Lyapunov optimizing measures for C! expanding maps of the
circle
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ABSTRACT. For a generic C* expanding map of the circle, the Lyapunov maximizing measure
is unique, fully supported, and has zero entropy.

1. Introduction

Let T : T — T be a C! expanding self-map of the circle T = R/Z, and let M(T) denote
the set of T-invariant Borel probability measures. For any p € M(T), its Lyapunov exponent
Ar(p) is defined by Ap(p) = [log |T"| du. Any m € M(T) satisfying

Ar(m) = sup Ap(u) = AH(T)
HEM(T)

is called a Lyapunov maximizing measure for T. Similarly, any m € M (T) satisfying Ap(m) =
inf,c vy Ar(p) is called a Lyapunov minimizing measure for T. Since T is C' and has no
critical points, log |T”| is a continuous function on T, so the functional p — Ap(u) is continuous
with respect to the weak-* topology on M(T). Since M(T) is compact for this topology, it
follows that T" has both a Lyapunov maximizing and a Lyapunov minimizing measure. In
this note we shall be concerned with typical properties of such measures. For simplicity we
shall only consider Lyapunov maximizing measures, though all our statements have obvious
analogues in the context of Lyapunov minimizing measures; the proofs of these analogues
involve only minor modifications of the arguments we present.

For any integer r > 1, the set 7" of C" self-maps of T is complete with respect to the
metric d,(S,T) = maxzer Y peg |SH () — T®)(2)]. Let £ denote the set of C” expanding
self-maps of T, i.e. those T' € 7" such that minger [77(x)| > 1. Since £ is open in 77, it is a
Baire space: that is, every countable intersection of open dense subsets of £ is dense in £".

Recall that any set containing a countable intersection of open dense subsets is said to
be residual. If the set of those maps in £" satisfying some given property is residual, we say
that the property is a generic one in £”, and refer to a generic member of £ (i.e. any T' € E"
having the property).

It is easy to construct smooth expanding maps whose Lyapunov maximizing measure
is unique, and supported on a periodic orbit (e.g. T'(z) = 2z + esin 27z (mod 1) for small
e > 0). Conjecturally, such maps are generic in ", whenever r > 2:

CONJECTURE 1. Forr > 2, a genericT € E" has a unique Lyapunov maximizing measure,
and this measure is supported on a periodic orbit of T.

The following result constitutes a weakened version of Conjecture 1:

THEOREM 1. For r > 2, the set of those T € E" with no fully supported Lyapunov
mazimizing measure is an open and dense subset of E.
1
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It turns out that the situation for r = 1 is rather different. The main purpose of this
article is to establish the following properties of Lyapunov maximizing measures for generic
members of £

THEOREM 2. A generic member of E' has a unique Lyapunov maximizing measure. This
measure is fully supported, and of zero entropy.

Despite Theorem 2, it is an open problem to explicitly exhibit an expanding map whose
Lyapunov maximizing measure is unique and fully supported.

The organisation of this article is as follows. After some preliminaries in §2, in §3 we
prove that a generic map in £' has a unique Lyapunov maximizing measure, and that this
measure has zero entropy. In §4 we show that this unique Lyapunov maximizing measure is
fully supported. The short proof of Theorem 1 is included as §5.

2. Preliminaries

The set £ is the disjoint union of the set 5}r of orientation-preserving C'! expanding maps,
and the set ! of orientation-reversing C! expanding maps. Although all results stated in
this paper are valid for the set £, to economise space we often only prove the analogous
result for the set 51, i.e. we assume that expanding maps T satisfy 7" > 1. In all cases the
full proof, covering both 77 > 1 and T" < —1, involves only trivial modifications.

Let C(T) denote the space of continuous real-valued functions defined on T, equipped
with the Banach norm || f{|oc = sup,er |f(z)|. For continuous ¢, : T — T, define the metric
do(p, 1) := max,ct |p(x) — 1 (z)|. For each T € £! we define

eH(T) = {u € M(T): /log 7| dp = A+(T)} .

As noted previously, £1(7T') is non-empty. As a weak-x closed subset of M(T), it is also
weak-+ compact. Sigmund [Sig, Lemma 2] proved!:

LEMMA 1. If T € E', Y C T is a proper subinterval of T, and p € M(T) is such that
supp(p) C Y, then there is a sequence p; € M(T), converging to pi in the weak- topology,
such that each supp(p;) is a periodic orbit disjoint from (o T'Y .

The following lemma may be deduced from the proof of [KH, Thm. 2.4.6]; for complete-
ness we include a condensed proof.

LEMMA 2. If T,T; € E' such that inf; inf, T/(x) > 1 and do(T;,T) — 0 as i — oo,
then there exists a sequence of homeomorphisms &: T — T such that £ oT; =T o &; for all
sufficiently large i, and such that dy(&;,idr) — 0 and dg(f{l, idr) — 0 as i — oo.

PRroo¥r. If T has degree k > 1 then so does T; for 7 sufficiently large, and we may assume
this is the case for all i. Suppose inf;inf, T/(x) > v > 1. Choose a fixed point p of T and
a sequence of points p(i) — p such that each p(i) is a fixed point of T;. For each i,n > 0
define A, (i) = T, "p(i) = {ad (i), a}(i),...,ak"~1(i)}, where al (i) = p(i) for each n, and the
points a,(i) are listed in order around the circle; for each n > 0 define A, = T~ "p = {a}}
in the same manner. Note that if j,n are fixed then a}(i) — a as i — co. Since T;
and T are orientation-preserving k-fold self-coverings of the circle, Eai’flg(i) = a’ (i) and
Taffjle = a!, whenever j,n > 0 and 0 < ¢ < k (see [KH] for a detailed description). Since
T; is expanding, sup; \ad (i) — al,™' (i)] < 4™, so for each i the set Ups0Ay (i) is dense in T.
Define &(ai,(i)) = al, for each i, j,n. For each i this defines a strictly monotone orientation-
preserving map §; between dense subsets of the circle T, which can therefore be extended to

1Sigmund’s article is set in the context of Axiom A diffeomorphisms, though the relevant arguments
depend only on Bowen’s specification property, which is satisfied by expanding maps of the circle.
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a homeomorphism of T. For fixed ¢ > 0, it follows from the relations Tiafﬁ:rlz(i) = a’ (i) and

Taﬂfle = afL that & oT; = T o &; on the dense set U,~0A, (i), and hence on the whole of T
by continuity.

We now show that & — idp and :fl-_l — idp. Given € > 0, choose N > 0 large enough
that vV < ¢, and choose M large enough that sup; |a)y (1) — ay| < € whenever 7 > M. If
i > M and z € [a)y (i), aly ' (i)], then & () € [y, ] and

€i(2) — 2 < &) — & (ahy ()] + |&(aly (i) — ay (i)] + |aly (i) — 2|

j 1 j 1
< lajy — ay'| + laly — ajy(i)] + lay (i) — ai " (0)] < 3e.

Similarly if z € [agv, J+1} then & () € [a?v(z) ajj\?Ll( /)] and one may show that |¢; ! (z)—x| <
3e by the same method. O

LEMMA 3. If T;, T € &' such that inf; inf, T!(z) > 1 and do(T;, T) — 0 as i — oo, then
(a) Every p € M(T) is the weak-+ limit of a sequence {u;} of T;-invariant measures.
(b) If m; € M(T;) then any weak-+x accumulation point of the sequence {m;} belongs to

M(T).

Proor. For each i let §;: T — T be the homeomorphism given by Lemma 2.

(a) Each p; := po&; * is Ti-invariant, and {1;} is weak-* convergent to , since if f T—R
is Lipschitz (such functions are dense in C(T)) then | [ fdu; — [ fdu| =] [(fo& — f)du| <
1f o & — fllo <1lip(f)do(&i,id) — 0.

(b) Without loss of generality, suppose that {m;} is weak-x convergent. Each v; := m;0&;
is T—invariant and if f is Lipschitz then | [ fdv; — [ fdmi| = | [ fo & Ydm; — [ fdmy| <
lip(f)do(¢;!,id) — 0, so the sequences {m;} and {v;} are weak-+ convergent, with the same
limit. The limit of {1/1} is T-invariant since M(T') is weak-x closed. O

For T' € £, its topological entropy hiop(T) is equal to the logarithm of the modulus of
the degree of T'. For u € M(T), let h(p; T') denote the entropy of u with respect to T'.

LEMMA 4. Let T;,T € &£ and suppose that inf;inf, T/(z) > 1 and do(T;,T) — 0 as
i — oo. If u; € M(T;) for each i, and p; — p € M(T), then

limsup h(pi; T;) < h(1;T).

ProoF. By Lemma 2 there exists a sequence of homeomorphisms &;: T — T such that
T;0& = & oT for i sufficiently large, and such that do(idr, &, 1) — 0. It follows that
wio& € M(T) and h(pi; T;) = h(ui 0 &;T), and that lim; p; = lim; p; 0 & = p. By the upper
semi-continuity of the entropy map m +— h(m;T) (see e.g. [New]), it follows that

lim sup (i3 T;) = limsup h(p; 0 §;T) < h(p; T).

i—00 1—00
U

LEMMA 5. Suppose T; — T in EY. If m is any weak-x accumulation point of a sequence
m; € LT(T;), then m € £7(T).

ProOOF. Without loss of generality, suppose that m; — m. By Lemma 3 (b), m € M(T).
If p € M(T) is arbitrary, then by Lemma 3 (a) there exists a sequence u; € M(T;) such that
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pi — p. Therefore, writing f = log |T"| and f; = log |T}|,

/fdm_/fdﬂz (/fdm—/fdmi)
(from frm) (i [ 10)
+(/fidm_/fdm)Jr(/fdm—/fdu> .

The term [ fidm; — [ fi dp; is non-negative since m; is Lyapunov maximizing for 7;, while
the other four terms on the right-hand side of the above equation tend to zero as ¢ — oo.
Letting ¢ — oo gives [ fdm > [ fdp as required. O

LEMMA 6. Let U be an open sub-interval of T, and suppose ¢ € U. For any A,B,e >0
there exists a C*° function A; : T — R such that

A.=0 onT\U, (1)
Ac(c) =0, (2)

max |As(z)| < B, (3)

max A () = Ay(c) = (" — 1)4, (4)
glei% Al(z) > -B. (5)

ProOF. Without loss of generality suppose that ¢ = 0, and that (—b, b) is a ball of radius
b contained in U. Define A, =0 on T\ (=b,b) D T\ U, so (1) holds.
Define the C*° function h : R — R by

h(z) = {exp(—l/:r) Tfm >0
0 if x <0.

Define A; on (—b,b) by
Ac(x) = Bh(z +b) h(b - x) g () ,

where
g:(x) = tanh(b.x) ,
and
b — (ef—1)A
° Bh(b)?

Clearly the function A, is C*°, and A.(0) = 0, so (2) is satisfied.

If x € (=b,b) then max(x + b,b — x) < 1 since necessarily b < 1/2. It follows that
max(h(x + b),h(b—z)) < e~!, and in particular h(z + b)h(b — z) < 1. Moreover |g.| < 1, so
|As| < B on (—b,b), and since A. is identically zero on T \ (—b,b) then (3) holds.

Now
(ef—1)A

h(b)?
+ Bg:(z) [W (z + b)h(b — z) — h(z + D)W (b — )] , (6)
and since g-(0) = 0 then max,er AL(z) = AL(0) = (e* — 1) A, so (4) holds.

It remains to verify (5). Suppose x € (=b,0), so that g.(z) < 0, and since h, h’ and g.
are all positive on (—b,b), from (6) we see that

Al(2) > By.(a)l (x + b)h(b —x). (7)

AlL(z) = tanh’(bex)h(z + b)h(b — )
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Now 0 < b—x < 1,50 h(b—2) <e ! < 1. Since 0 < z +b < 1, a short calculation shows
that h/(x +b) < e~! < 1. Moreover g.(z) > —1, so (7) implies

AL(z) > —B. (8)
An analogous calculation establishes (8) for x € (0,b), so (5) is proved. O

LEMMA 7. Let T € £, with zy a point of least period p under T. If k >0 and 0 < e < 1
then for every sufficiently small § > 0 there exists Ts € £' such that if

gs(x) :=¢ 'log (;}%Eg)

(i) szozngo for0<j<p-1

(it) di(T,Ts) < Cre

(i) do(T, Ty) < 5

(iv) sup, g5(x) < 1+

(v) g5(Tjz0) =1 for0<j<p—1

(vi) gs(x) =0 whenever ming<;<p d(z,T]z9) > &
(vii) inf, Tg(x) > v > 1.

then:

Here v > 1 and Cr > 0 are constants depending only on T'.

Proor. For j =0,...,p—1, let Ug be the open interval centred at 77z, with radius 6,
where § < € < 1 is chosen sufficiently small that U g nuU g“ = () when j # k.

For every 0 < j < p, let Ag’é be the C* function given by Lemma 6, with A = T"(T7z),
¢ =TIz, U="U} and B = §. Define

p—1

Ts =T + ZA;(S,
=0

and note using (2) that T5(T7z) = T(T72) for all 0 < j < p—1 so that (i) is satisfied. Since
Ts =T on T\ U?;é U] by (1), (vi) is satisfied also. ‘

Using the pairwise disjointness of the intervals U} together with (3), (4) and (5) it follows
easily that

dO(T57T) < o< g,

175 =T, < (e = DI Tl < 3el|T" |0

using that 6 < e < 1, so properties (ii) and (iii) follow.
Using (4) and (i), for each 0 < j < p — 1 we have

. A ) (T9z
egs(T} z0) = log (1 + W)

(5 — )T"(Ti2)\
T/ (T 2) : ) -

= log <1+
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which gives (v). If § is chosen small enough such that if 0 < j < p — 1 then T'(z) >
(14 %)~ MT"(T72) whenever x € U}, then for each such z, using (4), we have

I V(x
egs(x) = log (1 4 (A”)()>

T'(z)
EK (Ag,a)%TjZO)
<kg<1+(r+8)ij%w>

_ ERN (ef —

—log(1+<1+8)(e 1))

<5+log(1—|—%) <5(1+§),
which together with (vi) yields (iv). Lastly, if we define 4 = inf, T"(x) > 1, then Tj(z) > -9
for all z € T by (5), and so it follows that inf, T5(z) > (1+4)/2 > 1 for all sufficiently small

§, which is (vii). This clearly also implies that T5 € £' as required.
O

3. Generic uniqueness and zero entropy

Let M be the set of all Borel probability measures on T. Throughout this section, fix a
metric ¢ on M which generates the weak-* topology, and satisfies the property

o((L=B)pu+pPrv,p) < (9)

for every p,v € M and 8 € [0,1]. For example if the sequence fr € C(T) \ {0} is dense in
C(T), then

o(pi1, 1) = Z | fredps — [ fr dps|

k+1
2 fill

is such a metric.
For each x > 0, define

su h(p, T
Ry = {T € &' diam, £ (T) < & and Pzt () i) < K,} .

htOP(T)

We will show that the set (), ; Ry /n 18 Tesidual in & 1 thereby proving the entropy and
uniqueness statements of Theorem 2. To establish this, it suffices to prove Lemma 8 and
Proposition 1 below.

LEMMA 8. For each k > 0 the set R, is open in EL.

PROOF. Let T € R, and suppose that T, — T in £'. We then have hiop(Tn) = hiop(T)
for all large enough n. By Lemma 5, if ul, u2 are convergent sequences of measures such
that p, € £7(T},) for each n, then lim,, pl, lim, u2 € £7(T) and hence o(u), u2) < & for all
sufficiently large n. It follows that diam,£*(7},) < & for all large enough n.

Using the compactness of £%(T},) and the upper semi-continuity of the entropy map
m +— h(m;T),), we can for each n choose p,, € £*(T},) such that

h(pn;Tn) =  sup  h(v;Ty).
veLt(Ty)
If 4 is any weak-* accumulation point of the measures j,, then y € £7(T) by Lemma 5,
hence h(p; T) < Khiop(T'), since T' € R,. Lemma 4 then implies that

limsup sup h(;Ty) < h(;T) < Khop(T)
n—oo peflt(Ty)

and we conclude that T}, € R for all sufficiently large n. O
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PROPOSITION 1. For each k > 0, the set R, is dense in E'.

PROOF. Let T € &' and K > 0, 0 < € < 1. We will construct T5 € &' such that
dy(T,Ts) < Cre and Ty € Ry; the map T5 will be as in Lemma 7 for some sufficiently small
9 >0.

Recall that measures supported on periodic orbits are dense in M7 (see [Sig]). We may
therefore choose a periodic point zp, of least period p, say, with orbit O := {T7(z) : 0 < j <

p — 1}, such that

152 ; KE
=Y log T'(TV2) > AT(T) — =
P

Define

1224
/J’ = - ZéTjZO7
P

and note that p € M(T) N M(T5s) for all 6 > 0 as a consequence of Lemma 7(i). Using
Lemma 7(v), for each § > 0 we have

AT (Ts) > /logTédu = /10gT’du+5/ggd,u >AT(T) + ¢ (1 - g) (10)

We claim that if (dx)r>1 is a strictly decreasing sequence of positive reals, and v is a weak-*
limit of a sequence (vg)x>1 such that each v, € £%(T5, ), then o(v, p) < £/2 and h(v;T) < k.
Note that by Lemma 7(vii), infy inf, Tj, () > 1 and so Lemmas 3 and 4 may be applied in
the limit £ — oo.

Observe now that v € M(T') as a consequence of Lemma 7(iii) and Lemma 3. For each
k>0,

M (Ts,) = /log Ték dvy, = /log T duvy, +€/g(;kdyk.
Evidently,
kli_)ngo logT' dv), = /log T dv < AT (T),
and so for all sufficiently large k,

g/g5k dve > N (Ty,) — ANT(T) — %“
It follows from this and (10) that for large enough k,

6/g5kdl/k26<1—:{). (11)

For each k > 0, let Uy, denote the open d;-neighbourhood of O. Using Lemma 7(iv) and (vi)
together with (11), it follows that

vp (Ug) 2 <1+ g)il /Uk 9gs;, dv, = (1 + g)l/gak dy,

>(1-9) (1-§) > 1-5

for all large enough k. Since the sequence (0y)x>1 is strictly decreasing, U1 C Uy, for every
k. It follows that for every sufficiently large integer ¢, and k > ¢,

_ _ 3
v (Ur) > v (Uk) > vi(Ug) > 1 — 3
Letting k£ — oo then yields

v (m) > lim sup v, (ﬁz) >1-— gm.

k—o0
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Hence,

V(O)zl/(ﬂUg) 21—%5.

Since O is a uniquely ergodic set and v € M(T), the ergodic decomposition theorem implies
that v = (1 — 2k)p + ki for some fi € M(T). In particular it follows using (9) that

. 3
Jm o, i) = e(v,u) < gk (12)

and by virtue of Lemma 4,
limsup h(vy; Ts,) < h(v;T).

k—oo

Now p is a periodic orbit measure, so h(u; 1) = 0, and therefore

hT) = (1= G ) HGST) + ShiET) = GRhGiT) < Sehop(T), (13

by the variational principle.
So we have shown that (12) and (13) hold whenever v is a weak-* accumulation point as
d — 0 of the sets £1(Ty). Consequently, for all sufficiently small § > 0,

diam,£1(Ts) < k,

and

sup  h(m;T5) < khiop(T) = Khiop(T5) -
meLt(Ts)

In other words, Ts € R,,. Since di (T, T5) < Crpe for every § > 0, this completes the proof. O

4. Generic full support
To establish the fully supported part of Theorem 2 we now prove the following:
PROPOSITION 2. {T € &' : supp(p) =T for all p € £1(T)} is residual in E.

PRrROOF. For any proper closed subset Y of T, define
MYY):={T € &' : some € £(T) has supp(p) CY} .

We claim that each such M1(Y) is a closed subset of £! with empty interior. Once the
claim is established, it will imply the proposition, since if {Y;} is an enumeration of those
proper closed subintervals of T with rational endpoints, then N;M!(Y;)¢ is equal to the set
{T € &' :supp(p) = T for all u € £H(T)}.

To prove the claim we first show that M'(Y) is closed. For this, suppose that T; — T
in &1, where each T; € M'(Y), and let p; € £+ (T;) be such that supp(y;) C Y. By Lemma
5, any weak-+* accumulation point p of {u;} is Lyapunov maximizing for 7. If p;, — p
as n — oo then since Y is closed, u(Y) > lim, oo s, (Y) = 1 (see e.g. [Bil, Thm. 2.1]).
Therefore supp(u) C Y, and hence T € M (Y), so M(Y) is indeed closed.

Now we show that M!'(Y) has empty interior in €. If M*(Y) is empty then there is
nothing to check, so suppose T' € M*(Y). Given 0 < ¢ < 1, we will construct 7' € £\ M (Y)
such that d; (T, T) < Cre, where Cr > 0 is as in Lemma 7.

Note that any T-invariant measure carried? by Y is in fact carried by Nizo T7Y. Let
0 < & < 1 be arbitrary. By Lemma 1 there is a T-periodic orbit {z1,...,zp} (i.e. T(z;) = xit1
for 1 <i <p—1and T(z,) = 1) which is disjoint from the T-invariant set (52, 7~'Y, with

1ilogT’(aci) >AHT) —«€. (14)
i=1

2We say a probability measure is carried by a set whenever its support is contained in that set.
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Choose N > 0 such that the orbit {z1,...,z,} is disjoint from the set Yy := ﬂizio T7'Y, and

for each § > 0 define
N
Vs = U ﬂ T,
do(T,1)<5 =0

where the union is taken over all 7' € £! such that do(T, T) < 6. Note that Ns>oYn,s = Y.
Now let T5 € £! be the map given by Lemma 7, with 29 = 21, s = 1 and § > 0 chosen small
enough that

inf inf d(zi,y) > 0. 15
yo ot dl@iy) (15)

By Lemma 7(i), {z1,...,2p} is a periodic orbit for T as well as for T, and Lemma 7(iii), (vi)
together with (15) ensures that T5 = T on Yn . It follows that any p € M(Ts) which is

carried by Y must be carried by ﬂfio Ty 'Y, and hence by Yn . Moreover, a probability
measure carried by Yy s is T-invariant if and only if it is Ts-invariant.

We now claim that any Ts-invariant probability measure carried by Y cannot be Lyapunov
maximizing for T, thus T5 ¢ M'(Y). Indeed if v € M(T}) is carried by Y then it is carried
by Y s, hence

/logTédV:/logT’du+€/g(;dV:/logT’de/\+(T), (16)

since g5 = 0 on supp(v) C Yy 4, and because v is also T-invariant.
The inequality (14), together with Lemma 7(v), gives

1< 1<
AT) < =) log T/ (@) + & == log Tj(w:),
p =1 p =1
so combining with (16) yields

12
/logTédV <AH(T) < fZlogTé(a;i),
P

and since {x1,...,x,} is Ts-periodic we see that v is not Lyapunov maximizing for T5. By
Lemma 7(ii) we have d;(Ts,T) < Cre; since € was chosen arbitrarily in (0,1), it follows that
MY (Y) has empty interior in &£. O

REMARK 1. The proof of Proposition 2 resembles the proof that, for a fixed expanding
map T, a generic function f € C(T) has all its maximizing measures of full support (see [BJ]);
by a maximizing measure we mean an m € M(T) such that [ fdm = SUP e M(T) [ fdp.

5. Generic properties in higher differentiability classes

For completeness we now include the short proof of Theorem 1, concerning Lyapunov
maximizing measures for generic members of £, r > 2.

PROOF OF THEOREM 1. If T € £ then log |T”| is Holder, so by [CLT, Thm. 4] there
exists ¢ € C(T) such that log |[T"| + ¢ — ¢ o T < AT (T'), therefore the Lyapunov maximizing
measures for T are precisely those whose support lies in the set Z = {z € T : (log|T"| + ¢ —
poT)(x) = AT (T)}. Thus T has a fully supported Lyapunov maximizing measure if and
only if Z =T, in which case all the T-invariant measures have identical Lyapunov exponent
AT(T) (necessarily equal to log k where T has degree +k).

The set F7 of those T' € £" for which all invariant measures have identical Lyapunov
exponent is easily shown to be closed in £", using Lemma 5. It also has empty interior: any
T € F" can be £ -perturbed to a map where the Lyapunov exponent of some fixed point
measure differs from that of some period-2 orbit measure, say. O



10 OLIVER JENKINSON AND IAN D. MORRIS

REMARK 2.
(a) In fact Theorem 1 is also true, with an almost identical proof, if £" is replaced by €™,
consisting of those T' € £" whose r-th derivative is a-Holder, for » > 1, a € (0, 1].
(b) Contreras, Lopes & Thieullen [CLT, Thm. 2] have proved a related result, in the spirit of
Conjecture 1, concerning the subspace £10F := U5>a51’ﬁ of £1%: the set of those T € Lo+
with a unique Lyapunov maximizing measure, supported on a periodic orbit, is open and
dense in £1** (with respect to the topology of £19).
(c) By analogy with Conjecture 1, it seems likely that for all » > 1, a € (0,1], a generic
T € £™* has a unique Lyapunov maximizing measure, supported on a periodic orbit.
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