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Standing Assumption: Throughout this exam, the term measurable means Lebesgue
measurable.

Question 1 (a) [3 marks] For a subset A⊆ R, how is its outer measure m∗(A) defined?

(b) [6 marks] Use the definition of m∗ to show that if A1 and A2 are subsets of R, then

m∗ (A1∪A2)≤ m∗(A1)+m∗(A2) .

(c) [6 marks] Show that for any subset A⊂ R, and any t ∈ R,

m∗(A+ t) = m∗(A) ,

where A+ t := {a+ t : a ∈ A} denotes the translation of A by t.

(d) [2 marks] Given a set Ω, what is meant by a σ -field F (of subsets of Ω)?

(e) [2 marks] What is meant by a measure space (Ω,F ,µ)?

(f) [6 marks] Let Ω = Z be the set of integers, and 2Ω its power set (i.e. the collection
of all subsets of Ω). For A ⊂ Ω, let µ(A) denote the number of elements in A if A is
finite, and µ(A) = ∞ otherwise. Show that (Ω,2Ω,µ) is a measure space.

Question 2 (a) [3 marks] What does it mean to say that a subset of R is measurable?

(b) [2 marks] What does it mean to say that a subset of R is a null set?

(c) [5 marks] Prove that every null set is measurable.

(d) [4 marks] Briefly describe (without proof) the construction of an uncountable subset
of R which is null.

(e) [4 marks] Assuming the Axiom of Choice, briefly describe (without proof) the con-
struction of a non-measurable set.

(f) [7 marks] Let m be Lebesgue measure. Assuming that m(
⋃

∞
n=1 An) = limn→∞ m(An)

whenever A1 ⊆ A2 ⊆ A3 ⊆ . . . are measurable, prove that if B1 ⊇ B2 ⊇ B3 ⊇ . . . are
measurable and m(B1) < ∞, then

m

(
∞⋂

n=1

Bn

)
= lim

n→∞
m(Bn) .
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Question 3 (a) [3 marks] What does it mean to say that a function f : R→R is measur-
able?

(b) [3 marks] State, but do not prove, a condition equivalent to the statement that f : R→
R is measurable. (You may wish to choose this condition to be one which can be used
in (c), (d) and (f) below).

(c) [7 marks] Using your answer to (b), or otherwise, show that if f : R→R and g : R→
R are both measurable, then so is the function f +g.

(d) [5 marks] Using your answer to (b), or otherwise, show that if fn : R→ R is measur-
able for each n≥ 1, then so is supn≥1 fn.

(e) [2 marks] What does it mean to say that two functions f : R→ R and g : R→ R are
equal almost everywhere?

(f) [5 marks] Using your answer to (b), or otherwise, show that if f : R→ R is mea-
surable, and is almost everywhere equal to another function g : R→ R, then g is also
measurable.

Question 4 (a) [4 marks] State Fatou’s Lemma for a sequence of measurable functions.

(b) [3 marks ] Give an example of a sequence of measurable functions such that the
conclusion of Fatou’s Lemma is a strict inequality.

(c) [4 marks] State the Dominated Convergence Theorem.

(d) [10 marks] Prove that Fatou’s Lemma implies the Dominated Convergence Theorem.

(e) [4 marks] Use the Dominated Convergence Theorem to show that if f : R→ R is
integrable, and the function fn : R→ R is defined by fn(x) := min( f (x),n) for each
n≥ 1, x ∈ R, then

∫
fn dm→

∫
f dm as n→ ∞.

End of Paper
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