
detailed in [3]).

To de<ribe the previous approaches, it will be convenient to work with the real
analytic potential function" (see Debniti on 8.1) asscciated to the strictly positive
weight system (w;);; . Walters [23] has a criterion for existence and uniquenes of
K which in parti cular includesthe condition that for some bxed & > 0,

sup  supsupS," (T;x) —S," (Tyy) < oo, (13.1)
Xy €int(X) n* 14l N

lIx =y ”Rd <! o
"

whereS," (z) == ;”:'01 " (T?2). )

In fact a weaker® analogueof this condition arises by applying WaltersCresults to
the symbolic dynamical system (a full shift on Z) obtained by the coding method
descibed in Appendix A, namely that for some bxedN > 0,

sup  sup sup S,"(T;x) —S,"(T,y) < . (13.2)
z,y! int(X) n* 1ill N+n B -
Condition (13.2) is a kind of bounded distortion conditi on; for example if " =
—logJac(T) it assertsthat for some C > 1,
1 Jac(T")(T;x)
—<———=°"<C foraljezV,x,yeint(X),neN.
C = Jac(T")(T,y) L y €int(X)

Work of Mauldin & Urbanski [12], [13], and Sarig [18], [19], treats symbolic
sdti ngs (namely, a rather generalclassof inbnite alphabet subshifts of Pnite type)
whose combinatorics is more complicated than the full shift, and where WaltersO
techniques do not necesarily apply (cf. [18, p. 1566]) Howewver these authors do
not strive for an optimally weak assumption on the potential function " . Rather,
they are usualy content (see[12], [13], [18]) to assime that vary(") < Cr¥ for
some C > 0,r €[0,1), wherefor N > 1,

* +
vary(") = sup sup "(T:x) —"(Ty) ,
z,y! int(X) il N

thoughit is noted in [19] that this condition canbe replaced by ']'.:2 var;(") < oo.
In fact if _,var;(") < oo for any N > 1then " satisPesWaltersOcondition
(13.2), because for all x,y € int(X), n>1,i € Z** N,
In "
Sp" (Tix) = S," (Tyy) < vare y(") < var;(") < oco.
=1 J=N+1

This is part of condition (iii) on [23, p. 125].

aThe condition is weaker because the natural topology on $;; X; is finer than the one induced
by the coding map 7 and the topology of ¥ (see 812 for the definitions of © and 3). However the
conclusions are also weaker: in particular one cannot conclude that the density function du/dm is
continuous (cf. the discussion in 812).
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Of the previously known criteria discussed above, we see that the weakest one
guaranteeing existence and uniquenessof B = ,, is the symbolic interpretation of
WaltersOhypothesis, which involves in particular the condition (13.2). With this
in mind, we now detail an example which satispesthe hypotheses of our Theorem
9.4, yet which fails to satisfy (13.2); in fact the potential function " will satisfy
vary(") = +oo forall N > 1.

ExAMPLE 13.1. Let X = [0,1],and X; = (2' %,2' %) fori € N. Debne T : X —
X to bethe piecewise aln e map with slope 28 and T(2Y ?) = 10on (2 2% 9, for
i €N, and T(0) = 0. Clearly T is eventually complex cortr acti ng.

Let {' ,;};zl be any sequenceof positive reals such that ,_, ' ; < oo, and for
i € N debre w; to be the polynomial

w;i(x) =" i,(X/ 2)4I +(21-27 i)4'

Note that ead w; is strictly postive, and strictly increasing,on [0,1]. If D is the
complex disc of radius 2 centred at 0 € C, then

Wil re(py = Wi(2) = ¢ 14+ (21 —2 1 )Y
and therefore ;:1 Wil zre(py < o0, SO (S1) holds. Therefore the conditi ons of
Theorem 9.4 are satisbed, and we deduce the existence of a unique T-invariant
probabhilit y measire p which is equivalent to the eigenmesure m.
Let w : U;,-; X; — R be the real analytic w-function asciated to (w;);; , and
" = logw the corresponding real analytic potential function. We claim that
*

+
sup sup " (T;x) =" (Tyy) = oo forall N >0. (13.3)
z,y! int(X) il N+1
Clearly (13.3) implies that WaltersGconditi on (13.2) does not hold, and therefore

nor does (13.1). It alsoimplies that vary (") = +oo for all N > 1.
To prove (13.3) it sulc esto show that

sup " (T; 1) =" (T4 X0) = o0, (13.4)
jI'N

wherei; := (j,1,...,1) € ZV*"*, and xo = 3, since both points 3 and 1 are

acaumulation points of int(X) and 2 o Ti. is conti nuous on (0, 1].

Now T(T;1) = 1, so "(T;1) = logw;(1), and T(T;x0) = 1 -2 V' 1 so
" (Ti xo0) = logw;(1 —2 " ). But w; is an increasng function, so if j > N + 1
thenw;(1 -2 N 1) <w;(1—2 7). Therefore

w; (1) .
" ) _m . > A Sl > . .
(Ty 1) =" (Tyx0) 2 log oy forall j =N (13.5)
But i
wi@) 1, 1-29 % L asj— oo, (13.6)

wi(1-217) 2
s0(13.5) and (13.6) together give (13.4), asrequired.

In fact a similar argument would work for any choice of zo " X'\ {0, 1}.
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REMARK 13.2. In practice a condition such as (13.2), involving both " and
(iterati on of) T, may be dilc ult to verify. The conditi ons of Theorem 9.4, where
the asaimption on" (i.e. the summability condition (S1) on the asscciated weight
sydem) is decupled from the assuumption on T (th e eventually complex contracting
condition), may be easier to check.
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