Explicit a priori bounds on transfer operator eigenvalues
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ABSTRACT. We provide explicit bounds on the eigenvalues of transfer operators defined in
terms of holomorphic data.

Linear operators of the form Lf = >,y w; - f o Tj, so-called transfer operators (see

g. [Bal, Ruel, Rue2]), arise in a number of problems in dynamical systems. If the T;

are inverse branches of an expanding map 7', and the weight functions w; are positive, the

spectrum of £ has well-known interpretations in terms of the exponential mixing rate of an

invariant Gibbs measure (see [Bal]). Applications also arise when the w; are real-valued
(e.g. [CCR, JMS, Pol]) or complex-valued (e.g. [Dol, PS]).

In this article we suppose that T; and w; are analytic functions of d variables, for each 4

in some countable! index set Z. Under suitable hypotheses on T and w; the transfer operator

L defines a compact operator on Hardy space H?(B), and we can give completely explicit

bounds on its eigenvalue sequence® {\,(£)}°;:

THEOREM 1. Suppose there is a complez Fuclidean ball B C C? such that each w; : B — C
is holomorphic with ), rsup,cp|wi(2)| < oo, and each T; : B — B is holomorphic with
UiezT;(B) contained in the ball concentric with B whose radius is v < 1 times that of B.

Then L : H?*(B) — H*(B) is compact and

WV (a1 @)t/

_d_
’)\n(ﬁ” < W rd+i fOT' all n Z 1, (1)
where W :=sup,cp > 7 |wi(2)].
Ifd=1 then
w
A (L) € —— r" V2 foralln>1. (2)
V1—1r2
REMARK 2.

(i) An estimate of the form |A,(L£)| < o™ for some (undefined) constants C' > 0, 6 € (0,1)
is asserted, either implicitly or explicitly, in the work of several authors (e.g. [FR, Fri, GLZ]);
the novelty here is that careful derivation of this bound renders explicit the constants C, 6.
(ii) Using different techniques, the bound |\, (L) < o™ can also be established in the
case where B is an arbitrary open subset of C? (see [BJ]), though here our expressions for
C, 0 are more complicated.

EXAMPLE 3. If Lf(z) = > 2 < -
Gauss map = — 1/x (mod 1), cf. [M B C C may be chosen as the open disc of radius 3/2

) (the Perron-Frobenius operator for the

1Subsequent results are new even when Z is finite, but it is convenient to also allow countably infinite Z.
2Precisely, {An (L)}, denotes the sequence of all eigenvalues of £ counting algebraic multiplicities and
ordered by decreasing modulus, with the usual convention (see e.g. [Pie, 3.2.20]) that distinct eigenvalues with
the same modulus can be written in any order.
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centred at the point 1. In this case W =sup,cp Y ooy In+2/72 =32 (n—1/2)"2 =72/2
and r = 2/3, so (2) yields
32

An(L)] < 2\7@(2/3)@—1)/2 for all n > 1.

NOTATION 4. For an open ball D € C¢, let H*(D) denote the Banach space consisting
of all bounded holomorphic C-valued functions on D, with norm || f{| e (py = sup.ep [f(2)].

Hardy space H*(D) (see [Kra, Ch. 8.3]) is the L?(0D,c)-closure of the set of those
f € H*(D) which extend continuously to the boundary 0D, where o denotes (2d — 1)-
dimensional Lebesgue measure on 9D, normalised so that o(dD) = 1. In particular, H%(D)
is a Hilbert subspace of L?(0D, o) with each element f € H?(D) having a natural holomorphic
extension to D (see [Kra, Ch. 1.5]).

In the sequel, no generality is lost by taking B in the statement of Theorem 1 to be the
unit ball By, and the smaller concentric ball to be B,., the ball of radius r centred at 0.

If L: X7 — X5 is a continuous operator between Banach spaces then for k > 1, its k-th
approzimation number ap(L) is defined as

ar(L) =inf{||L — K|| | K : X; — X3 linear and continuous with rank(K) < k}.
The proof of Theorem 1 hinges on the following two lemmas.

LEMMA 5. If J : H?(By) — H®(B,) denotes the canonical embedding, then J and L are
compact and for alln > 1

()] < W T T ar() " (3)
k=1

PRrROOF. If f € H%(B)) and z € B, then |f(2)| < (2/(1 —r))¥? by [Rud, Thm. 7.2.5], so
{f 1 fll g2,y < 1} is a normal family in H>°(B,), hence relatively compact in H*(B;) by
Montel’s Theorem (see [Nar, Ch. 1, Prop. 6]), thus J is compact.

Next observe that if f € H*(B) then f € H?*(B;) by [Rud, Thm. 5.6.8] and the
canonical embedding J : H*(B;) < H2(Bj) is continuous of norm 1, because o(dB;) = 1.
We claim that £f := Y iez Wi - f oT; defines a continuous operator L: H®(B,) — H®(B)).
To see this, fix f € H*(By) and note that w; - f o T; € H*(B1) with [[w; - f o T3l goo(5,) <

HwiHHOO(Bl) ”fHHOO(BT) for every ¢ € 7. But since ||Ef||H°o(Bl) < Dier HwiHHOO(Bl) HfHHOO(Br)
and ;o7 [|will oo g,y < o0 by hypothesis, we conclude that £f € H*(B;) and that £
is continuous. Now [f(Ti(2))| < [[f|lgeop,) for every z € By, i € T, so Hﬁf||Hoo(Bl) =

supep, [(L)(2)] < sup.ep, Yier [wi(2)] |F(Ti(2))] < W[ f]| oo (p, > and hence [|£]| < W.
Now clearly £ = JLJ, so L is compact, and

an(L) < | JL||lan(J) < Wag(J) forall k>1, (4)

since in general ay(L1L2) < ||L1| ax(L2) whenever L; and L are bounded operators between
Banach spaces (see [Pie, 2.2]). Moreover, since £ is a compact operator on Hilbert space,
Weyl’s inequality (see [Pie, 3.5.1], [Wey]) asserts that [[;_; |A\e(£)] < [1i—; ax(£) for all
n > 1. Together with (4) this yields (3), because |\, (£)| < TTr—; [Me(£)]Y™ O

LEMMA 6. If ha(k) == (*39) then for alln > 1,

an(J)? < Z ha_1()r?  where k > 0 is such that hq(k —1) < n < hg(k). (5)
=k
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PrROOF. H?(B;) has reproducing kernel K (z,¢) = (1—(z,¢)ca) ™% (see [Kra, Thm. 1.5.5]%),
where (-,-)ca denotes the Euclidean inner product, and K(z,{) = > oo | pn(2)pn(¢) when-

ever {p,}5°, is an orthonormal basis for H?(B1), the series converging pointwise for every
(2,¢) € By X By (see [Hal, p. 19]).
Define J,, : H2(By) — H®(B,) by Jof = S.0-1(f,pk) pk- If 2 € B, then

2

(e 9]

> (k) pi(2)

k=n

n—1
< Z\ (f,pn)? Z ()7 < 1 2y (K (202) = D Ipk(2)1%) s
k=1

[Tf(2) = Tnf(2)]? = |£(2) = Tuf(2)]* =

SO

2€B,

n—1
an(J)* < sup (K(zjz) - Z|pk(2)|2) : (6)
k=1
If n = 1 then k = 0, in which case (5) follows from (6) since S_7°, hg—1(1)r? = (1—7%)~4.
Now define the orthonormal basis {p, |n € N¢} by (cf. [Rud, Prop. 1.4.8, 1.4.9])
pu(2) = Kn2"  (n € Nj),
where K,, = %, n=(ny,...,ng), 2% =21 z), 0l =nil- - ngl, n| = ni+- - +ng.
If n > 2 then there are (k+§_1) multinomials of degree less than or equal to k — 1, so

e}

(l+d—-1)!
w0 < s (KG— T ) = s 5 o < 35 LA
ZE5r In|<k—1 2€Br =k |n|=t 1=k
for all n > (’Hd 1) because Zlnl ! n, |22? < ll 2 for z € B, by the multinomial theorem. [

PROOF OF THEOREM 1. By Lemma 5 it suffices to bound the geometric means ([}_, ax)/™,
where ay, := ag(J). From Lemma 6 it follows that

, 12
anganm foralln >1, (7)
where )
g: : Zd‘l(k) for ha(k —1) < n < ha(k),
because

ihd,l(l)rm gy () Z ha—1( l—|— k 22 < hd,l(k)rzkihd,l(l)rzl _ hd,l(k)i.
- ha—1( - — (1—r2)d

Combining (7) with Lemma 5 gives, for all n > 1,
Bn
,

A (L)] < Wanm ; (8)

where

=1 =1

3Note that the extra factor (d—1)!/(2x?) appearing in [Kra, Thm. 1.5.5] is due to a different normalisation
of the measure o on 0B1.
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To obtain (1) and (2) from (8) we require an upper bound on «a,, and a lower bound on
Orn. We start with the bounds for a,,. Observe that

a1 =hg_1(0) =1, and a; < d(l — 1)' Y4 for 1 > 2. (9)

To see this note that

d _
haak) (@) TTE et _<d!>1”dd1< +l>w

ha(k — D)=V (d =) \ T[4tk + a1 ) (d-1)! k

=1

. o . & hg_1(k ha_1(1
is decreasing in k, so if hg(k —1) < n < hg(k) then (l_l)llfl/d < hd(kd—ll)(lf)l/d < hd(do)igl)/d =d.

The estimate (9) now yields the upper bound
n ny (d—1)/(2dn)
o, = H&i/@”) < Vd((n —1))d-D/Cdn) < /g (2 <E) ) < Vdn@=D/d - (10)
e
i=1

where, for n > 1, we have used the estimate (n—1)! <2 (2)" (i.e.log(n—1)! < [" ,logzdz <
nlogn —n + log2).

We now turn to the bounds for f3,. If hy(k — 1) < I < hg(k), so that B, = k, then
I < ha(k) < (d)~'(k + d)?, which implies §; = k > (d!)*/4"/® — d . Therefore

1~ 5 1 d
- = > ! 1/d = 1/d ! 1/d % 1/d
B nlz;m_ d+ (d) n;z > —d+ (At (11)
where we have used Y-, 1V/4 > I a4 dy = %nlﬂ/d.
Assertion (1) now follows from (8), (10), and (11). Finally, if d = 1 then 8, = 2 37" | B =
LS Li(l—=1) = (n—1)/2, and (10) becomes a,, < 1, so substituting into (8) yields (2). O
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