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SECTION A

Al.

A2.

A3.

A4.

This section carries 40 marks and each question carries 10 marks. You should
attempt ALL FOUR questions.

Consider the following three possible definitions of a function ¢ : R? x R? — R. (In
each case, the independent variables a = (aj,as) and b = (by,by) are points in R2.)
None of the functions defined in (a)—(c) are metrics on R% In each case identify one
of the axioms for a metric that is violated, and present an example to show that it is
violated.

(a) o(a,b) = min{|a; — by|, |ag — bol|}.
(CL, b) = ((Zl — b1)2 -+ (a/2 — b2)2.
(¢) o(a,b) = max{by — ay,2(a; — by), by — as,2(as — bg)}.
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Explain what it means for a sequence x,, in a metric space (X, ¢) to converge to a limit
ae X.

Let BJ0, 1] denote the space of bounded real functions on [0, 1] with the sup (or uniform)
metric. Which of the following sequences of functions converges to a limit in B[0, 1]7
For those that converge, state what that limit is.

(a) fa() =z exp(—nz)
(b) fu(z) = wexp(—z/n).
(¢) fo(z) = nzexp(—nz).

Suppose f: X — Y is a map between metric spaces (X, o) and (Y, o).

(a) Define the inverse image f~'(B) of aset BC Y.
(b) Write down a definition of continuity of f in terms of inverse images of sets.

(c) Consider the map f : R — R defined by f(z) = 1/ if  # 0, and f(0) = 0.
(Assume R has the usual metric.) Give an open set B C R such that A = f~1(B)
is not open. Briefly justify your claim that B is open and A is not.

Explain what it means for a function f to be a contraction on a metric space.
State the contraction mapping theorem.

Suppose that f : [a,b] — R is a contraction on the closed interval [a, b] (with the usual
metric). Prove that the function g(z) = sz + 5 f(z) is also a contraction on [a, b].

[Next section overleaf]



SECTION B

This section carries 60 marks and each question carries 30 marks. You may
attempt all three questions but only marks for the BEST TWO questions will be
counted.

B1. (a) [7 marks] Define § : R* — R by

0 ifx=uy;
5<x,y>={ Y

1 otherwise.

Prove that § is a metric on R.

(b) [5 marks] Define ¢ : R?xR? — R by o(a,b) = |a;—b1|+d(az, by), where a = (ay, as)
and b = (b1, by). Prove that g satisfies the triangle inequality on R2.

(c) [8 marks] In fact, ¢ is a metric on R?. Describe the open balls B;(0) and B(0)
of radius 1 and 2 centred at the origin 0 = (0, 0).

(d) [10 marks] Which of the following sets are open in the metric space (R?, )?
e (0,1) x (0,1),
e (0,1) x [0,1], and
e [0,1] x [0,1].

Briefly explain each of your answers.

B2. For any set S, let B(S) denote the space of bounded real functions on S with the sup
(or uniform) metric.

(a) [6 marks] Explain what it means for a sequence of functions f,, in B(S) to converge
pointwise to a function f € B(S).

(b) [10 marks| Let f,, be any Cauchy sequence of functions in B(S). Prove that f,
converges pointwise to some function f : S — R. [Hint. Start by showing that
fn(a) is a Cauchy sequence in R, for any o € 5]

(c) [10 marks] Let f,, be as in part (b). Let € > 0, and suppose N, is chosen so that

sup | fu(z) — fi(x)| < e/2, for all n,m > N..
zeS

Prove that
sup | fn(z) — f(z)| <e, foralln > N..

€S

(d) [4 marks] Deduce that B(S) is a complete metric space.

[Next question overleaf]



B3.

(a) [4 marks] Explain what it means for a subset K of a metric space (X, o) to be
(sequentially) compact.

(b) [9 marks] From first principles — i.e., directly from the definition you gave in
part (a) — prove that the following subsets of R are not compact (with the usual
metric).

e [0,00).
e [0,1),
e QNJo0,1].
(c) [10 marks] Prove that any closed subset of a compact set is compact.
(d) [7 marks] Prove that K = {1/n:n =1,2,3,...} U{0} is a compact subset of R

with the usual metric. You may assume that any closed interval [a,b] in R is
compact.

[End of examination paper|



