CONCISE NOTES FOR MTH6141 RANDOM PROCESSES

MARK JERRUM

e What is in these notes: definitions, theorems, proofs, methods.
e What is not in these notes: examples, motivation, chit-chat.

1. DISCRETE-TIME MARKOV CHAINS

Definition 1.1. A stochastic process is a collection of random variables (r.v’s) {X; : t €
T} indexed by a set T' (usually thought of as “time”). The X; take values in some state
space S.

In the first half of the course we take T' = N, so the stochastic process is Xy, X1, Xo, .. ..
This is a discrete-time process. Later we consider continuous time 7' =R>g = {r € R :
x > 0}.

1.1. The Markov property.

Definition 1.2. A stochastic process X, X1, Xs,... on a (finite or countably infinite)
state space S is a Markov chain if it satisfies, for all ¢ € N,

P(Xt1 =8| Xe =84, Xp-1=51-1,...,X0 = 50) = P(Xyp1 = 5| Xy = 5¢),
for all s, s¢,8¢-1,...,80 € S for which the conditional probabilities are defined.

This is called the Markov property. Informally: “The future conditioned on the present
does not depend on the past.”

If P(Xt41 = j | Xt = i) is independent of ¢ then we say that the Markov chain is
homogeneous. (We only consider homogeneous Markov chains in this course.) Then we
write P(Xy 11 = j | Xy = 4) = pi; and call p;; the transition probabilities.

Lemma 1.1. If Xo, X3, Xo, ... is a Markov chain with P(Xy =1i) = u; fori € S, then
]P)(XO = S0, Xl - 517X2 = 852,... 7Xt = St) = N80p8051p8182 c o DPsi_18¢s

for all sg,s1,...,5 €S.

These notes are condensed and adapted from lecture notes of Dr Robert Johnson.
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Proof.

P(Xo = s0, X1 =51,...,X¢t = S¢t)
=P(Xo=150) x P(X1 =51 | Xo=80) Xx P(Xo =592 | X1 =51,X0=50)
XX P(Xy =8¢ | Xie1 = Sp—1,..., X0 = 50)
= sy P(X1 =351 | Xo=50)P(Xo =82 | X1 =51) - P(Xt =8¢ | X1 = s¢-1)
(by the Markov property)
= MsoPsgs1Ps1sa """ Psi_1st

(by definition of p;;).
O

A convenient means to visualise Markov chains is by transition graphs. The vertex set
of a transition graph of a Markov chain is the set of states S. For each pair or states i, j
for which the transition probability p;; is non-zero, there is a directed edge (arc) from
vertex i to vertex j labelled p;;.

1.2. Transition matrices. The events X; = s, as s ranges over .S, partition the sample
space. Thus

Y P(Xy=j)=1
jes
and
Y PXy=j|Xea=1)=1,
jes
foralli e S, ie.,
2 pij =1
JjES
The transition matriz is the matrix P with rows and columns indexed by S and with

ij th entry p;;. We have just seen that it is stochastic, i.e., that all row sums are 1.
For convenience in numbering the rows and columns of the matrix P, we usually take

S={12,...,n}.

The r-step transition probabilities are
pﬁ? =P(Xiqr =7 | Xo =1).

(These are independent of ¢ as the chain is homogeneous.) Note that

S d pY=p
P {0 otherwise an Di;" = Pij-

Theorem 1.2 (Chapman-Kolmogorov relations).

p§;+s) = Zpgz)pg?, foralli,j €S andr,s > 0.
keS
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Proof.
7+ . ;
p(‘ ) :P(Xr—i-s =] | Xo :Z)

ij
= P(Xpps =5, X, =k | Xo=1)
keS
(since the events X, = k partition the sample space)

:ZIP’(XT:MXO:@) P(Xyps =7 | X» =k, Xo=1)
kesS

= P(X, =k| Xo=1) P(Xr1s=j | X, = k)
kesS
(by the Markov property)

_ (r), (s)
= Zpik Pi -
keS
O
Corollary 1.3. If P is the transition matriz of a Markov chain, then P" is the matriz
of r-step transition probabilities, i.e.,

(r)  (r) (r)

e
7 pl) i)

Proof. The proof is by induction on r, with the base case r = 1 being immediate. If
r > 1 then

(P")ij = (P P)y
= Z(Pr_l)ikpkj

keS
=5 "pl by inductive hypothesi
= Pir  Pij (by inductive hypothesis)
keS
= pg) (by Theorem 1.2).

O

If the matrix P is diagonalisable, i.e., there is an invertible matrix M and a diagonal
matrix D such that P = M DM, then

P = (MDM Y MDM™).-..(MDM™Y) =MD" M1,
r cg;)ies

which provides an easy way to compute P".
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1.3. First-step analysis. A state is absorbing if p;; = 1; when we reach an absorbing
state we never leave it.

Several quantities — what is the probability of reaching a certain absorbing state?
what is the expected time to absorption? — can be computed by conditioning on the
first step. The computation reduces to solving simultaneous linear equations.

Theorem 1.4. Suppose (X¢) is a Markov chain with state space S and absorbing states
A C S, and suppose w : S\ A — R is a weight function on non-absorbing states. Let
T =min{t: X; € A} and W = ZtT;(]l w(Xt).
(1) Fixke A. Let a; =P(Xyr =k | Xo =1). Then the a; satisfy
1 if i = k;
a; =40, if 1e A\{k};
Pik + 2 jes\aPija; if i €S\ A
(2) Let wi =E(W | Xog =1). Then the w; satisfy
)0, if i€ A;
B {w(z) + 2 jes\abijw; if ¢ A

(3) If S is finite and from every state it is possible to reach an absorbing state then
the above systems of equations have unique solutions.

Proof. (1) If i € A (i.e., we start in an absorbing state) then 7" = 0; thus a; =
]P)(XT:]{?|X0:]€):1, andleEA\{k} thenaZ:IP)(XT:k|X0:Z):0
Otherwise (i.e., if i ¢ A), conditioning on the first step:

a;=>» P(Xy=j|Xo=)P(Xr =k|X; =)
jes
(Law of Total Probability)

= Zpijaj

JjES
= Pik + Z Dija;
jES\A
(2) If i € A then T'= 0 and w; = 0. Otherwise, conditioning on the first step:
T-1
w; :w(i)+ZP(X1 =7 | Xo :i)E<Zw(Xt) | X1 :j>
JjES t=1

(Law of Total Expectation)
= w(i) + ) pijw;
jes
= w(i) + Z DijWwy.
JES\A
(3) Outside the scope of the module.
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1.4. Long-term behaviour. A probability vector is a row vector g = (u1, 42, - - -, fin)
with p; > 0 and )" | u; = 1. Let Xo, X1,... be a Markov chain with S = {1,2,...,n}.
Let the distribution of X be given by a probability vector pu(® = (M&O)aﬂgo), ceey uﬁ?))

(ie., P(Xo = k) = ,u,(fo)), the initial distribution. Let p®) be the distribution of X; (i.e.,
P(X; = k) = i),

Lemma 1.5. With the above definitions, put) = p(O) Pt
Proof.

n

n
W =PXe=k) =Y P(Xi=k|Xo=)P(Xo=1)= > nui"p}}).
i=1 =1

Now appeal to Corollary 1.3. U

1.4.1. The general two-state chain. Suppose S = {1,2} and

11—« «
P= .
<5 1—/3>
Boring cases are
L (1 0 . (10 . . (1 0Y\.
oa—ﬁ—O,whenP—(O 1>,P —<0 1),amdhmtﬁooP —<0 1>,a1r1d
. (0 1 ¢ (1 0Y ... . . (0 1Y.
oa—ﬁ—l,whenP—<1 0>’P_<O 1> 1ftlseven,andP—<1 0) if ¢

is odd. In this case lim,,_,o P does not exist.

The interesting case is when 0 < o+ 8 < 2. Then P has eigenvalue 1 with eigenvector

<1), and A =1 — a — 8 with eigenvector <_aﬂ). Thus

1 oo\ (1 0\ (s 2%
() (N (22 ).

and so

Since —1 < A < 1,

. 1 b «
t W
thm P = 3 <ﬁ ) )

lim u(t) = tli)m H(O)Pt — “(O)W — (aﬁ L)’

t—o00

say, and
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for any initial distribution p(?). Note that, in the limit as t — oo, the distribution of
X; does not depend on the initial distribution of Xy: this is because lim;_ o, P! exists
(which is not so when o = § = 1) and has equal rows (which is not so when a = 3 = 0).

Definition 1.3. A probability vector w = (w1,...,wy,) is a limiting distribution for P
if
wy ws ... Wp
. wp w2 ... Wp
P =1 . . , ast— oo.
wy Wy ... Wp

It is an equilibrium distribution if wP = w.

For the 2-state example,

e If « = 8 =0 then any vector (w,1 —w) is an equilibrium distribution, and there
is no limiting distribution.

e If « = =1 them (%, %) is the unique equilibrium distribution, but there is no
limiting distribution.

o If 0 <a+ 3 < 2then (aiiﬁ, +375) 1s the unique equilibrium distribution and the
limiting distribution.

Definition 1.4. A Markov chain is irreducible if, for all i, j € S, there is a k£ > 0 with
p,gf) > 05 it is regular if there is a k > 0 with pgf) >0 foralli,jeS.
Theorem 1.6. Let P be the transition matriz of a reqular Markov chain on a finite state

space. Then P has a limiting distribution w. Moreover, w s the unique equilibrium
distribution for P.

We will prove a slightly weaker statement.

Lemma 1.7. Let P = (p;j : 1 < i,j < n) be the transition matriz of a Markov chain on a
finite state space. Suppose that p;; > 0 for alli,j. Then P has a limiting distribution w.
Moreover, w is the unique equilibrium distribution for P.

)
ij
and M ](t) the maximum and minimum

Proof. Suppose p;; > e > 0 for all 1 <4, j <n. Recall that p

(*)
J

are the t-step transition

probabilities of the Markov chain. Denote by m
entries in the jth column of P!. That is,

mg.t) = min{pg») :1<i<n}

and
) _ (®) . ;
M; —max{pij :1<i<n}

Fix j, and let ¥ and k" be such that pl(:,)] = mgt) and p,(f,z =M ;t); that is, ¥’ and k" are
positions in column j of P! at which the minimum and maximum are attained.
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P =3 paal)
k=1
(t)

t
=" pany) + piwpy),
k!

<> pikM](t) + pik/mg-t)
kAR

= ZpikM;t) - pik'(M;t) - m§t))
K

(t) (®) (t)
< M7 —e(M;7 —m;7).

Since this ineq holds for all i, he have
MJ@H) < MJ@) (M = )y,
A similar calculation yields

(t+1) (t) (t) ()
m; > m,; —i—g(Mj —m; ).

Notice that the sequence M ](1), M ](2), M }3), ... is monotonically decreasing and mgl), i
monotonically increasing. So (Convergence and Continuity) both sequences converge to
a limit.

Subtracting,

(t+1) (t+1) (t) (t)
M; —m; < (1=2e)(M;7 —my;7),

So (M(t) - mg-t)) — 0 (t = o0), and mg-t) and M]@ tend to the same limit: call this limit

J
wj. Since the t-step transition probability pg-) is bounded by mgt) and M ]@ for all ¢, i.e.,

(*) (®) ()
m;T S p < M]- ,
()

it must also be the case that i
distribution for P.

The distribution w is also the unique equilibrium distribution. On the one hand,
wP™ — w, as t — oo; on the other, wP!™! = (wP)P — wP (t — 00). So wP = w,
i.e., w is an equilibrium distribution for P. To see uniqueness, let w’ be any equilibrium
distribution for P. Then w'P! = w’ for all t € N and so w'P! — w’ as t — co. However,

w' P! — w as t — oo since w is the limiting distribution. Thus w’ = w. O

— wj (t = 00). Thus w = (w,...,wy) is a limiting

Fix k € S and define the indicator r.v.

. {1, if X, = k;

0, otherwise.

Then E(As) = P(Xs = k). The proportion of time spent in state & up to but not
including time ¢ is %Z;E A,. We are interested in the limit lim; oo E (% ZZ;%) As),
assuming it exists: this is the expected proportion of time spent in state k£ in the long
term.

m(2) m

3)

J

PR
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Lemma 1.8. If w is the limiting distribution of P (see Definition 1.3) then

t—1
1
E (tZOAS> — wg, ast— oo.
s=

Proof.
= 1 t—1 = =
E (tZAS> = E <ZAS> = ZZ[E(AS) = {ZP(XS = k).
s=0 s=0 s=0 s=0
But P(Xs = k) — wy as s — 00, so

t—1

1

EZP(XS =k) > wg, ast— oo.
s=0

(If you took MTH5124 Convergence and Continuity, you could pause to verify this
claim.) O

Theorem 1.9. Any irreducible Markov chain on a finite state space S has a unique
equilibrium distribution w. Moreover,

E(proportion of time spent in state k up to time t) — wy, t— o0.

Proof. Let P be the transition matrix. Consider the transition matrix QQ = %(I + P).
Since P is irreducible, there exists t € N such that for all 4,5 € S, p;; >0 for some s < t.

Now,
t t t
Q'=3I+P)l=2" [I+ <1>P+ <2>P2+---+ (t_1>Pt1+Pt]

For each pair i, j € S, there is some term (matrix) in the sum which has a non-zero entry
in row 4 and column j. So Q' has no non-zero entries, and @ is regular. By Theorem 1.6
there is a unique distribution w such that w@Q = w, i.e., such that w(1 P+ 1) = w. It
follows that %'wP + %w = w, and hence wP = w. In other words, w is an equilibrium
distribution for P also. Conversely, any equilibrium distribution for P is an equilibrium
distribution for @ also. So w is the unique equilibrium distribution for P.

The claim about the proportion of time spent in state k£ in the long term is beyond

the scope of the module. O
Regular = Irreducible
I (Thm 1.6) I} (Thm 1.9)
Limiting distribution = ! Stationary distribution
| (Thm 1.9)

Long-run averages

FIGURE 1. Summary of the situation for finite-state Markov chains.



CONCISE NOTES FOR MTH6141 RANDOM PROCESSES 9

1.5. Recurrence and Transience. The definitions and theorems in the previous sec-
tion were phrased for finite state spaces. We often want to consider (countably) infinite
state spaces. If S = {0,1,2,...} = N we say that (wp,w1,ws,...) is an equilibrium
distribution if wy, = Y2 wip, for all k, and Y ;2 w; = 1. We say that (wo, wi, w2, .. .)
is a limiting distribution if P(X; =k | Xo = 1) — wy (t = 00), for all i,k € N.
Definition 1.5. Suppose a,b € S are states. We say that a communicates with b
(written a — b) if pgg for some ¢t > 0. We say that a and b intercommunicate (written
a <+ b) if a = b and b — a. The communicating classes of the chain are the equivalence
classes of S under <.

Note (i) a <+ a for all a € S, (ii) a Markov chain is irreducible if a <+ b for all a,b € S.
Define
O —P(X =i, X # 0, X o £, Xy £ Xo = 1)
(informally, fi(it) is the probability that the first return to i occurs at time t). Then define
Jii = > fl-(it) (informally, the probability of ever returning to ).

Definition 1.6. We say that a state i is recurrent (or persistent) if f;; = 1 and transient
otherwise (i.e., if fi; < 1).

Lemma 1.10. For allt > 1, pz(f) = 22:1 fi(is)pg?fs).

)

Proof. Condition on the time s of first return to state i:

ni! ZPX#Z Xy 0, Xo =i | Xo=i)P(X; =i | X, =)

_ Z 10 (t=).
s=1
]

Thus, if we know the values pg), for t = 1,2,..., we can calculate the first return

()

probabilities p,;” as follows:

fi(il) :pfgz‘l)
f( ) +p£z)fi(i1) = pz(i2)7 i'e'7 f(2) - pm pn fz(zl)
f(3) +pzz fz('LQ) +pzz fu pu)’ i‘e'? f( ) _pgf) pu fz(zl) _pu fl(z)’
etc.

Let M; be the number of returns to ¢, given that Xy = ¢, and write M; = oo if the
Markov chain returns infinitely often.

Lemma 1.11. (1) If i is recurrent then P(M; < co) = 0 and E(M;) is undefined.
(2) If i is transient then P(M; < oo) =1 and E(M;) = fii/(1 — fii).

Proof. Observe that P(M; = k) = f&(1 — f;;), since f¥ expresses the probability that we
return k times to state i, and (1 — f;;) that we never return again. So if 4 is transient
then fi; <1 and M; +1 ~ Geom(1 — f;;); in this case P(M; < 00) =1 and E(M;) + 1 =
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EM; +1) = 1/(1 — fu), ie, E(M;) = fu/( — fii).- On the other hand, if state i is
recurrent then f; = 1 and IP’(M = k) = fE(1 — fu) = 0 for all k € N; in this case
P(M; < 00) = 0. O
Lemma 1.12. (1) State i is recurrent iff Y o lp(t) 00.

(2) State i is transient iff >, 1p( ) is finite.

Proof. Let
At _ 1, if Xt :. Z7
0, otherwise.

(So A; is the indicator r.v. of the event X; =i.) Then

(1) E(M) =E (Y Ar) = Y E(A) = Zp“).
t=1 t=1
(®)

If ¢ is transient, then E(M;) exists, by Lemma 1.11, and hence the sum > ;2 p;;’ is
finite. Conversely, if the sum is finite then E(M/;) exists and ¢ is transient. These deals
with (2). But parts (1) and (2) of the lemma are actually logically equivalent! O

Theorem 1.13. Suppose a,b € S are states.
(1) If a <> b and a is recurrent then b is recurrent.

(2) If a <> b and a is transient then b is transient.

Proof. Since (a) and (b) are equivalent, we just prove (a).

Since a — b there exists r with p((;b) > 0; since b — a there exists s with pl()z) > 0.

Suppose that a is recurrent. Then

o0
Z pbb > Z (r+stk) Z pba paa pab =« Z paa )
k=1 k=1

where a = pl() )pgb) > 0. But ) 2 1paa) = oo by Lemma 1.12 and the fact that a is

recurrent. So > ;7 pl()b) = oo and b is recurrent. O

So we can speak of a communicating class as being recurrent or transient, knowing
that all states are the same. We say that recurrence and transience are class properties.

1.6. Random walk on Z. As an example application of Lemma 1.12, consider the
Markov chain (X;) with state space S = Z and transition probabilities given by

P, ifj=i+1;
pij = 1—p, ifj=i—1;
0, otherwise.

First consider the symmetric random walk, which is the case p = 1 . Since Zin 0 (2,? ) =
22" the average of the coefficients ( ") taken over 0 < k < 2n is 22”/(2n +1). Now the
largest of these binomial coefficients is (2:) (you can easily check that the coefficients
increase for k < n and decrease for k > n) and the largest coefficient is certainly at least
as large as the average. It follows that (*") > 22"/(2n + 1).
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We now estimate the 2n-step transition probability p(()%n). In order to be back at
state 0 after 2n steps, the Markov chain must make n right (i.e., increasing) transitions,
and n left (i.e., decreasing). There are (2:) possible ways to choose the sequence of n left
and n right transitions. Each such sequence has a probability 272" of occurring. Thus

2n
@) _ (2\goon 5 27" ooom L
Poo <n> ~2n+1 2n+1
t
> = .
;poo—;po Z2n—|—1_2 1

Hence, by Lemma 1.12, state 0 is recurrent. By symmetry (or by Theorem 1.13) all
states are recurrent.

Now consider an asymmetric walk with p # % For concreteness, suppose p = % By
counting sequences of transitions as before, we have

- (DG C = - ()
Poo ( n > 3/ \3) =% \9 9/’
where we have used the fact that the binomial coefficient (27:”) is certainly less than the
sum Y7 o (37) = 22" of all coefficients. Then

Zpoo = ZP(% g:l (g)n =9-1=8

where we have used the fact that p((fo) = 0 when t is odd. Hence, by Lemma 1.12, state 0

is transient. By symmetry (or by Theorem 1.13) all states are transient.

Now

1.7. First return time. If ¢ is recurrent, let R; = min{t : t > 1, X; = i}, where we
assume X = ¢. This is the first return time. Then

P(R; = k) = f%, and

R) =Y kf.
k=1

E(R;) is the expected first return time or the expected time between visits to i.

Definition 1.7. Suppose i is a recurrent state. We say that state i is positive recurrent
if E(R;) is finite, and null recurrent if E(R;) is infinite.
Theorem 1.14. Suppose i is recurrent.

) prg) — 0 ast — oo then ¢ is null recurrent.

° prg? #4 0 ast — oo then i is positive recurrent.

Proof. Omitted. 0

The above theorem can be used to show that positive/null recurrence are class prop-
erties.
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Theorem 1.15. Consider an irreducible Markov chain.
e If the Markov chain is positive recurrent, then it has a unique equilibrium distri-
bution, which is given by w; = 1/ E(R;) for alli € S.
o Otherwise (i.e., it is null recurrent or transient) the Markov chain has no equi-
librium distribution.

Proof. Omitted. O

1.7.1. Summary of recurrence/transience. For a Markov chain with state space S (pos-
sibly infinite) and i € S,

i recurrent & fi=1 < Z?ilpg) =x < E(M;) = oc;
i transient < fi; <1 & Z?ilpg) <oo & E(M)=fi/(1- fi),
where M; is the number of returns to state i.
Now assume the Markov chain is irreducible and that state 7 is recurrent. Then

i positive recurrent < E(R;) <oco & pg) 40 < 3! equilibrium distribution;

i null recurrent & E(R;)) =00 & pg) — 0 < =3 equilibrium distribution,
where R; is the time of first return to <. When a unique equilibrium distribution exists,
it is given by w; = 1/ E(R;).



