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Abstract

We compute the ‘adjustment matrices’ for weight 3 blocks of Iwahori—-Hecke algebras of type
A, in characteristic 2 or 3. This enables all the decomposition numbers for weight 3 blocks to be
calculated.

1 Introduction

Let F be any field, and ¢ an invertible element of F. Given a non-negative integer n, let H, =
Hr 4(S,) denote the Iwahori—Hecke algebra of the symmetric group &,,. This has generators T, ..., T)—
and relations

(Ti—q)T;i+1)=0 (1<i<n=1)
TiTinT; = Tis1 TiTiy (1<i<n-2)
TiT; =T;T; (1<i<j-2<n-3).

Of course, if ¢ = 1 then H,, is simply the group algebra of S,,.

The algebra H,, arises in the study of groups with BN-pairs, and its representation theory has been
extensively studied. If ¢ is not a root of unity in F, then H,, is semi-simple; if g is a root of unity, then the
representation theory is very similar to the representation theory of S, in characteristic p, with the prime
p replaced by the integer e which is defined to be the least integer such that 1 + g+ --- + ¢! =0inF.
One of the most important problems in the representation theory of H,, is to determine the decomposition
numbers, i.e. the composition multiplicities of the irreducible modules in the so-called Specht modules;
in the case ¢ = 1, these are the decomposition numbers in the usual representation-theoretic sense.
This problem remains open in general, but has been solved in some special cases. If F has infinite
characteristic (throughout this paper we use the convention that the characteristic of F is the order of
the prime subfield of F) then there is a recursive method — the LLT algorithm — for calculating the
decomposition numbers. If F has finite characteristic, then we can still use the infinite characteristic
result: if we take a primitive eth root of unity ¢’ in C, then the decomposition matrix for H, may be
obtained from the decomposition matrix for Hc ,(S,) by post-multiplying by a certain square matrix
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with non-negative integer entries called the adjustment matrix for H,. So in effect the problem of
calculating the decomposition matrix of H,, is equivalent to calculating its adjustment matrix.

Another approach which enables us to determine some decomposition numbers for H,, is to look
at the blocks of H,, individually, and to concentrate on blocks of small weight. To each block of H,, is
associated a non-negative integer called the weight of the block, and the complexity of the representation
theory of blocks of weight w increases with w. Blocks of weight 0 are simple (and indeed all simple
blocks have weight 0); and blocks of weight 1 are of finite representation type, and are well understood.
Blocks of weight two were addressed by Richards [15] who gave a combinatorial description of their
decomposition numbers (assuming that char(F) # 2). Using the Jantzen—Schaper formula, he showed
that the decomposition numbers for weight 2 blocks are all at most 1 and that the adjustment matrices
for these blocks are trivial; this is in accord with James’s Conjecture, which suggests that the adjustment
matrix for a block of H,, of weight w should be trivial if w < char(F). The first author [4] extended
Richards’s work to characteristic 2 and computed the adjustment matrices in this case. Blocks of weight
3 have been studied by several authors in the case where char(F) > 5, and the first author finally showed
[5] that the decomposition numbers for such blocks are all at most 1, and verified James’s Conjecture
for weight 3 blocks.

The purpose of the present paper is to calculate the adjustment matrices for weight 3 blocks of H,, in
the case where the characteristic of F is 2 or 3. The adjustment matrices remain mysterious in general,
and it is difficult to observe general phenomena, except in blocks whose weight is less than char(F)
(where James’s Conjecture predicts the adjustment matrix) and in so-called ‘Rouquier blocks’, where
the adjustment matrices are related to the decomposition matrices of g-Schur algebras (although this
relationship is only conjectural when g # 1). So the information in the present paper may be helpful to
those trying to spot patterns in adjustment matrices. However, the main result of this paper is awkward
even to state without introducing additional terminology.

In the remainder of this introduction we introduce the background theory we shall require, and in
Section 2, we review the known results for blocks of weight 1, 2 and 3. In Section 3, we introduce the
machinery and notation required to state our main theorem, and we prove some general properties of
adjustment matrices which facilitate an inductive proof of the main theorem. In the remaining sections,
we prove the main theorem in certain special cases which suffice to allow a general proof by induction:
we deal with the ‘principal’ block of #3, in Section 4, blocks with rectangular cores in Section 5 and
blocks with birectangular cores in Section 6.

Acknowledgement. This research was carried out while the first author was visiting the National Uni-
versity of Singapore (NUS). He is very grateful to the second author for the invitation, and to NUS for
its hospitality. The second author is supported by Academic Research Fund R-146-000-043-112 of
NUS.

1.1 Background and notation

Mathas’s book [13] is now the standard introduction to the representation theory of H,,, and we take
much of our notation from there. Note, however, that we use the Specht modules defined by Dipper and
James [2].

As stated above, ¢ is an invertible element of the field F, and e is the least integer such that 1 + g +
.-+ 4+ ¢! = 0in F; we are assuming that such an integer exists.

We record here two items of notation we use for modules. If M is a module and 7 a non-negative
integer, then M®" denotes a direct sum of n isomorphic copies of M, and we write N ~ M" to indicate
that N has a filtration with n factors all isomorphic to M.
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1.1.1 Partitions, Specht modules and the abacus

As usual, a partition of n is defined to be a decreasing sequence A = (4j, Ay, ...) of non-negative
integers whose sum is n. For each partition A of n one defines a Specht module S* for H,. If A is
e-regular (that is, if it does not have e equal positive parts), then S+ has an irreducible cosocle D4, and
the modules D* give a complete set of irreducible H,-modules as A ranges over the set of e-regular
partitions of n.

A useful way to represent partitions of n is on the abacus. We take an abacus with e vertical runners,
and we mark positions on these runners from the top down; we then number the positions with non-
negative integers, so that the numbers 0, ..., e — 1 appear across the top of the abacus from left to right,
the numbers e, ...,2e — 1 appear from left to right below these, and so on. For example, if e = 3, the
numbering is as follows:

AWO
Gs—
[ RV | ')

Given a partition A, we choose an integer r greater than the number of non-zero parts of 4, and define
the beta-numbers B4, ..., B, by
ﬁ,’ = /l,' +r—I.

Now we place a bead on the abacus at position 8; for each i. The resulting configuration is called an
abacus display for A.

One of the most useful features of the abacus is that it tells us in which block of H,, a partition
lies (we abuse notation throughout this paper by saying that a partition lies in a block B to mean that
the Specht module S+ lies in B). Given an abacus display for A, we slide all the beads as far up their
runners as they will go. The partition whose abacus display we obtain in this way is called the e-core of
A. This is a partition of n — ew for some non-negative integer w, which is referred to as the weight of A.
Nakayama’s ‘Conjecture’ states that two partitions lie in the same block of H,, if and only if they have
the same e-core. This automatically implies that they have the same weight, and so we may speak of
the (e)-core and the weight of a block. We also define the abacus display for a block by specifying the
number of beads on each runner, without specifying their positions.

In this paper we shall frequently talk of moving a bead on the abacus one place to the left. We wish
to include the case where the bead lies on the leftmost runner of the abacus, and we abuse notation by
saying ‘move a bead one place to the left’ to mean ‘move a bead from position j to position j — 1’, even
if j =0 (mode).

1.1.2 Decomposition matrices and adjustment matrices

The central problem in the representation theory of H,, is to determine the composition multiplicities
[S4 : DH] for partitions A, u of n with u e-regular. These are usually recorded in the decomposition
matrix, which has rows indexed by partitions of n and columns by e-regular partitions of n, with the
(A, p)-entry of the matrix being [S* : D*]. By restricting attention to the partitions lying in a particular
block B of H,,, one may speak of the decomposition matrix for B.

The following simple but very useful result on decomposition numbers follows from the fact that H,,
is a cellular algebra. Recall the usual dominance order > on partitions of n.

Lemma 1.1. [13, Corollary 4.17] Suppose A and u are partitions of n with u e-regular. Then [S* :
DM =1, while [S*: D*] =0 unless yu = A.
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The main object of study in this paper is the adjustment matrix for H,,, which relates the decomposi-
tion matrix for H,, to that for an Iwahori—Hecke algebra over a field of infinite characteristic. Recalling
the integer e above, we fix a primitive eth root of unity ¢’ in C. Given a block B of H,, let y be the
e-core of B, and let BY be the block of He,o(S,) with e-core y; we say that BY is the block of Heg (Sp)
corresponding to B. Then we have the following, which is proved using a form of modular reduction.

Theorem 1.2. [13, Theorem 6.35] Suppose B and B® are as above. Let D and Dy be the decomposition
matrices of B and B° respectively, with rows indexed by partitions of n with e-core vy, and columns
indexed by e-regular partitions of n with e-core vy. Then there exists a square matrix A with non-negative
integer entries and with rows and columns both indexed by e-regular partitions of n with e-core vy, such
that D = DoA.

The matrix A in Theorem 1.2 is known as the adjustment matrix for B. Given e-regular partitions
A and p in B, we write a,, for the (4, u)-entry of the adjustment matrix. Adjustment matrices were
introduced by James in [7]; James’s Conjecture asserts that if char(F) > w, then the adjustment matrix
for a block of H,, of weight w is the identity matrix.

1.1.3 The Mullineux map

LetTy,..., T, be the standard generators of H,,. Let§ : H, — H,, be the involutory automorphism
sending T; to g— 1 —Tj, and let * : H,, — H,, be the anti-automorphism sending 7; to T;. Given a module
M for H,, define M* to be the module with the same underlying vector space and with action

h-m= hﬁm,
and define M* to be the module with underlying vector space dual to M and with H,,-action

h- f(m) = f(h*m).

(Note that in the symmetric group case ¢ = 1, M fis simply M ® sgn, where sgn is the one-dimensional
signature representation, while M™ is the usual dual module to M.)

Of course, the functor M +— M* respects the block structure of H,,; that is, if M and N lie in the
same block of H,,, then M* and N* lie in the same block. If a module M lies in a block B, then we write
B for the block in which M* lies, and we call B* the conjugate block of B.

Now we look at the effect of these functors on Specht modules; let A’ denote the partition conjugate
to A.

Lemma 1.3. [13, Exercise 3.14(iii)] For any partition A,
SY = Sk,

Next we turn to the simple modules D%, for A e-regular. It follows from the cellularity of #, that
(DY* = D, If we let A1° denote the e-regular partition such that (D) = D, then ¢ is an involutory
bijection from the set of e-regular partitions of n to itself. This bijection is given combinatorially by
Mullineux’s algorithm [14]; we shall not describe this here, but we note that given an e-regular partition
A, the partition A° depends only on A and e, and not on the underlying field.

The functor M — M* is a self-equivalence of the category of H,-modules, and we have the following
consequence for decomposition numbers.
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Corollary 1.4. For any partitions A and p with u e-regular,
[S*: D" =[S": D").
Combining this with Lemma 1.1, we get the following.

Corollary 1.5. Suppose A and u are partitions of n with u e-regular. Then [S K. DM] = 1, while
[S*: D*] = 0 unless A = .

1.1.4 Induction and restriction

If 0 < k < n, then H,_, is naturally a subalgebra of H,, and we have induction and restriction
functors between the module categories of these two algebras. Given a module M lying in a block B of
H,, and given a block A of H,,_,, we write M lﬁ for the projection onto A of the restriction of M from
H,, to H,_«. Similarly, we write N 14 for a module induced from A to H,, and then projected onto B.

For Specht modules and simple modules, there are various ‘branching rules’ describing the effects
of these functors. Suppose that we have an abacus display for B, and that r; and r, are runners on
the abacus with r, immediately to the right of ;. Let A be the block of H,_, whose abacus display
is obtained from that for B by moving « beads from r, to r;. Given a partition A in B, let A~!,..., A7
be the distinct partitions which may be obtained by moving « beads on runner r, one place to the left.
Similarly, given a partition v in A, let v*!,...,v*' be those partitions which may be obtained by moving
k beads on runner r; one place to the right.

Theorem 1.6. The Branching Rule [13, Corollary 6.2]
The module S Aiﬁ has a filtration in which the factors are S ! v, 87 each occurring k! times.

Similarly, SV Tﬁ has a filtration in which the factors are S LSV each occurring k! times.

For the simple modules D*, the situation is rather more complicated. Given A and B as above,
suppose that we have e-regular partitions A in B and u in A. We define the signature of A to be the
sequence of + and — signs obtained by examining runners r; and r, from bottom to top, writing a +
whenever there is a bead on runner r; with no bead immediately to the right, and writing a — when
there is a bead on runner r, with no bead immediately to the left. We now form the reduced signature
by successively deleting all adjacent pairs +—. If there are any — signs in the reduced signature, the
corresponding beads on runner r, are called normal. If there are at least x normal beads, then we let A~
be the (e-regular) partition obtained by moving the « highest normal beads one place to the left.

We form the reduced signature of v in exactly the same way; if this contains any + signs, then the
corresponding beads on runner r; of the abacus are called conormal. If there are at least k conormal
beads, then we let v* be the (e-regular) partition obtained by moving the « lowest conormal beads one
place to the right.

Theorem 1.7. [1, §2.5]
o [f there are fewer than «k normal beads in the abacus display for A, then D* lff: 0. If there are
exactly k normal beads, then D{Lg =~ (DV)ex,

o [f there are fewer than k conormal beads in the abacus display for v, then D¥ Tg = 0. If there are
exactly k conormal beads, then D” Tﬁg (DV+ Yo,
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We now consider the relationship between the modular branching rule and the Mullineux map. Given
an abacus display for B, it is a simple matter to construct an abacus display for B*: we simply rotate
the abacus through 180°, and then replace each bead with an empty space and each empty space with a
bead. If we do this with the abacus display described above for B and do the same for A, then we find
that the abacus display for A" is obtained from that for Bf by moving k beads from one runner to the
runner immediately to its left. Given an e-regular partition u in B¥, we form the reduced signature using
these two runners as described above, and if there are at least x normal beads, we define the partition u™.
Then we have the following, which is essentially the main result of [6].

Proposition 1.8. Suppose A is an e-regular partition in B. Then A~ is defined in A if and only if (1°)” is
defined in A* and if these partitions are defined then we have (17)° = (1°)".

1.1.5 The Jantzen-Schaper formula

One of the most important tools for calculating and estimating the decomposition numbers of H,,
is the (g-analogue of the) Jantzen—Schaper formula. We shall use this in several places in this paper.
Details of the formula may be found in [10]. We note that the formula allows a strengthening of Lemma
1.1 and Corollary 1.5, by using a coarser form of the dominance order. Given partitions A and u of n
and with e defined as above, we say that A dominates u in the Jantzen—Schaper order if A = u and if
the Young diagram for u may be obtained from that for A by removing a rim hook of length divisible
by e and then adding a rim hook of the same length, or equivalently if an abacus display for i may be
obtained from an abacus display for A by moving one bead up its runner and moving another bead down
its runner. We extend this order transitively to give a partial order, of which the usual dominance order is
arefinement. We use the symbol & for this new order, which we use exclusively from now on. Although
this order depends on the integer e, no confusion should arise.

1.1.6 Scopes equivalences

Various Morita equivalences for blocks of the same weight were found by Scopes [16]; her results
were generalised to Iwahori—Hecke algebras by Jost [11].

Suppose that A is a block of H,,_, of weight w, and B a block of H,, of weight w. Suppose that there
is an abacus display for B with runners r; and r, such that:

e 1, lies immediately to the right of ry;
o there are exactly k more beads on runner r, than on runner ry;
e by interchanging runners r, and r;, we obtain an abacus display for A.

Then we say that A and B form a [w : ]-pair.

Suppose that A and B form a [w : «]-pair with w < «, and let A be a partition in B. Then there are
exactly « beads on runner r, in the abacus display for A which do not have beads immediately to their
left. If we move each of these beads one place to the left, we obtain a partition in A, which we denote as
®(1). We have the following.

Theorem 1.9. [13, p. 127] Let A, B and ® be as above. Then:
o @ is a bijection between the set of partitions in B and the set of partitions in A;

o ®O(Q) is e-regular if and only if A is e-regular;
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e for any partition A in B,
Sﬂl§~ (S P! oW T§~ (S

e for any e-regular partition A in B,

Dﬂlgz (Dq)(/l))GBK!’ D(D(/U ng (D/l)EBK!;

e the correspondence D* < D®W is induced by a Morita equivalence between B and A.

In view of Theorem 1.9, we say two blocks are Scopes equivalent if they form a [w : k]-pair for
some k > w. We extend this reflexively and transitively to define an equivalence relation on the set of
blocks of weight w, and we refer to an equivalence class as a Scopes class.

1.1.7 Pyramids

In order to understand the combinatorics of Scopes classes, Richards [15] defined the notion of a
pyramid. Let v be an e-core, and choose an abacus display for y in which there is at least one bead on
each runner. Let p; < --- < p, be those integers such that there is a bead at position p; but no bead
at position p; + e, for each i. Then exactly one p; lies in each congruence class modulo e. We number
the runners of the abacus so that the bead at position p; lies on runner i for each i. For i < j the integer
pj — pi 1s a positive integer not divisible by e, and it does not depend on the choice of abacus display for
v. Given w > 0, we define

= {[#J (pj = pi < we)
w—1 (pj—pi>we)
for 1 <i < j <e. We extend this notation to include all pairs of integers i < j by putting ;a; = w — 1 if
i <0or j>e. If Bis the block of H, with core y and weight w, then the set of integers ;a; is called the
pyramid for B; we shall write ;a;(B) when it is not clear to which block we are referring. We shall also
use shorthands such as ;0; to mean ;a; = 0 and ;17 to mean ;a; > 1.

Note that our definition of the pyramid is slightly different from that of Richards. He defines the
pyramid using the integers ;A; =w -1 — ;a;.

A crucial property of pyramids is the following.

Proposition 1.10. [15, Lemma 3.1 & Proposition 3.3] Two blocks of weight w are Scopes equivalent
if and only if they have the same pyramid.

2 Blocks of small weight

In this section, we review some notation and basic results for blocks of small weight. In the interests
of brevity, we state only essential results.

2.1 Blocks of weight 1
The following theorem is well known.

Proposition 2.1. Suppose B is a block of H,, of weight 1. Then there are exactly e partitions in B, which
are totally ordered by the Jantzen—Schaper ordering: A' > -+ > A°. Furthermore, Al is e-regular if and
only if 1 < i< e— 1, and the decomposition number [S* : DV equals 1 if j=ior j=i-1, and 0
otherwise, irrespective of char(F). In particular, the adjustment matrix for B is trivial.



8 Matthew Fayers and Kai Meng Tan

2.2 Adjustment matrices for blocks of weight 2

In this section, we give the results which describe the adjustment matrix for a block of H,, of weight
2; we shall need this in order to find the adjustment matrices for weight 3 blocks.

First we need to describe some notation for partitions in blocks of weight 2. Suppose B is a block
of H,, of weight 2, and take an abacus display for B. We number the runners of the abacus as in Section
1.1.7. If A is a partition in B, then the abacus display for A is obtained from the abacus display for its
core by moving two beads down one space each or by moving one bead down two spaces. We write:

o A = [i, j] if the abacus display for A is obtained by moving two beads down one space each, on
runners i and j (where i may equal j);

o A = [i] if the abacus display for A is obtained by moving the lowest bead on runner i down two

spaces.
If the numbers of beads on the runners of the abacus are by, ..., b, from left to right, we may refer to
this as the (by, ..., b,) notation. Note that our numbering of runners means that this notation for A does

not depend on the choice of abacus display.
Now we can describe the adjustment matrix for B.

Theorem 2.2. Suppose B is a weight 2 block of H,,, and that A and u are e-regular partitions in B.
1. [15] If char(F) > 3, then a,, = 0,
2. [4, Corollary 2.4] If char(F) = 2, then
1 (/l:[l7l]aﬂ:[l]’ i—11i1i+19 2<l<€)

ay =11 A=1[i,il, p=1[i,i+ 1], ;-11;0;41, 2<i<e)

O (otherwise).

2.3 Blocks of weight 3
2.3.1 Notation for weight 3 blocks

In this section, we describe notation for blocks of weight 3, and note some basic results concerning
[3 : k]-pairs.

Suppose B is a block of H,, of weight 3, and fix an abacus display for B. If A is a partition in B, then
we write:

e 1 = [i] if the display for A is obtained from the display for the core of B by moving the lowest
bead on runner i down three spaces;

e 1 = [i, j] if the display for A is obtained by moving the lowest bead on runner i down two spaces,
and a bead on runner j down one space (where possibly i = j);

e 1 =1[i, j, k] if the display for A is obtained by moving three beads down one space each on runners
i, j and k (which may coincide).

As with partitions of weight 2, we may refer to this as the (b, ..., b.) notation; we may even write
the partition [i] as [{]g or [i | by, ..., b.] (and similarly for [i, j] and [i, j, k]) to emphasise which block or
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abacus display we are using. Where there is a risk of confusion, we shall be explicit about the weight of
a partition described using this notation.

An advantage of using our numbering of the runners of the abacus is that if A and B are blocks
forming a [3 : «]-pair with « > 3, then the map ® described in §1.1.6 becomes

[i, k1 +— [0, j.k,
i, j1 — (il
i =l

for all i, j, k.

2.3.2 Rouquier blocks

There is a class of blocks which is particularly well understood. These blocks are defined for any
weight, but we restrict our attention to blocks of weight 3.

Suppose B is a weight 3 block of H,, with pyramid (;a;). We say that B is Rouquier if ;a; = 2 for
alli < j.

It is easy to verify which partitions in a Rouquier block are e-regular:

e [i] is e-regular if and only if i > 2;
e [i, j] is e-regular if and only if i, j > 2;
e [i, j, k] is e-regular if and only if i, j, k > 2.

One particular advantage of Rouquier blocks is that, using a theorem of James, Lyle and Mathas, we
can derive information about the adjustment matrices in a very direct way from the decomposition num-
bers. For blocks of weight 3, this is actually sufficient to calculate the adjustment matrices completely.
In order to state the result we need, we define an equivalence relation on the partitions in a Rouquier
block. Given an abacus display for a partition A4, we reach the display for the core of A by moving a
bead up one space on the abacus three times. We define the i-mass of A to be the number of these moves
which take place on runner i. For example, the i-mass of the partition [i, 7, j] is 2 while the k-mass of
this partition is 0, if i # j # k # i. Given partitions A and pu, we write A < p if and only if the i-mass of
A equals the i-mass of u for each i.

Proposition 2.3. [9, Proposition 2] Suppose B is a Rouquier block of H,. If A and u are e-regular
partitions in B, then

{[Sﬂ D' (Ao p)
A = }
0 (otherwise).

We shall use this result later in order to calculate the adjustment matrices for Rouquier blocks ex-
plicitly. These will be used to deal with difficult cases in the inductive proof of our main theorem.

2.3.3 [3: «]-pairs

In studying weight 3 blocks, [3 : k]-pairs are a vital tool. Since blocks forming a [3 : «]-pair with
k = 3 are Morita equivalent, the study of blocks of weight 3 centres around [3 : 1]- and [3 : 2]-pairs.
Here we set up some notation and prove some basic results for such pairs, following Martin and Russell
[12].
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Suppose A and B form a [3 : «]-pair, and that the abacus display for B is obtained from that for
A by swapping the adjacent runners j and k, where j < k (recall our numbering system for runners in
Section 1.1.7). We say that a partition A in B is exceptional for this [3 : k]-pair if there are more than «
beads on runner k of the abacus display for B with no bead immediately to the left, and non-exceptional
otherwise. Similarly, we say that a partition v in A is exceptional if there are more than « beads on runner
Jj of the abacus display for v with no bead immediately to the right. Note that if A is a partition in B, then
there are always at least k normal beads on runner k of the abacus display for 4; we define ®(A) to be the
partition in A obtained by moving the « highest normal beads one place to the left.

If A is a non-exceptional partition, then there are exactly « beads on runner k£ with no bead immedi-
ately to the left, and so ®(1) is obtained by moving these k beads to the right. In particular, if « > 3,
then the definition of @ agrees with the definition in §1.1.6, since in that case every partition in B is
non-exceptional.

If Ais e-regular, then we say that the simple module D* is exceptional if there are more than x normal
beads on runner k of the abacus display for 4. We make a similar definition for A: if v is an e-regular
partition in A we say that D” is exceptional if there are more than x conormal beads on runner ;.

The following is then a familiar result in the study of weight 3 blocks.

Proposition 2.4. Suppose that A and B form a [3 : «]-pair as above, and that A is a partition in B.
o @ is a bijection between the set of partitions in B and the set of partitions in A.
o O(A) is e-regular if and only if A is.
o [f 1 is non-exceptional, then

SALB~ (§PDY SOD B (g,

o If X is e-regular and D" is non-exceptional, then

Dﬂlgg (D(D(/l))@K!’ D(D(/l) ng (D/l)GBK!.

o If Ais e-regular and D" is exceptional, then D/{Lig and D®W Tﬁ are not semi-simple.
We also need the following.
Lemma 2.5. Suppose A and B form a [3 : k]-pair, and define ® as above. Let @' be the function from the

set of partitions in B to the set of partitions in A* defined in the same way. If A is an e-regular partition
in B, then

D'(2°) = (D()°,
and D" is exceptional if and only if DV is exceptional.

Proof. This follows immediately from Propositions 1.8 and 2.4. O

Now we examine the cases « = 1 and 2 in more detail.
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234 [3: 1]-pairs

Suppose that A and B form a [3 : 1]-pair, and that the abacus display for B is obtained from that for
A by swapping runners j and k. Then there are 3e exceptional partitions in each of A and B, which we
denote as follows (with 1 </ < e):

A B
G - {[],l] (1 # k) k] (1% k)
1 U=k o = Slkkkl (=)
_ {[sz] (I # k) [k,k] =k
K (1 R 5 - {[j,k,n (I#K)
[k, k1] (L # k) [k, j1 =k
7= jlkkkl (=) = {[j,l] (1 # k)
[k, k] (I =k) U1 U=k.

The exceptional simple modules in A and B are the modules D% and D for those [ such that a; is
e-regular. The bijection ® acts on the exceptional partitions as follows:

D:q— q
Bir—y,
Vi By

We now give some results on the decomposition numbers of blocks forming a [3 : 1]-pair. Let A
and B be as above, and let C be the block of weight 1 whose abacus display is obtained from that for B
by moving a bead from runner j to runner k. We let 2! > --- > 1 be the partitions in C. We get the
following result on induction and restriction between B and C from Theorems 1.6 and 1.7.

Proposition 2.6. Let B and C be as above. Then there is a permutation n € S, such that:

1. if Ais a partition in B, then

§11Cx {S 1 if s of the form axv, By 0 Ya()
Cs

0 (otherwise);

2. if Ais an e-regular partition in B, then

D'1C= D" (if A is of the form ay())
o (otherwise).

Corollary 2.7. The partition ay) is e-regular if and only if 1 < | < e — 1. In this case, D0 appears
exactly once as a composition factor of each of

(07 (073
S, Sﬁnm’ §Yx), § antisn) Sﬂn(m), RAGRR

and does not appear as a composition factor of any other Specht module.
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Proof. This follows at once from Proposition 2.6, the decomposition matrix of C described in Section
2.1, and the fact that induction is an exact functor. m]

Corollary 28. If 1 <l < e—1, then

o
Ar(l)y = Vr(+1)-

Proof. By Corollary 1.5, if A is an e-regular partition then 1°’ is the least dominant partition such that
[SY": D] > 0. The result follows since @y > @xs1) and a; > B; > y; for any L. ]

2.3.5 [3:2]-pairs

In this section we review some background on [3 : 2]-pairs; the notation here is less complex than
for [3 : 1]-pairs.

Suppose A and B form a [3 : 2]-pair, and that an abacus display for B is obtained by swapping
runners j and k of an abacus display for A. We use the following notation for the exceptional partitions
in A and B:

A B
@ = [l @ = [kkKk
B o= Lik B = Likkl
7 = Likkl y = [k
0 = [k kK] 6 = [Jjl

The partitions @ and @ are always e-regular, and the only exceptional simple modules for this pair
are D? and D?. The bijection ® has the following effect on the exceptional partitions:
D:a—0a
pr— 5
Yy
0+ B
Let C be the block of weight zero whose abacus display is obtained from that for B by moving a
bead from runner j to runner k. Let v denote the unique partition in C.

Proposition 2.9.
1. If Ais a partition in B, then

0  (otherwise).

$1G= {SV (fd=apyoro
Cx

If in addition A is e-regular, then

D’ (1=a)
D11~
T {0 (A # a).
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2. The simple module D® appears exactly once as a composition factor of each of S, SP,57,S°, and
does not appear as a composition factor of any other Specht module.

Proof. Part (1) follows from Theorems 1.6 and 1.7. Part (2) then follows from the exactness of induction
and the fact that ¥ = D”. m]

3 The main theorem

The statement of the main theorem is rather complicated. To begin with, we consider Rouquier
blocks. In the symmetric group case, the adjustment matrices for Rouquier blocks of all weights have
been computed (in terms of decomposition matrices for Schur algebras) by Turner [18], and it is con-
jectured that an analogue of his result holds for Iwahori—-Hecke algebras generally. Here, we effectively
prove this conjecture for weight 3 blocks; it turns out to be straighforward to compute the adjustment
matrices using the Jantzen—Schaper formula in this case.

With the aid of Proposition 2.3, it suffices to calculate the decomposition numbers d,,, for those pairs
(4, p) of e-regular partitions with u > 1 and A & u. For weight 3 blocks, such pairs are as follows:

e A=[iil,u=[]1Q2<i<e);

o A=1[,Li],u=l12<i<e);

o A=1[iii], u=1[,i]2<i<e);

o A=1[i,i,k], u=1[i,kl] 2<i,k<e, i#k).

Using the Jantzen-Schaper formula, we obtain the following.

Proposition 3.1.
1. Suppose char(F) = 2, and B is a weight 3 Rouquier block of H,,. Then

(4 =[], = [i])

(A =[i,i,d], u = [i])

(A =[5, 4,i], p = [i,1])

(A =[i,i,k], p = [i, k], i # k).

[S*: DM =

- O = O

2. Suppose char(F) = 3, and B is a weight 3 Rouquier block of H,,. Then

(A =[i,i], = [i])

(A =[i,i,i], p=1i])

(A =1[i,0,, p=1[i,i])

(A =[i,i,kl, p = [i, k], i # k).

[S*: DM =

S = O =

The proof of Proposition 3.1 is completely straightforward; note that to estimate the decomposition
number [S* : D*] using the Jantzen—Schaper formula, it suffices to calculate the decomposition numbers
[S” : DH] for those partitions v with u > v > A. If 4 = [i] and u = [i, i, {], then the only such v is [, ],
while if (4, 1) is any of the other pairs given above, then there is no such v. We leave the calculations to
the reader.
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It turns out that the non-zero entries in the adjustment matrices for weight 3 blocks ‘come from’ the
Rouquier blocks by induction. We shall make this precise shortly, but first we consider how induction
and restriction of simples in a [3 : k]-pair are related to adjustment matrices.

Suppose A and B are blocks of H,,_, and H,, forming a [3 : k]-pair, and recall the map @ defined in
Section 2.3.3.

Lemma 3.2. [5, Lemma 4.3] Suppose that A and B are as above. Suppose A, u are e-regular partitions
in B.

1. If D" is exceptional, then
Ay = D)D) = Ou-

2. If D' is non-exceptional, then
A = AD)D(w)-

Using Proposition 3.1 and Lemma 3.2, it is possible to calculate many entries in the adjustment
matrices of weight 3 blocks. We define a Scopes sequence to be a sequence By, ..., B, of weight 3
blocks such that for 1 < i < r, Bi—; and B; form a [3 : ;]-pair for some «;. If A is an e-regular partition
in By and A is an e-regular partition in B,, then we say that A induces semi-simply to A via By, ..., B, if
there are e-regular partitions 2 = 4@, AV, ..., A1?) = A lying in By, ..., B, respectively such that D" is
non-exceptional for the [3 : ;]-pair (B;_1, B;), and D19y = 24D for each i, where @ is the map defined
in Section 2.3.3 for this pair. If there is a similar sequence A = 17, ..., 1" = A such that ®(1?) = A2~D
for each i, and exactly one D" is exceptional, then we say that D* induces almost semi-simply to D?
via By, . .., B.. If 2 and A are e-regular partitions lying in weight 3 blocks B and C respectively, then we
say that A induces (almost) semi-simply to A if there is some Scopes sequence B = By, ..., B, = C such
that A induces (almost) semi-simply to A via By, . .., B,.

Now we can state our main theorem. Suppose A and u are e-regular partitions lying in a weight 3
block B of ‘H,,.

If char(F) = 2, we define a,, to equal 1 if the pair (4, u) satisfies one of the following conditions:

o there is a Rouquier block C and 2 < i < e such that A induces semi-simply or almost semi-simply
to [i, i, i]c, while ¢ induces semi-simply to [i]c;

o there is a Rouquier block C and 2 < i # k < e such that A induces semi-simply to [i, i, k]c, while
u induces semi-simply to [i, k]c.

If A and p do not satisfy either of the above conditions, then we set a,, = 0 4,.
If char(F) = 3, we define a,, to equal 1 if the pair (4, 1) satisfies one of the following conditions:

o there is a Rouquier block C and 2 < i < e such that A induces semi-simply to [i, i, i]c, while u
induces semi-simply to [i, i]c;

o there is a Rouquier block C and 2 < i < e such that A induces semi-simply to [i, {]c, while u
induces semi-simply to [i]c.

If A and p do not satisfy either of the above conditions, then we set a,,, = 0 ,4,.

Theorem 3.3. Suppose B is a weight 3 block of H,, and that A and u are e-regular partitions in B. Then
a/ly = fl,w.
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It will help with the proof of Theorem 3.3 (and it may also be more useful to the reader) to have a
more explicit description of those pairs (4, 1) satisfying a,, = 1. In fact, we give a complete descrip-
tion of partitions inducing semi-simply to any given e-regular partition in a Rouquier block, as well as
those inducing almost semi-simply to the partition [i, 7, i]. An explicit (induction-free) description of the
adjustment matrices for weight 3 blocks may be inferred from this.

Proposition 3.4. Suppose A is an e-regular partition lying in a block B, and that [*] is a symbol of
the form [i], [i, jl or [i, j,k] (2 < i < j < k). Then A induces semi-simply to the partition [*]c in
some Rouquier block C if and only if A, [*] and the pyramid for B satisfy one of the following sets of
conditions.

[*] A Conditions on pyramid for B
[i]s i2i+1
(] [i,i+1]p il i1, ilTi0
li,i+1,i+2]p i0i+2
i i] [i,i]p i1 1717
' [i,i,i+1]p i-11%0541
[, 0, ] [i,i,i]p i-12
li, /1B il ist, 2
[, /] li,i+1, ]l 0117
[i, ), j1B i-117j, 175, i+10;
[/, ilB 1717 4
[j, l] . [.]’.]]B i—1 1+j’ 10]1+]+1
[i,j,j+ 1B i1%051
j,j.j+ 1] i-11%5, 10,041
[i.i, ] [i,i, jlB i1 1417
T [ J» j1B i-12j, i0;
i, j.j] li, J, j1B 2, j-11%;
o [ J: j1B i-12j, ilj, j-1l;
[, j, kB 1717
. [i,k, klp 2 j-11%% Ok
Ui 7. K] Ui, Kls 1, 01
[k, k, k]p i-12% iles jo1les jOk
Moreover, if one of these sets of conditions holds, then for any Scopes sequence B = By, ..., B, with B,

a Rouquier block, A induces semi-simply to [*]p, via By, ..., By.

Proof. Given [«], let S[*] be the set of partitions A given in the table. For any weight 3 block B there is
a Scopes sequence B = By, ..., B, with B, a Rouquier block [3, Lemma 3.1], and so it suffices to prove
the following two statements.

1. If A is an e-regular partition lying in a Rouquier block B, then A € S[+] if and only if 1 = [*]p.

2. If A and B are weight 3 blocks forming a [3 : «]-pair and A is an e-regular partition lying in B,
then:

(a) if D'is non-exceptional for this pair, then A € S[+] if and only if ®(1) € S[*];
(b) if D' is exceptional for this pair, then ®(1) ¢ S[*].
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Part (1) is easy to verify, given the pyramid for a Rouquier block. Part (2) is straightforward (albeit
tedious) to check, given the descriptions of @ in 2.3. O

We need the corresponding result for ‘almost semi-simple’ induction of A to [i, i, i].

Proposition 3.5. Suppose A is an e-regular partition lying in a weight 3 block B of H,, and2 < i < e.
Then A induces almost semi-simply to the partition [i, i, i]c for some Rouquier block C if and only if A
and the pyramid for B satisfy one of the following conditions.

A Conditions on pyramid for B
[i—1] i-11is i-12i41
[[i—1,i+1] i-1Lis i-11is1
[i,i — 1] i-10i1%41
[[i-1,0i+1] i-10i0i11, i—11in1
[i,i+1,i+1] i~10i+1, 21741
Moreover, if A satisfies any of these conditions and B = By, ..., B, is a Scopes sequence with B, a

Rougquier block, then A induces almost semi-simply via this sequence to [i,1,i]p,.

Proof. This is proved similarly to Proposition 3.4. Let S be the set of partitions described. Then it
suffices to prove the following two statements.

1. & does not contain any partition lying in a Rouquier block.

2. If A and B are weight 3 blocks forming a [3 : k]-pair and A is an e-regular partition lying in B,
then:
(a) if D* is non-exceptional for this pair, then 1 € S & ®(1) € S;
(b) if D* is exceptional for this pair, then ®(1) € S if and only if A induces semi-simply to

[7, i, i]c for some Rouquier block C.

Again, (1) is easy, while (2) can be checked using the description of ® and that of the partitions inducing
semi-simply to [i, i, i]c listed in Proposition 3.4. m|

For the remainder of this section, we state some simple results about adjustment matrices which will
help us to prove Theorem 3.3, and we show that our main theorem is compatible with these.

Lemma 3.6. [5, Lemma 4.2] Suppose B is a block of H,, and that A and u are e-regular partitions in
B.

1. Ay = Axope.
2. Ifay #0, thenu = Aand 2°" = p°’.

The next result shows how certain entries in the adjustment matrix may be derived from the adjust-
ment matrices for blocks of weight less than 3. Suppose u is an e-regular partition lying in a weight 3
block B of H,. We say that u is lowerable if there is a block C of H,_; of weight 0, 1 or 2 such that
DB 0.

Proposition 3.7. Suppose A and u are e-regular partitions in a weight 3 block B of ‘H,,, and suppose C
is a block of Hy,—1 of weight 0, 1 or 2 with D"lgi 0.
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1. IfD/llg: 0, then ay, = 0.
2. If D’llgi 0, then there are e-regular partitions A~ and y~ in C such that
I B
D lo= D", D!\ = D"

and
a,lﬂ = ag—ﬂ—.

Proof. Given an abacus display for B, the abacus display for C is obtained by moving a bead from runner
Jj to runner i, where runner i lies immediately to the left of runner j. The fact that C has weight 0, 1 or 2
means that in the abacus display for B the number of beads on runner i is at least that on runner j. Using
Theorem 1.7, we find that the restriction of any simple module from B to C is either O or simple. So
certainly there is an e-regular partition u~ with Dﬂlgz DM, and either D’ligz 0 or there is an e-regular
A~ with DY} 8= D'". Moreover, D" is the only simple module in B which restricts to give D"

Let B® and C° be the blocks of He,y(S,) and He (S,-1) corresponding to B and C. Let D and E
be the decomposition matrices for B® and C?; let B and C be the adjustment matrices for B and C, so that
the decomposition matrices for B and C are DB and EC respectively.

Let S be the ‘Specht branching matrix’ for restriction from B to C: this has rows indexed by par-
titions in B and columns indexed by partitions in C, with the (4, v)-entry being the multiplicity of S
in the Specht filtration for S*|2 given by Theorem 1.6. Since the Branching Rule is independent of
characteristic, S is also the Specht branching matrix for restriction from B to C°. Let T be the ‘sim-
ple branching matrix’ for restriction from B to C: here the rows and columns are indexed by e-regular
partitions in B and C respectively, and the (u, £)-entry is the composition multiplicity [D# J,g: Df]. By
Theorem 1.7 the restriction of a simple module from B to C (or from B to C?) is either simple or zero,
and if it is non-zero it is described in a characteristic-free way, so T is also the simple branching matrix
for restriction from B° to C°.

By exactness of restriction from B to C, we get

DBT = SEC,
and by exactness of restriction from B to C° we get
DT = SE,

so that
DBT = DTC.

Since D has full column rank, we may cancel it to get
BT = TC.
We compare the (4, 4~ )-entries of both sides. We have
By = ) anD'IE: D 1= ay,

v
On the other hand, we have
(TOy = ) (D' D¥lag,
£
_ar DUE=DY £0)
0 (D' E=0).
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O

In order to use Lemma 3.2 and Lemma 3.6(2), we must show that they are compatible with Theorem
3.3.

Lemma 3.8. If A and u are e-regular partitions lying in a weight 3 block B of Hy, then Qo = Q.

Proof. This is certainly true if B is a Rouquier block, where the effect of the Mullineux map may be read
from [17, Proposition 3.3]. For an arbitrary weight 3 block B, take a Scopes sequence B = By, ..., B,

such that B, is Rouquier; then A and y induce semi-simply to partitions A and j via By, ..., B, if and
only if 2° and x° induce semi-simply to A° and ° via Bg, e Bg, by Lemma 2.5; a similar statement
applies for the case where A induces almost semi-simply to [i, i, ], . O

Proposition 3.9. Suppose A and B are blocks of H,—, and H,, forming a [3 : k]-pair, and that A and p
are e-regular partitions in B.

1. If D* is exceptional, then

Ay = Ap)D() = O

2. If DY is non-exceptional, then

Ay = Ao D)

Proof.
1. If A # pu and either @y, = 1 or dpyow) = 1, then it is easy to check, using the definition of @, and
Propositions 3.4 and 3.5, that D¥ cannot be an exceptional simple module for the pair (A, B).

2. By (1), we can assume that D* is non-exceptional. Then, by the last statement in Proposition 3.4,

we find that A and y induce semi-simply to given partitions [*]¢ and [{]¢ for some Rouquier block

C if and only if ®(1) and ®(u) do; a similar statement holds for the case where A induces almost
semi-simply to [i, i, i]c, using the last statement of Proposition 3.5.

m}

The following corollary follows immediately from Proposition 3.9 and Lemma 3.2, since Theorem
3.3 clearly holds for Rouquier blocks by Proposition 3.1.

Corollary 3.10. Suppose A and u are e-regular partitions lying in a block B of weight 3. If A induces
semi-simply to some partition lying in a Rouquier block, then Theorem 3.3 holds for the pair (4, ), i.e.
a/l,J = fl,ly.

Now we describe the strategy of our proof of Theorem 3.3, which is by induction on n. Suppose A
and p are e-regular partitions in a weight 3 block B of H,,, and there is a block A of H,_, forming a
[3 : k]-pair with B. If D* is non-exceptional or D is exceptional for this pair, then Theorem 3.3 holds
for the pair (4, i) by induction, Lemma 3.2 and Proposition 3.9. So we may assume that for every such
A, D' is exceptional and D* is non-exceptional for the pair (A, B). As D* cannot be exceptional for two
different such pairs, we may assume that there is at most one such A, and that we have x = 1 or 2. This
means that B is one of three types of block, which we deal with in the remaining three sections.
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4 The principal block of 7,

As an initial case for our inductive proof of Theorem 3.3, we consider the block B of H3, with core
@. This has a pyramid ( jax) with ;j0; whenever 1 < j < k < e, and may be represented on an abacus
with the (3¢) notation.

Note that every e-regular partition in B is lowerable. This enables us to calculate the adjustment
matrix for B using Proposition 3.7. In characteristic 3, we immediately deduce a,, = 04, for all e-
regular A and u in B, by Theorem 2.2(1). If char(F) = 2, we need to consider some weight 2 blocks of
Hi,—1. There are e — 1 of these, which we label By, ..., B,_;. The block B, has core (i, 1¢~!7%), and its
abacus display is obtained from that for B by moving a bead from runner i + 1 to runner i. Thus B; may
be represented with the (37!, 4, 2, 3¢7~1) notation for partitions of weight 2. The pyramid for B; has

j4k =

)0 (d<sj<k<ior2<j<k<e-lori+l<j<k<e)
1 (otherwise).

Looking at Theorem 2.2(2), we see that B; has a non-trivial adjustment matrix if and only if there is
some j with ;_;1;. This happens only fori =1, j=2andi=e—-1, j=e.

In By, we find that we have a,; = 1 with v # £ if and only if
[2,3] (e>3)

:2,2, =
ol {[2] (e=2).

To use Proposition 3.7 we need to find the e-regular partitions A and u in B such thatv =A"and ¢ = u~.
By Theorem 1.7, these are

[2,3,4] (e>5)
u=412,31  (e=3)

(2] (e =2).

[3,3,2] (e>3)
2,11 (e=2),

(Note that e cannot equal 4 (or indeed any even integer greater than 2) when char(F) = 2.) So we get
ayy, = 1 for this pair.
In B,_; we have a,¢ = 1 with v # £ if and only if

v =leel, & = [el,
giving
A=[e,e—1], u=[el.
Summarising, we have the following.
Proposition 4.1. Suppose B is the block of H, with core @, and A and u are e-regular partitions in B.
1. If char(F) = 2, then we have

1 (A=[e,e—1], p=Ie])

1 (1=103,3,2], u=1[23,4], e>5)
ar, =
IV 1=13,3,2), p=[2.3], e =3)

O (otherwise).

2. If char(F) = 3, then we have a,, = 0.

By checking the definition of a,, together with Propositions 3.4 and 3.5, we find that Theorem 3.3
holds for B.
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S Blocks with rectangular cores

In this section, we suppose that B is a weight 3 block of H,, and that there is exactly one block A
forming a [3 : x]-pair with B, with « = 1. This means that B has a core of the form (x*) for some x,z > 0
with x + z < e. We puty = e — x — z, and use the (3%, 4%, 3) notation for partitions in B. We can easily
calculate the pyramid for B: we have ;0;if I <i<j<x+yorx+1<i<j<e,while l;ifI<i<x
andx+y+1<j<e

By induction, Lemma 3.2 and Proposition 3.9, we can show that a,, = a,, for partitions A and u in
B unless D* is exceptional and D* is non-exceptional, for the [3 : 1]-pair (A, B). Thus we assume from
now on that D! is an exceptional partition, and hence A = [x+y+1,x+y+1]or [x+y+1,x+y+1,/] for
some [ # x, while D is a non-exceptional partition, and we aim to show a,, = a,, for these partitions.
Below we give the values of a,, for such A and p.

Lemma 5.1. Suppose B is as above, and that A and p are e-regular partitions in B with D* an exceptional
simple module and D* a non-exceptional simple module for the pair (A, B).

o [fchar(F) = 2, then

1 A=[x+2,x+3,x+3], u=[x+2,x+3],y=2,z=1)
Ay =31 A=[x+2,x+3,x+3, u=[x+2,x+3,x+4], y=2,z>2)

0 (otherwise).
e [fchar(F) = 3, then

A=x+1Lx+1, u=[x+1,y=0,z=1)

A=x+Lx+1L,x+2, u=[x+1,x+2],y=0, z=2)
a =
w A=[x+1,x+1,x+2], g=[x+1,x+2,x+3], y=0, 2> 3)

O = =

(otherwise).

5.1 The case where u is lowerable

First we suppose that u is lowerable. This means that we may calculate a,, using Proposition 3.7.
We suppose C is a block of H,,_; of weight 0, 1 or 2 such that D"lgi 0. If C has weight O or 1 or if
char(F) = 3 or if D’li,g= 0, then we get a,, = 0 from Proposition 3.7 and Theorem 2.2. So we suppose
that C has weight 2, that char(F) = 2 and that D*|2# 0. The fact that C has weight 2 means that the
abacus display for C is obtained from that for B by moving a bead from runner j to runner j — 1, where
j# Lx+1,x+y+ 1. The fact that D’llg;& 0 then implies that = [x + y+ 1,x + y + 1, j] and that

j#x,x+y+2. We then find that D'|B= DA, where

x+y+Lx+y+1] 2<j<x-1)
A={[x+y,x+yl (x+2<j<x+Yy)
[x+y+2,x+y+2] (x+y+3<j<e).

In order for a,, to be non-zero, A must be of the form [, i] with ;_;1; in C. Examining the pyramid for
C, we see that this happens if and only if y = 2 and j = x + y. In this case we get ay; = 1 only when
fg=[x+y,x+y+1],inwhichcasey =[x+y,x+y+1]ifz=1landu=[x+y,x+y+ 1, x+y+2]if
z > 2. Comparing this with Lemma 5.1, we see that a,, = a,, when y is lowerable.
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5.2 The case where u is not lowerable

In this section, we suppose u is not lowerable. A list of such y is given in Table 1. This is essentially
the same as Table 1 from [5], but contains nine extra cases which arise when e is less than 5. There are
fifty-nine cases in all, each of which is labelled with a pair of letters. With each u we give the partition
u°’, which depends on the values of x, y and z. The labelling reflects the Mullineux map, so that the
form of the partition ¢° may be found by interchanging the two letters and interchanging x and z.

Our approach for these partitions will be to induce the simple modules D* and D up to simple
modules D' and D* in a block C where we can easily calculate ay;. To aid us, we introduce some
notation for induction. Suppose v is an e-regular partition lying in a weight 3 block D, and take an
abacus display for D. Suppose the number of beads on runner i of the abacus exceeds the number of
beads on the runner to the immediate right by « > 1, and let D; be the block whose abacus is obtained
by interchanging runner i with the runner to its right. Then D and D; form a [3 : «]-pair. If D is non-
exceptional for this [3 : k]-pair, then define f;(v) to be the e-regular partition such that D” Tgi =~ (DNi0))ex!
and leave f;(v) undefined otherwise (so if f;(v) is defined, then ®(f;(v)) = v, where @ is the map defined
in Section 2.3.3).

Recall that we are seeking to calculate a,,, where A equals [x+y+1,x+y+1]or [x+y+1,x+y+1,[]
for some /, and where u is one of the partitions listed in Table 1. By Lemma 3.6(2), u > 1 is a necessary
condition for a,, # 0. This means that a,, = 0 whenever u is in any of the cases J., K., L., M., N,, since
for these cases there is no exceptional A with u > A. Checking with Lemma 5.1, we see that a,, = a,,
for these cases. By applying Lemma 3.6(1) and Lemma 3.8, we also deal with cases Ay, Ak, AL, AMm,
AN, CL, Cum, CnN, GM.

5.2.1 Inducing D" to a lowerable simple module

Consider the (partial) function § = fyyy+1fx+y+2 - - - fo. The effect of this is to move each of the runners
e,e—1,...,x+y+11in succession past runner x + 1 (if y > 0) or past runner 1 (if y = 0). It is easy to see
that f(1) is defined, and that if y is in one of the following cases, then f(u) is defined and is lowerable:

e case B.: [x+ 1, x+y+ 1] (withy>1, z=1),

e case E.: [1,x+y+ 1] (withx > 2, y =0),

e case F.: [I,x+y+ 1,x+ 1] (withy > 1),

e case Hu: [x+y+ Lx+y+2,x+ 1] (withy > 1, 7 > 2),
e case L.: [x+y+ 1,x+ 1, x+ 2] (withy > 2).

Let C be the block in which (1) and f(u) lie. In characteristic 3, it is then immediate that asf.) = 0;
if char(F) = 2, it is easy to check using Lemma 2.2(2) that a;()5) = 0. Hence we have a,, = 0. As an
example of the induction, we have f([1,x + 1, x +y + 1]) = [x + 1,1 | 3**!, 4%,3V"1]; we easily see that
this is lowerable from its abacus display:

x+y+1
x+2

P k+y

x+1



22

Matthew Fayers and Kai Meng Tan

o

u Conditions on x,y,z
Apxn  [x+y+1] x=1,y=0,z=1 [x,x,x]
Ag [x+y+1] x=1y=1,z=1 [x+y,x+y,x]
Ac [x+y+1] x=2,y=0,z=1  [x,x,x-1]
Ag  [x+y+1] y=0,z=2 [e, e, x]
Ag [x+y+1] x23,y=0,z=1  [x,x-1,x-2]
Ay [x+y+1] x22,y=1,z=1 [x+y,x,x—-1]
A [x+y+1] y=2,z=1 [x+y,x+y—1,x]
Ay [x+y+1] y=0,z>3 le,e,e —1]
Ax  [x+y+1] y21,z>3 [e,e—1,x+y]
AL [x+y+1] y=22,7z=2 [e,x+y,x+y—1]
Ay [x+y+1] y=23,z=1 [x+y,x+y—-1Lx+y-2]
ANy [x+y+1] y=1,2z=2 [e,e, x + Y]
By, [x+Lx+y+1] x=1y=1,2z=1 [x, x, x]
Bg [x+Lx+y+1] x=1,y=2,z=1 [x+y,x+y,x]
Be [x+1L,x+y+1] x=2,y=1,z=1 [x,x,x—1]
Bs [x+1L,x+y+1] xz23,y=1z=1 [xx-1,x-2]
By [x+Lx+y+1] x22,y=2,z=1 [x+y,x,x—-1]
B; [x+ 1, x+y+1] y=23,z=1 [x+y,x+y—1,x]
Cah [x+y+1,x+y+2] x=1,y=0,z=2 [xxx]
Csg [x+y+1,x+y+2] x=1,y=1,z=2 [x+y,x+y,x]
Cc [x+y+Lx+y+2] x=2,y=0,z=2 [x,x,x-1]
Cg [x+y+1,x+y+2] y=0,z>3 [e, e, x]
Ce [x+y+1,x+y+2] x23,y=0,z=2 [x,x—1,x-2]
Chy [x+y+1Lx+y+2] xz22,y=1,z=2 [x+y,x,x—1]
C [x+y+1Lx+y+2] y=2,z=2 [x+y,x+y—-1,x]
CL [x+y+1Lx+y+2] y=22,z23 [e,x+y,x+y—1]
Cv [x+y+Lx+y+2] y=23,z=2 [x+y,x+y—1,x+y-2]
Cn [x+y+1Lx+y+2] y=1,2>3 [e,e, x +y]
D [x+y+1,x+1] y=1 le,x +y, x]
Ex [Lix+y+1] x=2,y=0 [x, x, x]
Ec [Lix+y+1] xz23,y=0 [x,x,x—1]
Fpb [Lx+y+1,x+1] y=1 [x+y,x,x]
Gy [x+y+Lx+y+2,x+y+3] x=1,y=0,z>3 [x,x,x]
Gg [x+y+1Lx+y+2,x+y+3] x=1,y=1,z23 [x+y,x+yx]
Ge [x+y+Lx+y+2,x+y+3] x=2,y=0,z23 [x,x,x—-1]
G [x+y+1Lx+y+2,x+y+3] x>23,y=0,z>3 [x,x—-1,x-2]
Gy [x+y+Lx+y+2,x+y+3] x22,y=1,z23 [x+y,x,x—1]
G [x+y+Lx+y+2,x+y+3] y=2,z>3 [x+y,x+y—-1,x]
Gy [x+y+Lx+y+2,x+y+3] y=3,2z23 [x+y,x+y—-1Lx+y-2]
Ha [x+y+Lx+y+2,x+1] x=1y=1,2z>22 [xxx]
Hg [x+y+Lx+y+2,x+1] x=1,y=2,2>22 [x+y,x+y,x]
He [x+y+1Lx+y+2,x+1] x=2,y=1,z22 [x,x,x—1]
He [x+y+Lx+y+2,x+1] x23,y=1,2z22 [xx-1,x-2]
Hy [x+y+Lx+y+2,x+1] x22,y=2,z22 [x+y,xx-1]
H [x+y+Lx+y+2,x+1] y=3,z22 [x+y,x+y—-1,x]
Ia [x+y+1,x+1,x+2] x=1,y=2 [x, x, x]
Iz [x+y+1L,x+1,x+2] x=1,y>3 [x+y,x+y,x]
Ic [x+y+Lx+1,x+2] x=2,y=2 [x,x,x—1]
I [x+y+1L,x+1,x+2] x=23,y=2 [x,x—-1,x-2]
Iy [x+y+1L,x+1,x+2] x22,y23 [x+y,x,x-1]
Ja [1,2] x=23,y=0 [x, x, x]
Ky [1,2,x+1] x=z3,y>1 [x, x, x]
Ly [l,x+1,x+2] x=2,y>2 [x, x, x]
Le [Lx+1,x+2] xz23,y>2 [x,x,x—1]
My [x+1,x+2,x+3] x=1,y>3 [x, x, x]
Mc [x+1,x+2,x+ 3] x=2,y>3 [x, x,x—1]
Mg [x+1,x+2,x+3] x23,y>3 [x,x—1,x-2]
Na [Lx+1] x=2,y=1 [x, x, x]
Nc [Lx+1] x=z23,y=1 [x,x,x—1]

Table 1
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So we find that if u is in any of these cases, we have a,, = 0, which is equal to a,, by Lemma 5.1.
Applying the Mullineux map and using Lemma 3.6(1), we may also deal with cases Ag, Ag, Ay, Ay,
Cs, Cg, Cy, Gy, Dr, G, Gy, Gr.

5.2.2 Cases Gp, Gc and Gg

In these cases, we have y = 0,z > 3 and 4 = [x + 1,x + 2, x + 3]. Suppose a,, # 0. Then the
conditions u > A and 1°” > u°’ imply that A is one of the exceptional partitions

[x+1,x+1,x+3], [x+1,x+1,x+2], [x—Lx+1,x+1]Gfx = 2).

First we look at 4 = [x + 1, x + 1, x + 3]. We apply the partial function f = (Fy43fx4a - f.)**! to both
A and u. For y, it is easy to see that

(Fraz - fo) () = [x+ L x +2,x+ 3 3%, 572,47,

with abacus display

on <t —
+ + + +
e RR R R R
Applying (f,43 - - - fo) again, we find f(u) = [x + 1, x + 2 | 3%,4,572,4]:
— N e\
+ + +
—_ e R R ey R

For A, applying (T3 - - )" yields [x + 1, x + 1, x + 3 | 3%,5772,42]:

o<t S
+ + +
RR R R R

iE

Applying (fx+3 - - - fe) again yields f(4) = [x+ 1, x + 1 | 3%, 4 ,51‘2,4]:

o
+
= -

x+1
x+2

— e 2 BN
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A very simple application of the Jantzen—Schaper formula yields [ST®¥ : D] = 1, irrespective of
the underlying characteristic, which means that a;(1;) = 0, and so a,, = 0 by Lemma 3.2.

Next we look at 4 = [x + 1, x + 1, x + 2]. Using Proposition 3.4, we see that this partition induces
semi-simply to a partition in a Rouquier block (namely [x + 1, x + 1]), and so we may apply Corollary
3.10 to obtain a,, = aay.

Finally we assume x > 2 and look at A = [x — 1, x + 1, x + 1]. We apply the Mullineux map to A and
[ to get

. {[z+ l,z+2,2+3]3,4] (x>3)

F o+ 12+ 213,49 (x=2),
el ler 4334T (r23)
g+ 1,2+ 135,49 (x = 2).

The case x > 3 corresponds to a case which we have dealt with in this subsection, and for this we have
aeue = 0, which implies a,, = 0. In the case x = 2, a simple application of the Jantzen—Schaper formula
yields [S*" : D'] = 1 regardless of the underlying characteristic. So we have a aope = 0,and so ay, = 0.

Checking with Lemma 5.1, we see that a,, = a,, for cases Ga, Gc, Gg. By applying the Mullineux
map, we also deal with cases Ag, Cg.

5.2.3 Cases C, and C¢

In these cases we have x < 2,y =0,z = 2 and 4 = [x + 1,x + 2]. Suppose ay, # 0. Then the
conditions u > A and A°” > u°” imply that A is one of the partitions

[x+1,x+1], [x+1,x+1,x+2], [x=1,x+1,x+ 1] (if x = 2).

If A = [x+1, x+1], then a very simple application of the Jantzen—Schaper formula gives [S* : D#] = 1
independent of the characteristic, so that ay, = 0. If 4 = [x + 1, x + 1, x + 2], then by Proposition 3.4 we
find that A induces semi-simply to a partition lying a Rouquier block, and we may apply Corollary 3.10
to obtain ay, = ay,. If x =2 and A = [x — 1,x + 1, x + 1], then we apply the Mullineux map: we have
B! =B, pu° =pand A° = [x+ 1, x+ 1], which is the first case dealt with here. This gives ay, = a;o,c = 0.

Checking with Lemma 5.1, we see that a,, = a,, for cases Cx and Cc. By applying the Mullineux
map, we also deal with case Ac.

5.24 Case Ay

In this case we have x = 1,y =0,z = 1, u = [2] and A = [2,2]. We can easily apply the Jantzen—
Schaper formula to get [S* : D#] = 1 if char(F) = 3, and 0 otherwise. This shows that ay, = 0if
char(F) # 3, while a,,, = 1 for some u > v > A if char(F) = 3. The condition u > v > A forces 4 = v.
Checking with Lemma 5.1, we see that a,, = a,, for this final case too.

We have now dealt with all possible cases, and proved the following.

Proposition 5.2. Suppose that A and B are weight 3 blocks as above, and that Theorem 3.3 holds for A.
Then it holds for B.



Adjustment matrices for weight three blocks of Iwahori—Hecke algebras 25

6 Blocks with birectangular cores

In this section, we suppose B is a weight 3 block of H,,, and that there is exactly one block A
forming a [3 : 2]-pair with B, and no block forming a [3 : 1]-pair with B. Then B has a core of the form
(2w + x)%, w¥*2) for some w, x,y,z > 0 withw + x + y + 7 = e and w, z > 0. This may be represented on
an abacus with the (3", 5,4, 3*) notation. We have a,, = a,,, for all e-regular A and y in B by induction
using Lemma 3.2 and Proposition 3.9, except when D* is exceptional for the [3 : 2]-pair (A, B), i.e.
whend=[w+x+y+1l,w+x+y+1,w+x+y+1]3"%5%47 3*]. By Proposition 3.4, this A induces
semi-simply to a partition in a Rouquier block, so that we may apply Corollary 3.10. We deduce the
following.

Proposition 6.1. Suppose A and B are as above, and that Theorem 3.3 holds for A. Then it holds for B.
We conclude this paper with the proof of Theorem 3.3.

Proof of Theorem 3.3. We proceed by induction. Given a weight 3 block B, we suppose first of all that
there is no block A forming a [3 : k]-pair with B. Then B must be the principal block of H3, discussed
in Section 4, and the theorem holds for this block, from Section 4.

Now we suppose that there is at least one block A forming a [3 : «]-pair with B. If A is an e-regular
partition in B such that D* is non-exceptional for this [3 : «]-pair, then Theorem 3.3 holds for A (and
any p) by induction, using Lemma 3.2 and Proposition 3.9. In particular, if x > 3 (so that there are no
exceptional simple modules), then Theorem 3.3 holds for B by induction. Also, if there are two different
blocks A1, A, forming [3 : k]-pairs with B, then the theorem holds by induction, since there cannot be a
simple module in B which is exceptional for both of these pairs.

We are therefore left with the case where there is exactly one block forming a [3 : «]-pair with B,
and k < 2. If k = 1, then Theorem 3.3 holds for B by induction using Proposition 5.2, while if k = 2,
then the theorem holds using Proposition 6.1. O
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