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ABSTRACT. We present a new algorithm for efficiently computing the Hausdorff dimension
of sets X invariant under conformal expanding dynamical systems. By locating the periodic
points of period up to N, we construct approximations sy which converge to dim(X) super-
exponentially fast in N. This method can be used to give rigorous estimates for important
examples, including hyperbolic Julia sets and limit sets of Schottky and quasifuchsian groups.

0. INTRODUCTION

Hausdorff dimension is a fundamental invariant of bi-Lipschitz homeomorphism. The
Hausdorff dimension of a set is in general neither a rational number nor easily expressible
in terms of well-known or easily computable irrationals, so that effective use of this in-
variant relies on its accurate computation. In general, however, computation of Hausdorff
dimension is a non-trivial problem.

Dynamical systems provide not only a fertile source of examples of fractal sets, but also
techniques for studying them (see for example [Pe]). Conformal dynamics is a particularly
rich source of examples of sets with non-integer Hausdorff dimension, notably Julia sets of
rational maps and limit sets of Kleinian groups.

In this paper we present an algorithm for accurately computing the Hausdorff dimen-
sion of a large class of such fractals, namely those for which the underlying dynamics is
hyperbolic. For such sets X, our algorithm relies on locating the periodic points of the
corresponding dynamical system 7" : X — X. We construct a sequence of functions Ay
in terms of the (first) derivatives of T, evaluated at the periodic points of period up to
N. The largest zeros sy of the functions Ay provide a sequence of approximations to the
Hausdorff dimension dim(X) which converges super-exponentially in N.
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More precisely, if X is contained in a C'“ manifold of dimension d € N, then there exist
0 <d < 1and C > 0 such that |sy — dim(X)| < CSN'™* . The constants § and C
both depend on the particular set X. Roughly speaking, for a fixed d, the stronger the
hyperbolicity of the dynamics, the faster the sequence sy will converge.

In the systems we consider, the number of points of period up to N increases at an expo-
nential rate. Therefore the functions Ay can be constructed in at worst exponential time?,

so that the periodic point algorithm has, at worst, time complexity O (exp (aN lerd)),

a > 0. In particular, for any d the algorithm has sub-exponential complexity, whereas pre-
vious algorithms such as those of McMullen [McM3], Bodart & Zinsmeister [BZ], Widom,
Bensimon, Kadanoff & Shenker [WBKS], Garnett [Gar]), and Saupe [Sau], have at best
exponential complexity.

A feature of the periodic point algorithm is that it easily lends itself to rigorous Haus-
dorff dimension estimates, via explicit bounds on the constants § and C. (Such rigorous
estimates appear to be more difficult to justify for the alternative algorithms cited above).
Moreover, the empirical dimension estimates, inferred by comparing consecutive zeros sy
(see §7, §8), offer an accuracy beyond that of the rigorous bounds.

Our interest in these problems was motivated by the recent paper of McMullen [McM3],
who gave a different algorithm (the eigenvalue algorithm) for computing the Hausdorff
dimension for the same class of examples as we consider. The complexity of the periodic
point algorithm is lower than that of [McM3], and for sufficiently hyperbolic systems our
empirical dimension estimates bear this out (see the examples below, and in §7 , §8).
For systems of weaker hyperbolicity, however, the constant ¢ is closer to 1 and the inertia

N'T/%) asymptotics means that McMullen’s algorithm is for practical

arising from sub - O(§
purposes superior.

An attractive feature of the periodic point algorithm is that it is canonical. At no stage
is it necessary to make (non-canonical) choices of coordinates or of Markov partitions.
One simply locates periodic points of the underlying dynamical system. Consequently the
algorithm is particularly easy to implement.

The proof of the algorithm’s rapid convergence is based on ideas from thermodynamic
formalism, where Bowen and Ruelle interpreted dimension as an implicit solution of a
pressure equation, as well as Grothendieck’s classical work on the Fredholm determinants
of nuclear operators.

We first apply our algorithm to computing the dimension of limit sets of two classes of
Kleinian group:

1. Schottky groups. Fix 2p disjoint closed discs D,..., Dy, in the plane, and Mobius
maps gi,...,gp such that each g; maps the interior of D; to the exterior of D,.;. The
corresponding Schottky group is defined as the group generated by g1,...,g,. The asso-
ciated limit set A is a Cantor subset of the union of the interiors of the discs Dy, ... , Dy,.

11t is not inconceivable that algorithms will be developed to construct the functions Ay in sub-
exponential time, in which case the complexity of our algorithm will be reduced. At present this appears
to be possible only for piecewise affine systems, where the limit A of the Ay is actually available in closed
form; however this is of only academic interest, since for such systems the Hausdorff dimension is easily
computable (see [Pe, Th. 13.3]) without recourse to any algorithm.
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We define a map T on this union by T'|;uyp,) = g; and T|iny(p,,,) = gi_l. A reflection
group is a Schottky group with D; = Dp,; forallt=1,...,p.

2. Quasifuchsian groups. Such groups are isomorphic to the fundamental group of a com-
pact Riemann surface, and are obtained by a quasiconformal deformation of a Fuchsian
group (a Kleinian group whose limit set is contained in some circle). The limit set A of a
quasifuchsian group is a simple closed curve. We can associate an expanding map 7" with
the limit set of any Fuchsian group (see [BS]), and the quasiconformal deformation induces
an expanding map on A.

We show that the Hausdorff dimension of the limit sets A of both Schottky and quasi-
fuchsian groups can be efficiently calculated via a knowledge of the derivatives DT"(z),
evaluated at periodic points T"z = z.

Theorem 1. (Kleinian groups) Let I' be a finitely generated non-elementary convex co-
compact Schottky or quasifuchsian group, with associated limit set A. Let T : A — A be
the associated dynamical system. For each N > 1 we can explicitly define a function Ay,
using only the derivatives DT™(z) evaluated at period-n points z, for 1 < n < N, and
associate C > 0 and 0 < § < 1 such that if sy is the largest real zero of Ay then

| dim(A) — sy| < CoN°”.

Remark. The convex cocompact assumption in Theorem 1 corresponds to I' not containing
parabolic elements.

The functions Ay are defined as follows. First let

1 DT"(2)|~*
. DI"(2)

i, det (I - [DT"(z)]_l) ’

where the summation is over all period-n points z, DT™(z) denotes the derivative of T™
at such a point, and |[DT™(z)| denotes the modulus of the real (as opposed to isometry)
part of this derivative. Then define Ay by

AN(S):1+Z Z (_1)man1--'anm’

n=1 (n1,-..,nm)
ni+...+nm=n

where the second summation is over all ordered m-tuples of positive integers whose sum
is n.

Ezample 1. The following family of reflection groups (see §6 for more details) was consid-
ered by McMullen [McM3]. Consider three circles Cyp, C1, Cy C C of equal radius, arranged
symmetrically around S?!, each intersecting S' orthogonally, and meeting S! in an arc of
length , where 0 < § < 27/3 (see Figure 2). Let Ag C S! denote the limit set associated
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FIGURE 1 . Limit set for a quasifuchsian group

to the group I'y of transformations given by reflection in these circles. For example, with
the value § = /6 we show that the dimension of the limit set A, /¢ is

dim(A, /6) = 0.18398306124833918694118127344474173288. ..

which is empirically accurate to the 38 decimal places given.

Consider next the Julia set J of a rational map f : C — C. We shall be interested
in those Julia sets J which are hyperbolic (i.e. inf,c 7 [(f™)'(z)| > 1 for some n). The
periodic point algorithm allows the accurate computation of Hausdorff dimension of such
Julia sets, or more generally the Julia sets of any hyperbolic holomorphic Markov map
(i.e. one whose symbolic dynamics is described by a subshift of finite type; see §1 for the
definition). A feature of the approach is that we exploit the real-analyticity of the map f.
That is, we will identify C with R?, and think of J as lying in the real section R? of C2,
with T'(z,y) = (Re (f(z +iy)),Im (f(z + 4y))) an analytic map on some suitable domain
in C2.

Theorem 2. (Julia sets) Let J be the Julia set of a hyperbolic holomorphic Markov map
f:TJ — J. For each N > 1 we can explicitly define a function Ay, using only the
derivatives (f™)'(z) evaluated at period-n points z, for 1 < n < N, and associate C > 0
and 0 < 6 < 1 such that if sy is the largest real zero of Ay then

\dim(T) — sn| < oM.

This method is effective in computing the dimension of many hyperbolic Julia sets. The
Julia sets J. of quadratic polynomials f.(z) = 22 + ¢ are of particular interest.
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FIGURE 2. Reflection in three circles

Ezample 2. For the quadratic map f;/a(z) = 2° + i, the Hausdorff dimension of the
associated Julia set J;/4 is given by

dim(J;/4) ~ 1.0231992890309691251 . ... ,

where the first 16 decimal digits are empirically correct.

More generally, our approach gives super-exponential convergence to the Hausdorff di-
mension of any compact set X which lies in a C'“ d-manifold and is invariant under a
dynamical system T : X — X satisfying

(1) Markov dynamics: On a symbolic level the dynamics is faithfully coded by a sub-
shift of finite type;

(2) Hyperbolicity: There exists some C' > 1 such that |T"(z)| > C for all z € X;

(3) Conformality: T is a conformal map;

(4) Analyticity: T is real-analytic;

(5) Local mazimality: For any sufficiently small open neighbourhood U of the invariant
set X we have X =N T~ "U (such an X is sometimes called a repeller).

Note that in dimension two or higher, property (4) is implied by (3).
Theorem 3. (General Case) Let X C M be a locally mazimal compact invariant set for a

conformal real-analytic hyperbolic Markov map T : X — X, where M is a C* manifold of
dimension d € N. For each N > 1 we can ezxplicitly define a function Ay, using only the
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FIGURE 3. The Julia set for f;/4(z) = 2% + %

derivatives DT™(z) evaluated at period-n points z, for 1 < n < N, and associate C > 0
and 0 < d < 1 such that if sy is the largest real zero of AN then

|dim(X) — sy| < O8N,

In view of this, we see that stronger results than Theorems 1 and 2 can be proved in
the case where the limit set actually lies in a one (real) dimensional submanifold.

Corollary 3.1. (Faster convergence on submanifolds)

(1) Let A be the limit set of a classical Fuchsian Schottky group, with associated dy-
namical system T : A — A. For each N > 1 we can explicitly define a function Ay,
using only the derivatives DT™(z) evaluated at period-n points z, for 1 <n < N,
and associate C' > 0 and 0 < 6 < 1 such that if sy is the largest real zero of An
then

| dim(A) — sy| < O8N

(2) Let fo: J. — J. be the quadratic map f.(z) = 22 + ¢ restricted to the Julia set
Je., where the real parameter ¢ < —2. For each N > 1 we can explicitly define a
function Ay, using only the derivatives (fI')'(z) evaluated at period-n points z, for
1 <n < N, and associate C > 0 and 0 < § < 1 such that if sy is the largest real
zero of An then

| dim(T.) — sn| < OV

Returning to Example 1, we see that since Ay C S then part (1) of Corollary 3.1 means
dim(Ag) can be approximated at rate O(6V"), for some 0 < & < 1.
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In the quadratic family f., for real parameters ¢ < —2 the Julia set 7. is hyperbolic and
also lies on the real line. By part (2) of Corollary 3.1 we have the improved convergence

rate O (6N 2). For example taking ¢ = —5 the periodic point algorithm yields
dim(J_5) = 0.48479829443816043053839847...

where these 26 decimal places are (empirically) accurate.

All the dynamical systems we consider are conformal. Since every one-dimensional
expanding map is conformal, the periodic point algorithm applies to a wide class of fractal
sets lying in the real line. Here, however, we need the extra real-analyticity hypothesis (a
property which is automatically satisfied by higher-dimensional conformal maps).

Analytic cookie-cutters. Many fractals in the line arise as limit sets of so-called cookie-
cutters. These are special cases of the iterated function schemes (defined in §1) we consider,
and are treated in [Fa2, Ch. 4]. Examples of particular interest, whose Hausdorff dimension
can all be calculated via the periodic point algorithm, are the following:

(i) Bounded continued fractions. The classic example is the set Fy considered in [JP1].
More generally, the set of reals whose continued fraction expansions have partial
quotients constrained to lie in some finite alphabet is a Cantor set.

(ii) Limit sets of Hecke groups (see [McM3)).

(iii) Julia sets for Blaschke products, for example the family f;(z) = z/t—1/z considered
in [McM3].

Theorems 1-3 are special cases of Theorem 4, which appears in §3.6, and is formulated
in terms of conformal iterated function schemes. These iterated function schemes are
introduced in §1. In §2 we review the definition of Hausdorff dimension and Bowen’s
pressure formula. §3 is the key section, in which we introduce tools such as the transfer
operator, Fredholm determinants, and trace formulae, and prove our main results. In §4
we apply these results to Schottky and quasifuchsian groups, and in §5 to Julia sets of
holomorphic maps. In §6 we treat in detail the reflection group family of Example 1,
and show in §7 how the periodic point algorithm yields rigorous dimension estimates. In
88 we use the algorithm to obtain numerical estimates on the dimension of Julia sets for
quadratic maps. In §9 we survey some other examples to which our algorithm can be
applied. In Appendix A we discuss the practical implementation of the algorithm (see also
the website [JP2]). In Appendix B we prove a lemma about contraction ratios of iterated
function schemes, useful for estimating the constant ¢ in the theorems.

1. CONFORMAL ITERATED FUNCTION SCHEMES

In this section we shall introduce notation in order to formulate results in their most
general context. We will then specialise to particular examples in later sections.

The defining property of any conformal map v : U C R* — R? is that at each point
z € U, its derivative D (z) is the product of a positive real number, denoted by |Dw(z)],
and an isometry My (z) € SO(d). The map z — |D(z)| is called the conformal derivative
of the map 1.

Definition. Let U, ..., U, C R? be a finite collection of subsets of R, each of which is the
closure of its own interior. For k£ > 2, let A be a k x k aperiodic (i.e. some power of A is
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strictly positive) matrix with entries either 0 or 1. Assume that for every pair of symbols
1,7 € {1,...,k} such that A(4,7) =1 (in this case we say the pair (i, 7) is admissible) we
have associated a real analytic conformal map ¢;; : U; — U; such that:
(i) The closure of the image ¢;;(U;) lies inside U; (i.e. ¢4 (U;) C int(U;)) and
(ii) the map ¢;; is a strict contraction (i.e. there exists 0 < § < 1 with [D¢;;(z)| < 6
for all z € Uy).

The collection of maps {¢;; : A(i,j) = 1} is called a (real-analytic conformal) iterated
function scheme on RY.

FIGURE 4 . Regions and contractions

Now suppose M is a real-analytic manifold of dimension d. By analogy with the above,
suppose we have subsets Uy,... ,Ur C M, each of which is the closure of its own interior,
a k x k aperiodic 0-1 matrix A, and a collection of C* conformal maps ¢;; : U; — U;
corresponding to admissible pairs (i,7), and satisfying (i), (ii) above. We call this a
(real-analytic conformal) iterated function scheme on M. To say the ¢;; are C* and
conformal means precisely that there is a C% structure on M consisting of a a finite
collection of connected open sets V, C M and C¥ diffeomorphisms f, : V, — R¢ such
that, if the U; are sufficiently small so that each U; is contained in some V,, (we may
always assume this is true, by replacing the collection {U;} by some suitable refinement)
then each vj; := fa, 0 ¢j; 0 fojil is a conformal C* map from W; := f,,U; C R? to
W; = fo,U; C R?. Each tj; 1s moreover a strict contraction, so the collection of sets W;
and maps 1;; form a conformal iterated function scheme on subsets of R, whose limit set
has the same Hausdorff dimension as the original limit set in M (since in particular the f,
are bi-Lipschitz). In this way we can, and will, always make the simplifying assumption
that our iterated function scheme is defined in R?.

An ordered (n + 1)-tuple of symbols i = (i1,...,49n41) € {1,...,k}"*! such that
A(ij,i541) = 1 for j = 1,...,n is called an admissible string. For such a string i we
let

qsl = ¢7:n+17:n ©...0 ¢i3i2 ° ¢i2i1

denote the n-fold composition of the corresponding contractions. We write |i| = n + 1.
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Definition. The limit set A C UY_,U; of an iterated function scheme is defined by

A= (_]H U &)

i|=n+1

If iy = j = 4541 then the contraction ¢; : U; — U; has a unique fixed point, which we
denote by z;. Let Fix(n) = {i : |¢| = n + 1,41 = ip41} denote the set of length-(n + 1)
strings of this form, and Fiz(n) = {z; : ¢ € Fix(n)} the set of corresponding fixed points.

The above notion of an iterated function scheme is somewhat more general than the
usual definition (see for example [MU1]). More commonly, the contractions ¢;; : U; — Uj
are assumed to only depend on the target set U;. This is the case, for example, if the
contractions arise as inverse branches of an expanding map, or as cookie-cutter systems.
Since this more common scenario is our primary motivation, corresponding to the Julia
set and Kleinian limit set cases dealt with later, we now briefly indicate the connection
between the two set-ups.

Let T : X — X be a conformal real analytic expanding map where X C R¢ is a closed, T-
invariant, locally maximal hyperbolic subset. We can choose a Markov partition, consisting
of a collection of sets Xi,..., X, C X covering X such that the restriction of T to each
X is injective, and the image T'(X;) is a union of the form X;, U...UX,; . We also require
that the sets X7i,... Xy have pairwise disjoint interiors, and that each X, is the closure
of its own interior. We can naturally extend T to an analytic expanding map T on the
disjoint union U; X;. The map T is called a Markov map. We then define a k x k transition
matrix A, where A(i,j) = 1 if TXj NX; # 0, and A(4,7) = 0 otherwise. If A(7,j) =1
then we define a contracting map ¢;; : X; — X; by requiring that To ¢ji = id|x,. The
collection {¢;; : A(¢,7) = 1} is then an iterated function scheme.

In fact, if TXj = X;, U...UX,,, then it is common to define an inverse branch
S;t Xj, U...UX;, - X;byToS; = id‘Xilu...uXir (so that ¢;; = Sj|x, for each
admissible (4,5)). For an admissible n-tuple j = (j1,...,jn) we will also define S; =
Sjn O---0 Sj1 : Xi1 Uu...u Xir — Xjn7 and note that T (o) Sl = id|X,'1U...UXiT-

Note that such a contraction S; has a unique fixed point. This fixed point is precisely
z; (i.e. the fixed point for ¢;), where i = (JnsJ1y--- »Jn). Thus there is a one-to-one
correspondence between the set Fix(n) and the set of all admissible length-n words j.
Moreover, the set Fiz(n) of fixed points z; of length-n compositions of contractions is
precisely the set of period-n points for the map T. Throughout we adopt the convention
of counting periodic points with multiplicities corresponding to T, rather than T. The
precise connection between the periodic points for 7" and T is well understood, using
Markov partitions and Manning’s combinatorial lemma [Ma).

2. HAUSDORFF DIMENSION AND BOWEN’S PRESSURE FORMULA

Let us recall the definition of Hausdorff dimension.

Definition. For X C R% and s > 0 we let H:(X) = infy{)_, diam(U;)*} where the
infimum is taken over all open covers U = {U;} such that diam(U;) < e. We define the
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s-dimensional Hausdorff measure of X by H*(X) = lim._,o H:(X) and then the Hausdorff
dimension of X is defined by

dim(X) = inf{s : H*(X) = 0}.

The sets we consider will always be compact, and invariant under some dynamical sys-
tem. There are various other notions of dimension (see [Fal]). For the conformal iterated
function schemes we consider, the Hausdorff dimension is equal to the box dimension, for
example. For dynamically defined sets, the following definition is useful.

Definition. Given a conformal iterated function scheme, we define its pressure function

p:R— R by

1
p(s)= Tim —log > = |Dei(z)[".
1€Fix(n)

If our iterated function scheme is derived from an expanding Markov map 7', in the way
described in §1, then p(s) is just the usual pressure (see [Wal])

o 1 N
N o 1e - n —s
P(—slog|T’|) = nlgrolo - log E |DT™(2)|

Trz==z

of the function s — —slog |T”| with respect to the Markov dynamical system 7.

Proposition 1. Let A be the limit set of a conformal iterated function scheme. Then
the Hausdorff dimension dim(A) is the unique zero of the strictly decreasing real function

s+ p(s).

A proof of the above result appears in the article of Bowen [Bo], in the special case of
quasifuchsian groups. However, as Ruelle observed in [Ru3] for Julia sets, the proof applies
in greater generality (see also [Pe|, [PU]).

3. PROOF OF MAIN THEOREM

A key tool in our analysis is a family of bounded linear transfer operators £ on a Banach
space of bounded holomorphic functions. The transfer operator is defined in terms of our
iterated function scheme. A key property of L, is that it is a nuclear operator (Proposition
2), so that we can define its Fredholm determinant det(I — zL;), an entire function of z
(Proposition 4). The fact that £ is defined as a sum of composition operators means
that the traces tr(L£?) can be evaluated in terms of fixed points of our iterated function

scheme (Proposition 3), and these traces are then used in §3.6 to give approximations to
det(I — zLs).

3.1 Complexification of the iterated function scheme.
We have the natural identification

R? = R? x {0} c R? x iR¢ = C?.
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For each symboli € {1,...,k}, let us choose some open polydisc D; = Dgl) X.. .xD,fd) C
C¢, where each DZU) is an open disc in C, such that U; x {0} C D;.

All our maps are real-analytic and contracting. Therefore by considering a refined
Markov partition if necessary, we may assume that for each admissible pair (¢,7), the
maps ¢ji, |D¢;i(-)| all extend holomorphically to maps D; — D;, such that both

¢5i(D;) C Dy,

and
sup |Dé¢ji(z)| < 1. (3.1)
z€D;

By standard abuse of notation we let ¢;;, |D¢;;(-)| denote these holomorphic extensions
to D;. Similarly, we define the maps ¢;, |D¢;(-)| to be the holomorphic extensions of the
corresponding previously defined restrictions to the real section.

Note that if € Fix(n) (i.e. if ¢; = i,41) then the contraction ¢; has z; as a unique fixed
point. In particular z; lies in the real section R?.

Let D = Hle D; denote the disjoint union of our polydiscs.

Now to each polydisc D; = ngl) X .. X Dfd) C C? in our disjoint union D, we want
to associate a concentric open polydisc E; = Ei(l) X ... X Ei(d), where each Ei(l) has radius

strictly larger than ngl)_
By (3.1) we know that for each admisible pair (3, ), |D¢;;(-)| extends holomorphically
to some open neighbourhood D; ; of D;, with the property that

|D¢_7,Z()‘ <1on Di,j- (32)

Moreover, since ¢;; is a contraction then gbj_ile contains some open neighbourhood of D;.
So defining F; to be the largest polydisc, concentric with D;, and contained in

m qu_ile N Dz’,j;
J:A(4,5)=1

ensures it has the property that each of its component discs has radius strictly larger than
the corresponding component disc in D;.
Moreover, we have that ¢;; extends holomorphically to E;, and the important property
that
¢j:F; C D; for each admissible pair (4, 5). (3.3)

Let E = ]_[f:1 E; denote the disjoint union of the larger polydiscs.

3.2 Transfer operators.

For any open set U, let Ay, (U) denote the Banach space of those holomorphic functions
on U which are bounded on the closure U, equipped with the supremum norm. We will
consider such spaces for the various choices U = D;, E;, D, E.

For any s € C, and any admissible pair (4,7), define the weight function w, ;) €

Wy (50 (2) = [Dji(2)]" (3.4)
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Then define the bounded linear operator L, ;) : Aco(D;) — Ao (D;) by
Ls,(5,09(2) = g(pjiz)ws (,i)(2)- (3.5)
Since wy, (j,;) € Aco(F;) then by virtue of the inclusion (3.3) we have the inclusion
Ly (i) (Ao (Dj)) C Aoo (Ei). (3.6)

For a fixed 4 we sum over all (admissible) composition-type operators L, ;i) to form
the component transfer operator L, ;. That is, we define

Lsih(z) = Z h(djiz)ws,(j,i)(2)- (3.7)
J:A(,5)=1

Note that L, ; is naturally an operator Ao (I1;. (i jy=1 Pj) = Aoo(Ds), and clearly also
defines an operator Ao (D) — Ao (D;). Indeed, since (3.6) holds for each admissible (3, j)
then

Now we define the transfer operator L : Aoo(D) = Aoo(D) by setting
Lsh|p, = Lsih

for each h € Ay (D) and each i € {1,...,k}.
The inclusion (3.8) means that

Ls (Ao (D)) C Axo(E). (3.9)
Note that if we define M ; : Ao (D) = Ao (D) by

M ih|p, = Ls ih, .Ms,ih|Dj =0ifje{1,...,k}\{i}, (3.10)
then we can write .
L= M, (3.11)
i=1

The following result is standard (see [Ru2]).

Lemma 1. For real s, the transfer operator Ls : Aoo(D) — Axo(D) has spectral radius
e?(®), The value eP®) is the unique eigenvalue of mazimum modulus, and is simple and
1solated.

Remark. As is well known, the spectral properties of the transfer operator £, depend
strongly on the underlying Banach space. When acting on the space C*(A) of a-Hélder
functions, £, again has spectral radius e?(*), the unique eigenvalue of maximum modulus,
but is not a compact operator. However the operator does have a spectral gap; that is, its
essential spectral radius is strictly smaller than eP(*) (see [Ru2]). In §3.3 it will be shown
that when acting on Ay (D), the operator L, is nuclear, which in particular implies its
compactness.
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3.3 Nuclear operators.

Definition. A linear operator L : B — B on a Banach space B is called nuclear if there
exist up, € B, l,, € B* (with ||u,|| =1 and ||l,|| =1) and Y "~_, |pn| < 00 such that

= Z Prln(V)uy,, for all v € B. (3.12)

L is said to be nuclear of order p if ), |pn|? < 00, and nuclear of order zero if this holds
for all p > 0.

In this section we will show that the transfer operator L, is nuclear of order zero. First
we need some notation. Let us fix i € {1,...,k}. Let 200 = (zgz), e (z)) denote the
common centre of the two polydiscs. Let ai(l) be the radius of the {*" component disc Dgl).

Let I'; = I‘gl) X ... X ng) be a polycircle, centred at z(®), exterior to D;, yet interior
to Ej;, such that the radii Ti(l) of the circles Fgl) satisfy 71-0) = az(l) /Ti(l) < 1 (possible by
choosing Fgl) sufficiently close to the boundary of Ei(l).

We call 'yz-(l) the contraction ratio in the [** component.

Proposition 2. The transfer operator Ly : Aoo(D) = Ao (D) is nuclear of order zero.
Poof. Consider the component transfer operator Ls; : Ax (D) = Ao (D;).

For h € Ax (D) we know by (3.8) that not only is £, ;2 holomorphic on the polydisc
D; = DZ(I) X ... X Dz(d), but it is actually holomorphic on the larger concentric polydisc
Ei=E" x...x E®.

Therefore by the multi-dimensional Cauchy formula we can integrate around the poly-
circle I'; to obtain the representation

(2 = L. _ 1 Ls,ih(é1,- - 58a)
Es,zh(z) - Ls,zh(zla tee ,Zd) - (27-‘-\/__1)d /I"Z (51 . 21) . (gd — zd) d§1 .- dé-d

Expanding each

@\ ! o0 @\
G-=)"=E-7")" (1_Zl Zl(z')) =G -4")" 1Z(Zl Zl>

=0 5 _Z(Z)

then gives us

Z Z mE:’)la -,Td) (('1;‘)1, . ,rd)(zl7 .. 7Zd)- (313)

r1=0 rq=0

()

('r'l,... s r'd

) 1 [,S,ih(ﬁl, oo éd)
mg’ (h) = / : . dé; .. .d&g,
(r1,---5ma) @ryv=D) Jr, (& — ZDyr+1. (g — 2D yratt '

Here the linear functionals m ) € Ao (D)* are given by
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and the functions ’Ug:)l ra) € Ao (D;) are monomials
Ut ) () = Uor B s20) = (o1 = &)z = 20
(4)

Foreachv, €A (D;) we can naturally associate a function v(,, . r,).i € Aoo(D)
defined by

U(T‘l,...

= v o Vs wa)alp, =0for j € {1, k}\ {i}.

This then allows us to combine all the component transfer operators L, ;, and express
the transfer operator L : Ax(D) = Axo(D) as

k o) foe)
Z Z Z m(rl, .,’rd) (rl,...,rd),i(z) (3.14)
t=17r1=0 rq=0

for h € A(D), z € D.
Let us normalise the functions and functionals in (3.14) by setting

l(i) (Z) ,rd)/” (4)

(’I‘17 .,Td) - (7'1, . m(’[‘l,...,T‘d)HOO’ u(’l"l,...,’l"d),i = U(’l”l,...,’f‘d),i/HU(’f’l,...

I|m (3)

(7‘1, -5Td) ‘ ‘OOH,U(’I“l,...

We then set A(,, . so that (3.14) becomes

- ,Td),i =

k oo oo
[.Sh = Z Z cee Z )\(rl,... 7d)si ZE;)I, ,rd)(h) U(ry,...,rqg),i- (3.15)

=1 r1=0 rd:O

We have the estimate

Aranra)i S (27)!2(17)..%%((1) (%‘(l)yl--- (’Yi(d))rd

A (O) (Y

where A = A(d, s,1) only depends on d, s, i, and on the radii of the component discs of D;
and E’z

In particular, setting v; = max{yi(l), e ,'yz.(d)} < 1 we have

A, < Kyttt (3.16)

.- ,’I‘d),

(Note at this point that there are certainly more refined ways of choosing ~; if we are
interested in optimal estimates).

For each i € {1,...,k}, let the sequence {), ;}22, be a non-increasing rearrangement
of the multi-sequence {A(r, .. ry)itre.. r,—0, and let the sequence {uni}n2, be a non-
increasing rearrangement of the multi-sequence {;** "¢ bes Then (3.16) implies
that

L ,rqg=0"

)\n,i < Ku’n,i (317)
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forallie {1,... ,k}, n>0.

Note that there are (de) non-negative integer vectors (r1,...,7ry) € N& such that
71+ ...+ 74 < N (see [Fri, p. 506]). Therefore the smallest n with p, = v is n =
(V19 = O(N?), and we have

Pni = O (’yfl/d> as n — 0o (3.18)

Together (3.17) and (3.18) give that

Ani =0 (71-"1/(1) as n — 0o (3.19)

Defining v = max{vy1,...,7} < 1 (again note that this estimate is not optimal) gives
us, for each i € {1,...,k},

Ani =0 (7"1”) as n — co. (3.20)

So if the sequence {\,}52, is a non-increasing rearrangement of the multi-sequence
{Ani: (n,9) € Ng x {1,...,k}} then setting o = v'/* < 1 gives us

n=0 (anl/d) as n — oo. (3.21)

Now each of the above non-increasing rearrangements induces an obvious rearrangement
of the corresponding multi-sequences of functions and functionals, with the new sequences
just inheriting the same subindices. In particular we arrive at a sequence {l,}°2, of
functionals, and a sequence {u,}5, of functions, such that the representation (3.15)
becomes Lsh =Y 07 Apln(h)u,. Then the estimate (3.21) ensures that Y oo o [Ap|? < 00
for all p > 0, so that the operator L is nuclear of order zero.

3.4 Trace formulae.

The fact that the operators L¢ are nuclear of order zero means they have well-defined
spectral traces (the sum of all eigenvalues, counted with algebraic multiplicities). The key
to our method is the following explicit formula for the traces of the powers L7 in terms of
the fixed points of our iterated function scheme.

Proposition 3. If L, : Ax(D) = Ax (D) is the transfer operator associated to a confor-
mal iterated function scheme then

o ‘D¢z Z'L)|S
= 2 det(I — Dy(2:))’

i€Fix(n)

where D¢; and |D¢;(-)| are the d-dimensional and conformal derivatives, respectively, of
the map ¢;.

Proof. For each admissible string i = (i1,...,4,41) let us first define composition-like
operators Ly ; : Aoo(D;,,,) = A (Dj,) by

Ls,i9(2) = g(¢iz)ws,;i(2), (3.22)
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where the weight functions w,; € A (D;, ) are given by
ws,i(2) = [Dgi(2)]°.

For a fixed i; = i, the n'" iterate of the component transfer operator Ls; (see (3.7)) is

given by
Lli= > La
lil=n-+1
i1=1
where the summation is over those length-(n+ 1) admissible strings ¢ = (41,... ,4,41) With
11 = 1.

Then note that the n'" iterates of the operators My ; : As (D) — Axo(D) (defined by
(3.10)) satisfy
Mg,iu’|Di =Ly

S,t

u, M?,iu|Dj =0ify € {15 ak}\{l}a
SO we Call express

k
Ly =Y Mz, (3.23)
=1

The additivity of the trace means we then have

tr(L3) =) tr(Mz;) = tr(L3)

k k
=1 =1

i=1 lil=n+1 (3.24)

The last equality in the above follows because if 47 # 4,41 then the domain and target
spaces of the operator L,; : Ax(D;j,,,) = Aox(D;;) are not the same, so it has no
eigenvalues.

If 4 € Fix(n), however, we have the following trace formula for the operators L ; in
terms of the fixed point z; of the composition ¢;,

ws (i) |Di(2:)|°

Eot) = Get(T = D) ~ der(l — Ds(z)

(3.25)

The above formula (3.25) has its origins in the work of Atiyah & Bott [AB] on the
Lefschetz fixed point theorem, and in our context is proved in [Mayl] (see also [May2]).
Note that since ¢; : U;, — U;, is a contraction, then the determinant det( —D¢;(z;)) > 0.

Combining (3.24) and (3.25) completes the proof. )



CALCULATING HAUSDORFF DIMENSION 17

3.5 Fredholm determinants.

Definition. For s € C and z € C we define the Fredholm determinant det(I — zLs) of the
transfer operator Ly by

det(I — zL;) = exp (— Z %tr(ﬁ?)) = exp Z Z det‘?‘bzgg(zz))

n=1 zEle(n)
(3.26)

Proposition 4. The Fredholm determinant det(I — zLs) is an entire function of both z
and s.

Proof. The proof that det(I — zL,) is an entire function of z follows immediately from the
fact that L, is nuclear [Grl]. For entirety as a function of s we note that the operators £
depend holomorphically on s, and then use [Gr2, p. 346].

Proposition 5. For any s € C, let A\.(s), 7 =1,2,... be an enumeration of the non-zero
etgenvalues of L, counted with algebraic multiplicities. Then

oo

det(I — zLy) = H(l — 2Ar(8)).

r=1

In particular, the set of zeros z of the Fredholm determinant det(I — zLs), counted with
algebraic multiplicities, is equal to the set of reciprocals of non-zero eigenvalues of L,
counted with algebraic multiplicities.

Proof. This is classical Fredholm theory, valid for any nuclear operator of order 2/3 [Gr2,
p. 355], and in particular for the operators L, which are nuclear of order zero.

Proposition 6. Given an iterated function scheme, the Hausdorff dimension dim(A) of
its limit set A is the largest real zero of the function s — det(I — Ls).

Proof. If s is real then by Proposition 1 and Lemma 1, the operator £ has simple maximal
eigenvalue eP(®) which equals 1 if and only if s = dim(A). But Proposition 5 means that
1 is an eigenvalue of L, if and only if s is a zero of det(I — Ls).

To see that dim(A) is the largest real zero of det(I — L), note that the spectral radius
of L, equals e?(®)| s0 is a decreasing function of s. In particular, if s > dim(A) then the
spectral radius of L is less than 1, so that 1 cannot be an eigenvalue of L4, and hence
cannot be a zero of det(l — Ly).

By Proposition 4 we can expand det(I — zL;) as a power series in z. The power series
coefficients are described by the following lemma, due to Grothendieck [Gr2].

Lemma 2. If Lou(z) = Y oo o Anln(u)v, is a nuclear representation (cf. (3.12), (3.15))
for the operator L, and det(I — zLs) =1+ Y. x_, dn(8)2YN is the power series expansion
of its Fredholm determinant, then

dN(S) = (—1)N Z )‘k1 .. ‘)\kN det (lip (’Uz’q))n _ (3.27)

p,q=1



18 OLIVER JENKINSON AND MARK POLLICOTT

where

l'h (vi1) cee l’iN (vi1)

N ) .
det [li, (vi,)], .oy = :

liN (Ui1) s liN (U'iN)
denotes the determinant of the N x N matriz with entries l; (v;, ), 1 < p,q < N, corre-
sponding to functionals l;, and functions v;,.
Proposition 7. There exists 0 < § < 1 such that for all s > 0 the power series coefficients

dn(s) defined by (3.27) satisfy dn(s) = O ((5N1+1/d) as N — oo.

Proof. The estimate (3.21) means there exist 0 < a < 1, K > 0 such that A, < Kan'*
for all n > 0. Moreover, by a theorem of Hadamard [Had], any N x N matrix with entries
of modulus at most 1 has determinant with modulus bounded by NN/2.

Therefore Lemma, 1 gives us

1/d 1/d
dn(s)| < KVNNZ N okt o (3.28)
ki<..<kn
El/d EKi/d . . th . .
Now By () == g« chy @+ .-~ is precisely the N** power series coefficient of

the infinite product fo(z) = [[h—(1 + a"l/dz) =1+ N_1Bn(a)z). We would like to
show that Oy (a) = O(5N1+1/d) for some 0 < 6 < 1, so that the decay of By () dominates
the growth of KN NN/2, giving dy(s) = O((5N1+1/d). For d = 1 the term By () can in fact
be expressed in closed form, using an N-fold geometric summation (see §6.3). For general
d the following analysis closely follows that of Fried [Fri, p. 506].

For any r > 0, Cauchy’s estimate gives By (a) < M(r)/rN, where M(r) = My(r) :=
max|,|=, fa(2)|. Let m(r) denote the number of zeros z of f, satisfying |z| < r. Since
the zeros of f, are just z = —a_"l/d, forn =0,1,..., we can estimate m(r) < a(log, r)?,
where a = a, := (—loga)™% > 0. From the infinite product defining f,, it is clear that
fo has genus zero (see [Boas, §2.5, 2.7]). Since also f(0) = 1, by [Boas, p. 47] we have

log M(r) < N(r) + Q(r), where N(r) = [ #dt and Q(r) = r [° mt(;) dt. Our upper
bound on m(r) then gives us

T 1 d [e’e) 1 d
log M (r) < a/ @dt + ar/ ( ngt) dt.
1 t max{1,r} t

Substituting u = logt, we can evaluate these integrals to give
log M, (1) < aqP(logr),

where P(z) := Zjié ‘;.—!!a:j. In particular, P is a degree-(d + 1) polynomial whose leading
coefficient is 1/(d + 1).

Therefore we have

M, (r)

Bn (o) < < r~Nexp (aqP(logr)) (3.29)

r
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for all r > 0. For each N we will evaluate this inequality at r = ry = exp ((IN/a)'/4).
Now 73" = exp (—a~Y/4N1/4) while the leading term in aP(logry) = aP ((N/a)'/?)
is d—_Ha_l/leH/d Thus

ry¥ exp (aP(log ) = exp ((—1+1/(d+ 1)a YAN/4 4 O(N)) = ¥

exp(O(N)),

where € = exp (d+1 _1/d> = ¥/ (@d+1) <1,

From (3.29) we have By () < ry” exp(aP(logry)) = (5N1+1/d) forany 1 >e; > e =
a/([@+D) | g substituting into (3.28) gives dy(s) = O(6N' 7'") for any o/ (@) < § < 1.

Remark 1. Fried’s estimate actually corrects a minor error in Grothendieck’s original paper
[Grl] which was replicated in Ruelle’s paper [Rul].

Remark 2. In dimension d = 1 we can in fact take § = o = v'/*, where ~ is related (by
Lemma 4 in Appendix B) to the contraction ratios of the contraction maps in the iterated
function scheme (see §6.3 for more details).

3.6 The approximating functions Ay.

Grothendieck’s expression (3.27) for the power series coefficients of the Fredholm deter-
minant was useful for estimating their asymptotic decay rate (Proposition 7), and can be
used to give rigorous estimates on dimension estimates (see §6).

However there is another expression for the dy(s), in terms of fixed points of our iterated
function scheme (which correspond to periodic points of any associated expanding map,
see §1). This expression arises by applying the series expansion for exp to the trace formula
representation (3.26) of det(I — zL;), and then regrouping powers of z. Explicitly we have

Proposition 8. Let det(I — 2L5) =1+ Y. %_, dn(s)z" be the power series expansion of
the Fredholm determinant of the transfer operator Ls. Then

D¢i(z)|°
dn(s) = Z m' H Z det(|I —_E?ij(zi))’ (3.30)

(m1,--,mm) =1 ZEFIX( )
ni+...4+nm=N

where the summation is over all ordered m-tuples of positive integers whose sum is N.

The above formula (3.30) allows an explicit calculation of any coefficient dy(s), pro-
vided we can locate all fixed points UN_, Fiz(n) of compositions of < N contractions (or,
equivalently, all points of period < N 1f our system is related to an expanding map 7', see
§1).

With this in mind, we are now in a position to define the sequence of functions Ay which
allow us to approximate the dimension dim(A) of the limit set of our iterated function
scheme. In view of Proposition 6, these functions will arise by taking the Nt* order
polynomial truncation of the power series expansion for det(l — zL;), and then setting
z=1.

Definition. Define the function Ay : C — C by

N N —)m ™1 Déi(zi)|°
s>:1+2_31dn<s>:1+2 > (m? 1, > detlf—_g?gzi(zg))'

n=1 (n1,.-.,nm) =1
ny+...+nm=n
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Note we have that

m

‘D@ z1)|s
i(2:))

Anii(s) =An(s)+ Y

(n1,---,nm) =1 i€Fix(n;)
ni4..AFnm=N+1

1
nj

If our iterated function scheme is related to an expanding map 7', and Markov map T,
then the formula for the Ay is simply

N mom D ()|
D1e3y Y II; > DT ()

~ -1\ °
n=1 (n1,...,nm) =1 Triz=z det <I — [DTnl (Z)] )

ni+...+nm=n

Ezamples. We can easily compute the first few terms in this expansion. Let us consider
the case corresponding to a full shift on 2 symbols.

(a) There are two fixed points T'(z) = 2o and T'(z1) = z; and we can write

DI DT
det(T = [DT ()] 1) det(T — [DT ()] )

d1 (S) = —

(b) There is a single orbit {zp1, 210} of prime period 2 and we can write

FSRTRE  (RN 7C u W G 22 A A
2 \ det(I — [DT(20)]1) 2 \ det(I — [DT(%)]"Y)
DFG) DT~ DT ()
det(I — [DT(zp)]"1)det(I — [DT(z1)]~1) det(I — [DT?(201)] 1)
1 D)1 DP ()

2det(I - [DT? ()l ) 2det(l = [DF2(0)] )’

Our most general result is the following.

Theorem 4. (The general theorem) Let A be the limit set for a real-analytic conformal
iterated function scheme. Suppose A lies in a d-dimensional real-analytic manifold. Then
there exists C > 0 and 0 < 0 < 1 such that if 0 < sy < d is the largest real zero for Ay
then

| dim(A) — sn| < OV

Proof. As described in §1 we may assume that the manifold in question is actually R?,
and then use the results already proved in §3.

Now s := dim(A) is the largest real zero of A(s) = det(I — L), by Proposition 6. Let
sy denote the largest real zero of Ay (s). The definition of Ay ensures sy — Soo-
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By the mean value theorem there exists ¢ty between sy and s, such that
(8N = S00) A (tN) = AN(SN) — AN(S00) = —AN(S00)

= A(S00) = AN(Sc0) = Y dn(Scc)-
n=N+1

If we can show that A’(ss) > 0, then A (tx) will be bounded away from zero for N
sufficiently large. Using the bound |d,(s)| < o5

|sSN — Soo| < ‘ Z dn( soo)‘ |A’ Z o5

n=N+1 n=N+1

of Proposition 7 we will then have

_ o(aN“”d),

as required.
To show that indeed A’(sw) > 0, first note that by Proposition 5 we have the infinite
product representation

e o]

D(z) =det(I — 2L,) = [ [ (1 — 2\ (s)),

r=1

where ), (s) are the eigenvalues of L, listed according to algebraic multiplicity, and ordered
so that their absolute values are non-increasing. For real values of s the leading eigenvalue
A1(s) is simple and positive, so A1(s) > |Ar(s)| for all 7 > 2.

Setting Q(s) = [],—,(1 — Ar(s)) we have

A(s) = (1= Ai(s))Q(s),

so that
A'(s) = =A1(s)Q(s) + (1 — Ai(s))Q'(s).

We know that A1 (se0) =1, s0
A'(800) = =A1(500) Q(800)-

Moreover, A (s) = eP(®) is a strictly decreasing analytic function of s, so in particular
—)M(80) > 0. Therefore we need to show that Q(se) > 0.

For any real value of s (and in particular s = s, ), the coefficients in the power series
expansion of D(z) are all real, by (3.30). Therefore non-real zeros of D arise as conjugate
pairs, both with the same multiplicity. Multiplying out those factors in the product repre-
sentation of ) corresponding to conjugate pairs, we see that (s ) is an infinite product
of strictly positive terms (since |[A(seo)| < 1 for each r > 2). The sequence of terms
converges to 1, since |A.(So0)| — 0. Therefore the infinite product converges to a strictly
positive value. That is, Q(ss) > 0.
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Proof of Theorem 3. This follows immediately from Theorem 4, using the Markov partition
and inverse branches of T to construct an iterated function scheme (see §1).

Remark. For any positive integer ¢ we can consider the Fredholm determinant det(I —
z1L%), which factors as the product [ det(I —wzLs) over all ¢*" roots of unity w. Setting
z = 1 we see that det(I — L) is a factor of det(l — L£%), and as before we can show that

the largest real zero of det(I — L%) is again the Hausdorff dimension dim(A).

Thus, by analogy with the definition of the Ay, we may define a sequence A,(f(ll), r =

1,2,... of approximations to det(I — L) as follows:

q 1 Dgiz0)
A 143 ) H— 2 Tl - Dou()

m! n
) 4 seintan)

To compute A%) we need only work with those points whose period is a multiple of g,
up to and including rq. As in Theorem 4, we can show there exists 0 < 0 < 1 such that
|dim(A) — (q)\ = (5N1+1/d), where sg\?) denotes the largest real zero of Ag%).

In some cases it is advantageous to make a judicious choice o)f g and use the sequence

of functions A%) rather than the sequence Ay (see §7 where Ago gives a better empirical
dimension estimate than Agy).

4. SCHOTTKY GROUPS AND (QUASIFUCHSIAN GROUPS

The most general definition of a classical Schottky group is the following (see [Mas]).
Let D1,...,Dp,Dpiq,...,D9p be 2p closed Euclidean discs of dimension d — 1, lying in
R? with pairwise disjoint interiors. Let g1, ... ,gp be Mobius maps such that each g;
exchanges the interior of D; with the exterior of Dpy; (i.e. g;(int(D;)) = ext(Dp4;)). The
corresponding classical Schottky group I' is the Kleinian group generated by g1,... , gp.

For our theory to apply, we will always make the additional assumption that the discs
themselves (rather than just their interiors) are pairwise disjoint (this corresponds to I’
being cocompact). In this case the associated limit set A of I' is a Cantor subset of the
union of the interiors of the discs Dy, ..., Dy,. The same limit set can also be generated
by changing I" to a group generated by reflections in a finite number of circles [PS]. A
reflection group is a classical Schottky group such that D; = D, forall:e=1,...,p

Classical Schottky groups are most commonly considered in dimension d = 2. There is
a more general notion of (non-classical) Schottky groups, where the circles bounding the
discs D1, ..., Dy, are replaced by Jordan curves.

A quasifuchsian group I' is a Kleinian group whose domain of discontinuity consists
of two invariant components Q;, Qo, such that Q;/T" is a finite Riemann surface [Mas,
IX.B.2]. Every quasifuchsian group can be obtained by a quasiconformal deformation of a
Fuchsian group ([Mas, IX.F]). The limit set A of a quasifuchsian group is a simple closed
curve.

Proof of Theorem 1. First suppose I' is a Schottky group. We define a map 7" on the union
U?ile by T|inep;) = 95 and Tlinyp,,,) = 9 L for j = 1,...,p, A Markov partition
for this map just consists of the collection of interiors {int(D;)}:2,. The corresponding
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2p X 2p transition matrix A has entries A(i,p+1i) = 0= A(p+14,i) foreach i =1,... ,p,
and all other entries are 1 (in the reflection group case, the transition matrix has zeros
along the leading diagonal, and 1’s elsewhere).

Now T is not quite an expanding map, since the conformal derivative |Dg;(z)| =1 on
the boundary of D;. However, the second iterate of T' is expanding. Conformality and
real-analyticity are clearly satisfied, so by Theorem 3 we deduce the result for Schottky
groups.

Suppose ' is quasifuchsian, with limit set A. Now I' is quasi-conformally conjugate
to some Fuchsian group I' ([Mas, IX.F]). Bowen & Series [BS] proved there exists an
expanding Markov map S : S' — S! which faithfully models the action of I, and the
quasiconformal deformation conjugates this to an expanding Markov map 7 : A — A.
Conformality and real-analyticity are clearly satisfied, so the quasifuchsian case of Theorem
1 follows from the general Theorem 3.

5. JULIA SETS

5.1 Markov partitions and hyperbolicity.

For a holomorphic map f : U — U defined on some domain U C C of the complex
plane, we define its Julia set J to be the closure of the repelling periodic points of f. More
precisely,

J =Up>1{z € C: frz =z and [(f")'(z)| > 1}.

The Julia set is a closed f-invariant set, and is locally maximal. Clearly f: J — J is
conformal and real-analytic, so if f : J — J is also Markov and hyperbolic then we can
use Theorem 3 to compute the Hausdorff dimension dim(.7).

Lemma 3. Markov partitions always ezist for expanding maps f : J — J [Ru2, p.146],
[Bol].

The following well-known result (see [St, p. 118]) characterizes hyperbolic rational
maps.

Proposition 9. The following are equivalent
(1) f:T — T is hyperbolic;
(2) J is disjoint from the orbit of the critical points C = {z : f'(z2) = 0} (i.e. TN
(UnZof™(C)) =10)

If we restrict to the case of quadratic polynomials f.(z) = 22 + ¢, then there is the
following characterisation of hyperbolicity (see [CG, p128]) in terms of the Mandelbrot set
M:={ceC: |fF(0)] /A +o0 as n — +0o0}.

Proposition 10. Let f.(z2) = 22 + ¢ be a quadratic map, with Julia set J.. Then f. :
Te — Je s hyperbolic if and only if either c lies outside M, or f. has an attracting periodic
point z (i.e. fI'z =z for some n, and |(f")' (2)| < 1).

Note that if ¢ ¢ M then the Julia set J. is a Cantor set, while if ¢ € M then 7. is
connected.
The interior int(M) of the Mandelbrot set is a union of simply connected components,

the largest of which is the main cardioid M; = {w € C: |1 — /1 —4w| < 1}. For any
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¢ € M the map f, has the attracting fixed point (1 — /1 — 4w), so is hyperbolic by
Proposition 9.

More generally, a component H of int(M) contains a parameter ¢ for which f. is hy-
perbolic if and only if f. is hyperbolic for every ¢ € H. We then call H a hyperbolic
component [St, p.160]. It is unknown whether every component of int(M) is hyperbolic.

5.2 Trace formula for hyperbolic holomorphic Markov maps.

In §3.4 we proved, in a very general case, a trace formula for iterates of the transfer
operator L, in terms of fixed points of an iterated function scheme. Now we use this to
derive a simplified formula in the special case of hyperbolic holomorphic Markov maps
restricted to their Julia sets.

Proposition 11. Let f : J — J be a hyperbolic holomorphic Markov map, with Julia set
J. Let Lg be the associated transfer operator. Then

wvn s (10 L= 2Re((F)(2)) "
2. @l (e )

z€TJ

Proof. Identifying R? with C we think of J as lying in the real section R? of C2. Letting
T(z,y) = (Re(f(x +iy)),Im (f(x + iy))), we know that T extends to a holomorphic map
on some open neighbourhood U C C2? of J.

Using the Markov partition Xi,..., Xk, we define a collection of inverse branches
{S;}F_, to T satisfying T o S; = id|rx,. As in §1, we consider the set of all admissi-
ble length-n strings j = (j1,-.-,Jn), and note that they correspond bijectively to those
length-(n + 1) strings in the set Fix(n). For the purposes of this proof let £ ; denote the
operator L, ; (see (3.19)), where i = (jn, 1, .- ,jn). By Proposition 3 we therefore have
that tr(L7?) = Zm_n tr(Ls,;), where

[(f™) (2)°
det(I — DS; (:U],yz))'

tr(Ls,) = (5.1)
Here S; is as in §1 (i.e. an inverse branch of T"), and (z;,y;) denotes the unique fixed
point of S Note that (a:J7 yJ) € R?, and we let zj = Tj + 1y;.
The numerator in (5.1) follows immediately from Proposition 3, since the conformal

derivative ‘DS_(xl, yl)‘ = ‘DT”(xl, yj)| t= |fn('73j —l_zyj)‘ L
To treat the denominator in (5.1) we note that

det(DT”(xl, yl) — I)
det(DT”(a:i, yl))

det(I - DSl(xl, yl)) = (52)

Let us write T™(x,y) = ((T™)1(z,y), (T™)2(z, y)), so that

. D1 (T")1(x5,y5) 2 (
DT (zj,y;) = (Dl(T”) (@j,y5)  Da(T™)a(x;
( D1 (T™)1(z4, ) D2(Tn§

=Dy (T")1(wj,y5) D1(T"
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by the Cauchy-Riemann equations, where D; denotes partial differentiation with respect
to the #*" coordinate.
Therefore

det(DT™ (z,y;) — 1) = (1 = D1(T™)1 (2, 45))* + (D2(T™)1 (24, 5))°
=1 = 2D1(T")1 (x5, y;) + (D1(T™)1 (25, y3))” + (Da(T™)1(24,5))?

=1- 2D1(Tn)1(£l?i, yl) + det(DT”(:ﬂi, yl)) (53)
Now
Di(T™)1(zj,y;) = Re((f") (%)), (5.4)
and area considerations mean that
det(DT™ (x5, y;)) = |(f™)' (2;)[%, (5.5)

so substituting (5.4), (5.5) into (5.3), and then into (5.2) gives us

det(I — DS;(x,9;)) = 1 + 1~ 2Re((/") (=)

|(F7) (2)[?

Substituting into (5.1) gives

_ n\/(, \|—S$ 1_2Re((fn)l(zi)) -
w(£;) = (£ ()] (” (DI ) |

then using the fact that tr(£y) = _; , tr(Ls ;) gives the result.

In particular, for hyperbolic quadratic maps f.(z) = 22 + ¢ we have the following trace
formula.

Corollary 11.1. Let f.(z) = 2% + ¢ be a quadratic map, with hyperbolic Julia set J.. Let
L be the associated transfer operator. Then

tI‘([,?) — Z 2—sn|ﬂ_(z)|—s (1 + 1-— 2n+1Re(7T(Z))>_ 7

22n|m(2) ]2

flz==z

z€Jc

where 7(z) = H:f;(} fr(z) for period-n points z.

Corollary 11.2. Let f : J — J be a hyperbolic holomorphic map, with Julia set J. The
corresponding functions Ay, whose leading zeros sy give a sequence of approrimations to
dim(TJ), are given by the formula

a —)m 1 o 1—2Re((f™)'(2))\ "
AN(S):1+Z_:1 ( Z | (mz ll:IIn_l nlz_ (£ (2)| (1+ ‘(fn,()(/‘lzz)?; ))) -

Proof of Theorem 2. This follows from Theorem 3 upon setting d = 2, and using Corollary
11.2 to express the functions Ay in terms of derivatives at periodic points.
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6. FUCHSIAN REFLECTION IN THREE SYMMETRIC CIRCLES

6.1 McMullen’s three circle family.

We now analyse in detail one of the examples considered by McMullen [McM3], a family
of symmetric Fuchsian reflection groups.

Let Cy, C1,Cy be three circles of equal radii arranged symmetrically around the unit
circle S, each intersecting S orthogonally, and meeting S* in an arc of length 6. Let 0
denote the angle at the origin subtended by the two points of intersection.

We do not want the C; to intersect each other, so we demand that 0 < 6 < 27/3. For

definiteness let us suppose each C; has radius r = ry = tan g, and that the circle centres
are at the points zy = a, z1 = ae?™/3 and 2z, = ae~2""/3 where

0
a=ag=1+\1+12=sec-.

2

Since 0 < 0 < 27/3, we see that

0<rg<V3and 0<ag < 2.

FIGURE 5. Reflection in three circles

The reflection p; : C — C in the circle C; takes the explicit form
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Note these reflections are anti-holomorphic, and in particular reverse orientation.

Let T'y be the group generated by these three reflections, and Ay the associated limit
set.

Since the reflections p; each preserve the umit circle S!, then Ay C S. However, by a
conformal change of coordinates we will transform the limit set to a subset of the real line,
and by Theorem 3 with d = 1 our algorithm will give O(6V") convergence to dim(Ag).

More precisely, let
z—1
f(z) = Zz +1

be our conformal change of coordinates. Thus if we consider the restriction of each p; to
S1, then the conjugated map T; := f o pj|s1 o f~! is a map of the real line to itself.
A calculation shows that T; : R — R is the Mobius map

’i(Zj — Zj)Z —I-Zj —l-fj -2
(zj+ 2 +2)z+i(Z; — z;)

T;(2) =

Symmetry considerations mean we have

[
ag — 1 secg — 1
T = = s
0(2) (ag+1)z  (sec g +1)z
Ti(z) = —V/3agz — (2 + ag)
! (2 - ag)Z + \/gag ’
\/ga z—(24a
TQ(Z) _ 0 ( 9)

(2 —ag)z —V3ag
Geometrically, each T; : R — R is inversion in some interval. Tp is inversion in the
interval Iy = (— tan%,tan %). Ty and Ty are inversions in the intervals I; = (tan(§ —

%),tan(% +9))and I = (— tan(g + ), — tan(g — %)) respectively.

Remark. Since our change of coordinates f is bi-Lipschitz, the Hausdorft dimension of the
limit set generated by the T} is the same as that generated by our initial reflection system
given by the p;.
6.2 Compositions and weight functions.

Now consider the absolute values of the derivatives of the maps Ty, T1, T>. We have

0,9—1

vo(2) := \Té(z)\ = m

Now vg : R\ {0} — R is real analytic on any interval not containing zero. It extends

to a map vg : C\ {0} — C, holomorphic on any domain not containing zero. For any real
s > 0, the weight function

wy0(2) ;:vo(z)s:< (@7_122 )

a9+1)

ag — 1
= exp Slogm
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is holomorphic on any cut-plane C \ [, where [ is a half-line emanating from the point
yo = 0. In particular, ws ¢ is holomorphic on both C\ (—o0, 0] and C \ [0, c0).
A similar analysis applies to the maps v1 : R\ {1} = R and vy : R\ {y2} — R, where
4(a2 - 1) 472
v1(2) = [T1(2)| = ¢ 7 = : 5
((2 —ag)z + \/gag) ((2 —ag)z + \/g(lg)

and (a2 ) )
4(az; — 1 4r
va(2) = [T5(2)| = ? 7 = ? 3
((2 —ag)z — V/3ayg) ((2— ag)z — V/3ayg)

and where y1 = —v/3ag/(2 — ag)}, y2 = V3ag/(2 — ag)}.
Having initially restricted v, vy to appropriate subsets of the real line, we then observe
that these restrictions are real-analytic. We then consider the holomorphic extensions to
appropriate domains in C. Raising to the st* power, s > 0, we see that the weight function

ws,1(2) = v1(2)* = (((2 — ag)iri \/§a9)2)
= exp (s log ((2 _ ae;l:6+ V3ag ))

is holomorphic on the cut-plane C\ (—oo,y1], where y; = —v/3ag/(2 — ag). Similarly, the
weight function

ws,2(2) 1= 02(2)" = (((2 _ ag)irg_ \/509)2)
= exp (3 log ((2 _ ae;l:()— V3ag ))

is holomorphic on the cut-plane C \ [y2,00), where ys = v/3ag/(2 — ag).
Now clearly each T} has a holomorphic extension to the whole of C, with a single pole
at y;, so by abuse of notation let us write 7; : C — C. If D; denotes the disc which is

symmetric about R and interects R in the interval I;, then now T is inversion in the circle
0D;.

FIGURE 6. The circles of inversion in the real line
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If r; denotes the radius of D;, then we have

tan(Z + £) — tan(
2

FNEN

) .

wly

rgztanz , T1=To2=

Note that for 0 < § < 27/3, the D; do not intersect each other.

Let D = H?:o D; denote the disjoint union of these discs. Let A (D) denote the
space of bounded functions h : D — C whose restriction h|p, is a holomorphic function
hj : D — C, for each j = 0,1,2. This is a Banach space with respect to the supremum
norm.

Let Ey be the disc centred at 0 whose boundary intersects the real axis at the points
+tan(¢ — Z). Let Ey be the disc, concentric with D;, whose boundary intersects R at
— tan %. Let E5 be the disc, concentric with By, whose boundary intersects R at tan g.

If the function g is holomorphic on Dj;, then the composition g o T is holomorphic on
Tj_le = T;D; = ext(D;). In particular, g o T; is holomorphic on both the discs Ej, for
ke{0,1,2}\{j}.

The above discussion means that if b = (hg, h1, h2) € A (D), then the function
z = h(Ti2)ws 1(2) + h(Taz)ws 2(2) = h1(T12)ws 1(2) + ha(T22)ws 2(2) (6.1)

is holomorphic on the disc Ey, (since ws 1 is holomorphic on the cut plane C\ (—oo, y1],
ws 2 is holomorphic on the cut plane C\ [y2, 00), and neither of the cuts intersects Ej).
The function

z = h(Toz)ws 0(2) + h(Taz)ws 2(2) = ho(Toz)ws o(2) + ha(T22)ws 2(2) (6.2)

is holomorphic on the disc Ey, (since both ws o and ws 2 are holomorphic on the cut plane
C\ [0, 00)).

Similarly, the function
z = W(Toz)ws 0(2) + h(T12)ws 1(2) = ho(Toz)ws,0(2z) + h1(Thz)ws 1(2) (6.3)

is holomorphic on the disc Ej, (since both ws o and ws,; are holomorphic on the cut plane
C\ (—o00,0]).

6.3 The transfer operator and Fredholm determinant.

Letting (Lsu)o(2), (Lsu)1(2), (Lsu)2(2z) denote the functions defined by the formulae in
(6.1), (6.2), (6.3) respectively, we can define the transfer operator L, : Ay (D) = A (E)
by

(Lsh)o(z) = h(T12)ws,1(z) + h(Taz)ws 2(2)  if 2z € Ey
(Lsh)(z) = § (Lsh)1(2) = h(Toz)ws,0(z) + h(Taz)ws 2(2) if z € Eq (6.4)
(Lsh)2(z) = h(Toz)ws 0(2) + h(Thz)ws,1(2)  if z € Ey,

Let us also define the component transfer operators L; ; : Ax (D) = Axo(E;) by Ls ju =
(Lsu);.
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The crucial point in our analysis is that L£;h is holomorphic on a larger domain than h.
For j =0,1,2, let r;- denote the radius of the disc E;. So we have

o = tan m_9

o= 3 1)’
fop =L tan E-i—g + tan m_ Y —tang
n=n=5 "W 37y M3 71 1

Let 7v;(0) = 7v; < 1 denote the ratio of the radii of the two discs D;, E; centred at y;.
We have the contraction ratios

To tan%
Yo = E = ma (6.5)
and r 1 (tan(ﬂ +9) — tan(% — Q))
n=m= ot - o)
Ty 3 (tan(% + Z) + tan(§ — Z)) — tan 1
in? (6.6)
V3

/3 — 2tan & cos(Z + §) cos(Z — 9).
Note that vo(0) < v1(0) = v2(f) for all 0 < 0 < 27/3.

Remark. The contraction ratios 7, are degenerate cross-ratios (where two of the points
happen to coincide). Since all fractional linear maps preserve cross-ratios, then we cannot
hope to obtain smaller contraction ratios by taking the coordinate change f to be a different
fractional linear map.

For 0 <e < 7';., let I'; . denote the circle centred at y;, of radius r; — €.
For each j =0,1,2, and h € A, (D), and z € D, we have

;) = 5 [ B

271 £E—=z

_ 1 <L3h>j<£>(_z—yj>‘1d
2mi Jr,. &—y; ! §—yj ¢

= Zl(a) hywi) (z

where

v (2) = (2 —y;)" and 19 (u) = i/ Mdf. (6.7)

n 271 r;. £ —y;)ntl

Now define the sequence of functions vg € A (D) by

v3n+g|D = ’U(J) and 'U3n+j‘Di =0fori e {0’ 13 2} \ {]}a
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FIGURE 7. THREE PAIRS OF CONCENTRIC DISCS, AND CORRESPONDING
CIRCLES OF INTEGRATION

and the sequence of linear functionals Iy € A (D)* by
I3ntj = l7(zj)-

Then we can write our transfer operator L as the single infinite series
o0
Loh(z) =Y le(R)ve(2). (6.8)
k=0

Remark. Notice that for any j € {0,1,2}, and any integer m > 0 we have (Lsv3m+45);(2) =
0. This implies that for any j € {0, 1,2}, and any integers m,n > 0 we have

. 1 Ls3mi)i(€
st = 9 (vamas) = 5 [ om0
J,€ J

Consequently, in the infinite matrix (I, (vg))zo’ﬂzo, the entries in diagonals of the form
{(B3m +14,7) : i > 0} and {(¢,3n +4) : i« > 0} are all zero. It is therefore possible to
improve slightly the Hadamard bound (see proof of Proposition 7) on the determinant of
submatrices.

As in §3.3, the infinite series expression (6.8) shows that L, is nuclear of order zero,
since the terms Ay = ||lg||co||Vk||co decay exponentially fast (here the uniform norm is
taken on the disjoint union D).

To estimate the exponential decay rate of the A\ we note that for z € A we clearly have
[V3n+5(2)| < 7. By (6.7) we also have

||£s,j |oo,EJ-
||l3n+j||oo < W

Note in this estimate || - ||oo, 5, denotes the uniform norm with respect to the (larger) disc
Ej. So for all 0 < e < r; we have the estimate

n
HESJ |007E TJ
Asntj = [lan+;lloo| [V3n+sloo < 27r(7'3‘ o g)J ré» <)




32 OLIVER JENKINSON AND MARK POLLICOTT

Letting ¢ — 0 gives, for 7 =0,1,2 and n > 0,

n
s n
Asn+j = |[l3n+illool[vantjllec < Kj (ﬁ) = K;vy, (6.9)
J
where e
s,7 00, E;
Kj=K;(0) = =~ (6.10)

J

and where the 7; are given by (6.5), (6.6).
Having established the exponential decay rate (6.9), we now use Lemma 4 in Appendix
B to combine these and find 0 < v < 1 and K > 0 such that for alln > 0

An < KA™ (6.11)

The exponential decay rate (6.11) corresponds to (3.21) with d = 1, and where  now
denotes a.

Now we proceed as in the proof of Proposition 6 to estimate the decay rate of the power
series coefficients dy(s) of the Fredholm determinant det(I — zL;). Since d = 1 we have
the Euler formula [E]

AN =1)/2

Z ’Yk1+"'+kN _
— _ A2 _ ~NY?
ki<..<kn (1—79)(1—-92)...(1—4N)

which is proved by successively summing the geometric series on the lefthand side. From
(3.28) we then have

|d ( )| - KNNN/2’)’N(N_1)/2
S .
MW= 0=y (1=

6.4 Estimates on transfer operator norms.
Now we would like to estimate the norms ||Ls ||, ;- This will be particularly im-

(6.12)

portant for establishing rigorous dimension estimates, such as in §7, where we want to
estimate the constants K; defined by (6.10). By (6.2), (6.3), (6.4) defining the L, ; we
clearly have

2
||£s,j||oo,Ej S Z ||/wgk)||oo,l7]J
k=0

k#i

for each 7 = 0,1, 2.

For j = 0 we have ||ws,1||co,5, = 1, this value of |ws 1(2z)| being attained uniquely at
the point z = —tan(§ — %) where Ej intersects the isometric circle 9Dy of the map T;.
Similarly we have ||ws a||oo, 5, = 1, this value of |ws 2(2)| being attained uniquely at the
point z = tan(% — %) where Ej intersects the isometric circle 9 D, of the map T». Therefore
we have the bound

[Ls,0

|00, By < 2. (6.13)
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For j = 1 we see that ||wso||co, 5, = 1, this value of |ws(z)| being attained uniquely
at the point z = — tan% where FE; intersects the isometric circle 0Dy of the map T,. We
have that

w2

| w < tan 9) 4y S
oo, By — Ws 2 | — -] = .
4 (—(2 - ag) tan § — \/gag)2

Note in particular that — tan% lies strictly outside the isometric circle of Ty, so (for s > 0)
we have ||w; 2||c0,5, < 1.
Therefore we have

L1

9 S
ooy < 1+ ( 4r99 2) . (6.14)
(—(2— ap) tan § — v/3ay)

A similar argument for the case j = 2 gives us

0 4r2 ’
L5 20|00, <1+ w51 (tan —) =1+ il 5| - (6.15)
4 ((2 — ag) tan & + v/3ay)

(Similarly to before, note that tan% lies strictly outside the isometric circle of Ty, so
(for s > 0) we have ||ws 1]|oo. B, < 1.)

7. RIGOROUS DIMENSION ESTIMATES FOR LIMIT SETS

In this section we consider a particular choice of the parameter 6 in our family of
Fuchsian reflection groups. We choose §# = 7/6, and strive for the best possible rigorous
estimate of dim(Ag). We use the sequence An(s) of approximations to det(I — L), and

also the sequence Agi)(s) of approximations to det(I — £2) (cf. the Remark at the end of
§3.6).

Ezample. 0 = /6.

For § = 7 /6, the various radii r; and r; are

ro = tanm/24 = 0.13165. ..
rh = tan7m/24 = 1.30322. ..

tan 28 — tan &

P =1y = 24 5 24 = 0.55549...
1 91 s T
=1 = 3 (tanﬁ —l—tanﬁ) —tanﬁ =1.72706. ..

Defining the contraction ratios v; = 7;/r;, we have 7o = 0.10102... and 7, = 72 =
0.32164. ..
For s > 0 the bounds (6.13), (6.14) and (6.15) give us ||£ j||co,r; < 2 for each j = 0,1, 2.
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Remark. The bounds for j = 1 and 2 could be sharpened by obtaining a lower bound
on s = dim(A). For example, such a lower bound is given by —log3/log\, where A\ =
maxo<;j<2 Maxyep |7 (2)| is the slowest contraction rate on the limit set A (see [Fal],
Prop. 9.7). Of course better lower bounds are obtainable from our algorithm itself, so
that having used the algorithm once with some crude lower bound on dim(A) giving the
estimates on || L, j||o,,, We can then go back and use the improved lower bound to sharpen
the estimates on || L j||co,,, and continue bootstrapping in this way to obtain successively
better estimates on dim(A).

Using (6.10) we then have

Hﬁsj oo, E;
K: =K. 6) = 1%

so that Ko <0.41482... and K; = K5 < 0.54974....

N Largest zero of Ay

2 0.14633481296007741055454748401454596
3 0.18423440272351767688822531747382350
4 0.18399977929621235204864644797773486
) 0.18398305039516509087579859265399133
6 0.18398305988417009403195596234810316
7 0.18398306122261622100816402885866734
8 0.18398306124841998285455137338908131

9 0.18398306124833255797187772764544302
10 0.18398306124833929946685349025674957
11 0.18398306124833918404985469216386875
12 0.18398306124833918700689278881066430
13 0.18398306124833918693967757277042711
14 0.18398306124833918694121655021916395
15 0.18398306124833918694118046846226018
16 0.18398306124833918694118129222351397
17 0.18398306124833918694118127301338345
18 0.18398306124833918694118127345475071
19 0.18398306124833918694118127344451095
20 0.18398306124833918694118127344474707

TABLE 1. Successive approximations to dim(A /)

Therefore (see Lemma 4 in Appendix B) we define

1/3
- , - K= K; |y 2=1.17105...
v (021;1%(2 'yj) 0.68515... and (021;3?2 g) g 7105
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The estimate (6.12) gives us, for s > 0,
o0 ©  ATN/2 N, N(N-1)/2
PIENE :

<X
N=21

=, =) A=)
Since Agp(s) =1+ Z?\?:l dn(s), then for all 0 < s <1 we have
|det(I — L) — Ago(s)| < 1.3 x 1078, (7.1)

Let soo = dim(A,/6) denote the largest zero of det(! — L), and sy the largest zero of Asy.
If we can find values s~ < sg9 < sT with Ag(sT) > 1.3 x 10718 and Ay(s™) <

—1.3 x 10718 then by (7.1) we see that det(I — L,+) > 0 and det(I — L,-) < 0. It then

follows by the intermediate value theorem applied to det(I — £,) that s~ < 550 < sT. It

turns out that the choices s~ = 0.183983061248339186 and sT = 0.183983061248339188

(which agree to 17 decimal places) give Agy(sh) > 8 x 10718 and Agp(s™) < —7 x 10718,
We have therefore rigorously proved that

dim(A,/6) = 0.183983061248339187 &+ 10~ .

Of course this rigorous estimate is more conservative than the empirical estimate we
would like to infer from the list of leading zeros sy of Ay given in Table 1. Here the
quality of convergence strongly suggests that

dim(A/6) ~ 0.183983061248339186941181273444 . . .,

an accuracy of 30 decimal places.

Indeed for this example we can obtain superior empirical estimates by considering the
leading zeros sg) of the functions Ag) (i.e. approximations to det(I — £2), cf. §3.6). Again
working with points up to period 20 we obtain

s{2) = 0.18398306124833918694118127344474173288 . ..

which is empirically correct to the 38 decimal places given.

<1.3x 1078,

FIGURE 8 . Graph of s — det(I — L) for Ay s
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Remarks. Figure 8 shows part of the graph of A(s) = det(I — L) corresponding to the
limit set A,/¢. Although the graph is concave in the region shown, it is not concave over
the whole real line.

For general systems, A(s) is not necessarily locally concave at s = dim(A). For example
the iterated function scheme given by the contractions § and § + %, with limit set the
unit interval (whose Hausdorff dimension is 1), has A(s) = [[72,(1 — 2'7"%). Note that
the zeros of A are those integers not greater than 1. Moreover, it is easy to show that the

second derivative A”(1) > 0, so that A is locally convex (rather than concave) at s = 1.

8. NUMERICAL ESTIMATES ON THE DIMENSION
OF JULIA SETS FOR QUADRATIC POLYNOMIALS

In this section we consider dimension estimates for Julia sets J. of quadratic maps
fe(z) =22 +ec.

For practical purposes, our algorithm is most effective in computing the dimension of
dim(J.) for ¢ either in the main cardioid of the Mandelbrot set, or ¢ outside of M. In the
latter case all periodic points are repelling, while in the former case all periodic points are
repelling except for a single attractive fixed point.

First we consider the purely imaginary value ¢ = i/4, which lies in the main cardioid
of the Mandelbrot set. Table 2 illustrates the successive approximations sy to dim(J;/4)
arising from our algorithm.

If we take the parameter value ¢ = —g + %i, which lies outside the Mandelbrot set, then
the sequence of approximations to the dimension of 7, are given in Table 3.

For real values of ¢ which are strictly less than —2, the Julia set J. is a Cantor set
completely contained in the real line. For such cases we have, by Corollary 3.1, the faster
O(6N°) convergence rate to dim(7,), as illustrated in Table 4 for the case ¢ = —5.

=

N*t* approximation to dim(J_s)

0.4513993584764174609675959101241383349
0.4841518684194122992464635900326070715
0.4847979587486975778612282908975662571
0.4847982943561895699730717563576367090
0.4847982944381635057518511943420942957
0.4847982944381604305347487891271825909
0.4847982944381604305383984765793729512
0.4847982944381604305383984781726830747

O O Ui Wi =

TABLE 4. Successive approximations to dim(J_5)
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N Nth approximation to dim(J; / 4)

3 1.1677078534172827136
4 0.9974580934808979848
) 1.0169164188641603339
6 1.0218764720532313644
7 1.0230776911089017648
8 1.0232246810534996595

9 1.0232072525392922127
10 1.0231992637099065199
11 1.0231993120941968028
12 1.0231992857944621198
13 1.0231992888227184780
14 1.0231992890455073830
15 1.0231992890300189633
16 1.0231992890307255210
17 1.0231992890309781268
18 1.0231992890309686742
19 1.0231992890309691466
20 1.0231992890309691251

TABLE 2. Successive approximations to dim(J;/4)
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For larger negative real values of ¢, the hyperbolicity of f. : J. — J. is more pronounced,

sothattheconﬂ@mt0<<5<<lintheréNQ)m%hnNmisckmerUJmﬂo,andtheconvmgenma
to dim(J.) consequently faster. Table 5 illustrates this for ¢ = —20 (cf. [BZ, Tableau 2]).

=

N*" approximation to dim(J_20)

OO O Wi+

0.31485651652009699091265279629753355933688857812644665851918
0.31850483144363986562810164826944017431378984622904321285835
0.318508095765910857259429840042072534520159138048800554 77625
0.31850809575800523882867786043747732330759968092023152922729
0.31850809575800524988789850335472906645586111530021825766595
0.31850809575800524988789848098884346788677292871828344714065
0.31850809575800524988789848098884348414792438297975066097358
0.31850809575800524988789848098884348414792438305840652044425

TABLE 5. Successive approximations to dim(J_20)
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N N approximation to dim(J_3/2+2i/3)
1 0.7149355610391974853
2 0.9991996994914223217
3 0.8948837401931045135
4 0.8990693400138277172
) 0.9048525377869365908
6 0.9040847144651654898
7 0.9038472818583009063
8 0.9038738383368002502
9 0.9038748469934538668
10 0.9038745896021979531
11 0.9038745956441220338
12 0.9038745968650866636
13 0.9038745968171929578
14 0.9038745968108846487
15 0.9038745968111623979
16 0.9038745968111848616

TABLE 3. Successive approximations to dim(J_3z/242i/3)

Remarks.
For ¢ lying outside the Mandelbrot set, 7. is a Cantor set, and we have the following
asymptotic (see [BZ]):

log 2

dim(J,) ~

T as |c| — oo.
log 2 + 3 log|c]

For c inside the main cardioid of the Mandelbrot set the Julia set is a quasi-circle, with
dim(J.) strictly greater than one except when ¢ = 0 [Sul]. For |c| small we have the
following second-order asymptotic due to Ruelle [Ru3],

cf?

4log?2’

dim(J.) ~ 1+ as |c| = 0.
Higher order asymptotics for small ¢ are contained in [WBKS], [CDM], [AMO].

Ruelle [Ru3] proved that, when restricted to either a hyperbolic component of the
Mandelbrot set M, or to the exterior, the map ¢ — dim(7.) is real-analytic. McMullen
[McM2] proved that this map is continuous when restricted to the real interval (cpeig, 1/4]
(where cpeig &~ —1.401155 is the Feigenbaum point).

However ¢ — dim(7.) is discontinuous at various points on the boundary of the Man-
delbrot set. The case ¢ = 1/4 (for which the Julia set . contains a parabolic fixed point)
was studied by Douady, Sentenac & Zinsmeister [DSZ|, who proved this is a point of dis-
continuity (see also [JKP]). Havard & Zinsmeister [HZ] proved that when restricted to the
real line, the left derivative of the map ¢ — dim(J7.) at the point ¢ = 1/4 is infinite.
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For other approaches to numerical computation of Hausdorff dimension of quadratic
map Julia sets, see [McM3], [BZ], [WBKS], [Gar].

9. FINAL COMMENTS

Our method applies without significant changes to other systems:

(1)

(2)

Blaschke products: These are maps f of the unit disk D = {z € C: |z] < 1}

defined by
n
. a;z+ 1
f(z)_.H(erm)
=1
for some finite collection ay, ... ,a, € C satisfying |a;|2 = 2 (i.e. a product of linear

fractional transformations each of which preserves the unit disk D). The dynamics
of these transformations combine some of the features of both rational maps and
Fuchsian groups (see [DM] for more details). The Julia set J of a Blaschke product
is contained in the unit circle, and admits a Markov partition, so in the hyperbolic
case we can use Theorem 3 with d = 1 to approximate dim(J) at rate O(5™").
Apollonian packings: A form of Schottky group which does not quite fit into the
scheme of the previous section is that of the Apollonian circle packing. This is the
limit set A of a group I' generated by reflections in four mutually tangent circles
Ci,...,C4.

There are various estimates on dim(A). The best rigorous estimate is 1.300197 <
dim(A) < 1.314534, due to Boyd [Boyd]. McMullen [McM3] gives the empirical
estimate dim(A) = 1.305688.

Although the Apollonian circle packing is not hyperbolic, it can readily be ap-
proximated by hyperbolic systems. For example taking circles C; ., 1 = 1,...,4,
with each C; . concentric with C;, and of radius € > 0 smaller than the radius of
C;, we define the reflection group I'c to be generated by reflections in the C; .. We
can apply our techniques to compute the dimension of the associated limit sets A,
and note that lim._,odim(A.) = dim(A) by Theorem 1.4 of [McM1].

There are various alternative ways of approximating A. In [MUZ2], for example,
A is expressed as the limit set of a hyperbolic infinite iterated function scheme.
Approximating this by some suitably large, yet finite, iterated function scheme,
suggests another approach to computing dim(A).

APPENDIX A: IMPLEMENTATION OF THE PERIODIC POINT ALGORITHM

We wish to approximate the Hausdorff dimension of the limit set of a real-analytic
conformal iterated function scheme, or the Julia set of a hyperbolic holomorphic Markov
map. Here we detail the key steps of the periodic point algorithm, and discuss practical
issues concerning its effective implementation.

Step 1. Fix a natural number N.

Step 2. Locate all points of period < N. There are various ways of doing this, and the
method chosen may vary so as to exploit features of the underlying dynamical system.
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For the limit set of a Kleinian group, all maps in the associated iterated function scheme
are fractional linear. Therefore all compositions are also fractional linear, so that periodic
points (i.e. fixed points of suitable compositions) are just roots of quadratic polynomials.
Thus the key computational task is to compute the coefficients of relevant compositions
(and hence the coefficients of relevant quadratic polynomials). Identifying Mdbius maps
with elements of GL(2,C) reduces this task to one of matrix multiplication.

In the case of quadratic maps f.(z) = 22 + ¢, we use the program [Mul] of M. Mul-
doon, which locates points of period n by Newton’s method. When applied to finding
zeros of fI' —id, Newton’s method is rather unstable, because of its sensitivity to the
“initial guess”, so it is preferable to use an n-dimensional version. That is, we seek vectors
z € C" which are fixed points of F(z1,...,2,) := (fc(zn), fe(#1), .-+ s fe(2Zn—1)). Setting
G := I —F, the Newton iteration then takes the form z(*1) = ) — [DG(2®)] - G(z®).
Care is still needed in making the “initial guess” z(°), so we interpolate complex num-
bers 0 = ¢p,c1,...,¢ = ¢, with each |¢;11 — ¢;| suitably small. The periodic points for
fo are known explicitly (they are roots of unity), and each period-n orbit for f., is an
approximate orbit for f. , so can serve as an initial guess in Newton’s method. This is
applied recursively, at each step the true period-n orbit for f.. serving as the initial guess
for the corresponding period-n orbit for f.. ,, until eventually the relevant period-n orbit
for f. = f., is determined.

Step 3. Evaluate relevant derivatives at each point of period n < N, and substitute into
the trace formula. If z; is a fixed point of ¢; = ¢;,, i, ©...0 Pizi, © Pini, (2 composition of
contractions defining the iterated function scheme), then this trace formula is (cf. (3.25))

_ |Dgi(z)l°
det(I — D;(2:))

tr(ﬁs,i)

If the dynamical system is given in terms of a hyperbolic holomorphic Markov map f
then the formula (cf. proof of Prop. 11) becomes

1—2Re((f™) () \
BISE '

tr(L;) = (") (2" (1 + =

Step 4. For each n < N, combine the trace evaluations for all period-n points to form the
term (cf. (3.30))

_ (-)™ 7 1 [ Di(zi)|*
dn(s) = Z m! Hn_l Z det(I — D¢;i(z;))

Step 5. Sum the d,(s) to form the function Ay (s) =1+ 2712;1 dn(s).

Step 6. Locate the largest real zero sy of Apx. This can be performed to arbitrary
precision by means of an appropriate numerical method (eg. Newton’s method, secant
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method, gradient descent, etc.). The value sy is an approximation to the true Hausdorff
dimension.

Practical Considerations.

A computer is necessary for the effective implementation of this algorithm.? We used
a standard UNIX workstation, which was effective in computing points of period up to
around N = 20 for the quadratic map and reflection group examples considered here.

Programs were written in Mathematica™ by the first author. For the reflection group
example they were complemented by C programs of I. Rivin. For the quadratic map
example the periodic points were located using M. Muldoon’s program [Mul].

Further details are available via the website [JP2].

APPENDIX B: COMBINING CONTRACTION RATIOS

The following lemma, which describes how to combine different contraction ratios, is
useful to obtain estimates on the super-exponential rate of convergence, which in turn
can be used to prove rigorous dimension estimates (see §7). Part (a) of the lemma gives
an optimal estimate on this convergence rate. Part (b), while giving a more conservative
estimate, is often of more practical use, since the constant K is often much smaller than
that in part (a).

Lemma 4. Suppose Ky,...,Kp_1 > 0, and vo,...,7%-1 € (0,1). Suppose (o) is a
sequence of positive real numbers, such that

Apntj < Kjv; foralln >0, and j=0,...,p—1.

Let 81 > P2 > ... be the non-decreasing rearrangement of the sequence (a;). Then for all
1 > 0 we have

where we can choose 0 < v < 1 and K > 0 to satisfy either

(a)

-1

and

or (b)
1/p
7= (osrar'lg;(—lvj )

2If cruder dimension estimates are of use then approximations based on points of very low period
(eg. fixed points and period-2 points, say) are sometimes feasible “by hand”.
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and
K = ( max K ) 1P,
0<5<p—1

Proof. (a) For L > 0, define M (L) to be the number of terms in the sequence («;) which
are greater than or equal to L. We then have Byrr) > L > Br(r)4+1 for all L > 0.

Define the sequence (d;) by dpnyj = Kjv7 forn > 0 and j = 0,...,p— 1. Now if
Qpn+j > L, then certainly 0pnij = K;v; > L. Thus if we define N(L) to be the number
of terms in the sequence (d;) which are greater than or equal to L, then we clearly have

N(L) > M(L).
Now log L —log K
Kjfyg‘zL if and only if n < 08~ — 08 j,
log v,
so we have

p—1 -
_ ([logL—long] +1> Zp—l- [logL long} ’
logy; logy;

M1

where [-] denotes the integer part of a real number.
Let € > €3 > ... be the non-increasing rearrangement of the sequence (4;). Suppose
we have that
e <K'y, (B.1)

where K’ > 0 and 0 < v < 1 are chosen to be optimal, in the sense that limsup,_, . € 1/ ’

Y, and K' = SupzZO 62/7
Now for all L > 0 we have

enw) = L > enyt1s (B.2)

so taking N (L) roots in this inequality, then taking limit suprema as L — 0 (so that
N(L) — o), we obtain

logK
(p'HOgLE 1og7 - Tog 7, )

v = limsule/N(L) = limsup L
L—0 L—0

Taking logarithms gives

log L 1
log~y = limsup o K;
L~0 plogL), 10g7 - log v, ZJ =0 log Vi

so that
-1
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Now for any positive integer ¢ which is of the form ¢ = N(L) + 1, for some L > 0, the

right hand side of (B.2) gives us
€5 L

If the integer ¢ > 0 is not of the form N(L) + 1, then there must exist ¢ > 2 (note also
that ¢ < p) consecutive terms in the re-arranged sequence (¢;) which are all equal to some
L > 0. That is, we have

€htl = --- = €1 = ... = €gqq = L > €xqqy1-
Note that k 4+ ¢ = N(L). Since 0 < v < 1 then
€/ < ekyq/v" T = L/yNE) < L/yN I, (B.4)
Combining (B.3), (B.4) we see that

sup /7" < sup L/yNE+1 (B.5)
1>1

Estimating the denominator in (B.5) we have

AN 71+P+Z?;§([%]+1)

log L —log K]

> o HHE e,
log K;
1+2p — 2 Togn;
= exp 271 exp(log L) exp 271
log v; log
lo K
’)’1+2pL’Y 2 loggwJ .
Therefore we have g K
1 o
sup L/’yN(L)+1 < 7—1—2p+2§’:o —log'y; . (B.G)
L>o0
So from (B.5) we obtain
. 1 log KZ
sup e; /7 < 4RI e (B.7)

i>1

Now K’ = SUDP; >0 /7% and €/7° = ¢ = maxXo<j<p—1 K;. So combining this with
(B.7) gives us

/ i —1-2p+302] et
K’ =supe; /v <max |y 3=0 187 | max K; (B.8)
120 0<]<p 1

Now defining K to be the right-hand side of (B.8) we use (B.1) to see that

e < K'y' < Kv'.
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Moreover, since each «; < d; for all 7 > 0, then rearranging both sequences gives 3; < ¢;
for all 2 > 0, from which we deduce that

Bi < e < Ky,

as required.

(b) Define the sequence (9;):2, as in the proof of part (a), and define (7;)$2, by Tpn+r =
(maxg<j<p—1 Kj)(maxo<j<p—17;)" forn > 0 and k£ = 0,...,p — 1. Then we have a; <
0; < 7; for all 7 > 0, and moreover

< ( K;)( )y
T5 max : max ; p
1= Yodjgp1 1 odjep1
1-p, 1
=( max K; ;
(OSjSP—l A
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