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Abstract

We study the 0-Hecke algebra of an arbitrary finite Coxeter group, building on work
of Norton [9]. We examine the correspondence between injective and projective mod-
ules, extensions between simple modules and (in type A) the structure of induced simple
modules.

1 Introduction

Suppose that W is a Coxeter group, i.e. a group with a presentation of the form
W= <S1, ...,Sy | (SiS]-)m"i = 1>

for some integer 7 and some symmetric n by n matrix (m;;) with entries in N U {oo} with m;; = 1
and m;; > 1 fori # j. Given a field IF and an element g of IF, we define the Iwahori—Hecke algebra
7-{q(W) to be the associative algebra over IF with generators Sy, ..., S, and relations

512 = q + (q - 1)Sil
(SiSjSi- - Imy = (SiSiSj - Imy

for all i # j, where (aba...),, denotes an alternating product of m terms. The Iwahori-Hecke
algebra arises in the study of groups with (B, N)-pairs.

The algebra H,(W) has been studied extensively in the case where g is non-zero, especially
when W is of type A or B; in these cases, W,,(W) is cellular, and the representation theory is
correspondingly well understood; however, this theory breaks down in the case 4 = 0. In
[9], Norton studied the ‘0-Hecke algebra” H = Hy(W); she classified the irreducible modules,
decomposed the algebra into left ideals and described the Cartan invariants. In [2], Carter
studied H in type A, i.e. where W is a symmetric group; he gave the decomposition numbers
in this case. Krob and Thibon have also studied H in type A, giving a representation-theoretic
interpretation of non-commutative symmetric functions [8]; this builds on earlier work of
Duchamp, Krob, Leclerc and Thibon in [4]. Duchamp, Hivert and Thibon take this work
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further in [3], and that case prove some of the results in this paper. The author is grateful to
the referee for pointing this reference out. In this paper we study the representation theory
of H for W an arbitrary finite Coxeter group; we shall show that H is Frobenius, and classify
those W for which H is symmetric. We calculate Ext;{(M, N) for simple modules M and N,
and finally we provide a ‘branching rule” which describes (the submodule lattice of) a simple
module induced from a 0-Hecke algebra of type A,—1 to a 0-Hecke algebra of type A,,.

2 Background and notation

From now on, we fix an arbitrary field IF and an arbitrary finite Coxeter group W (with
presentation as above), and write H = Hy(W). We write [ for the length function on W (in
terms of the generators sy, ...,s,). Basic facts about H can be found in Chapter 1 of Mathas’s
book [6]. Essential facts about finite Coxeter groups can be found in [7]; in particular, we shall
use the Deletion and Exchange Conditions [7, §1.7] as well as the classification of finite Coxeter
groups (with the notation of [7]).

We make a slight change of notation for H, writing T; for —S;. This simply has the effect of
removing the minus signs from the presentation of H given above (and from most of the rest
of this paper). We have the following.

Theorem 2.1. [6, Lemma 1.12 & Theorem 1.13]
H has a basis {Ty, | w € W} with T, = T; and
Ts. I(sjw) > 1
T.T, = sw ([(siw) > L(w))
Tw  (I(siw) < I(w))
foralli=1,...,nandallw € W.

Theorem 2.2. [9, §3]
Given a subset | of {1,...,n}, let My be the H-module with basis {x} and H-action given by

Tix:{x (i€)
0 (i¢).

Then {M] | Jci1,..., n}} is a complete set of irreducible modules for H.

2.1 Finite Coxeter groups

Let W be a finite Coxeter group, and G the Coxeter graph of W. Since W is finite, it has a
unique longest element, which we denote wy. We shall use the following lemma repeatedly,
often without comment.

Lemma 2.3. [7, §1.8]
For any w € W, we have l(wwo) = l(wow) = l(wp) — l(w). In particular, wyg is an involution.

It wil be useful later to describe the automorphism of W induced by conjugation by wy. It
does not seem likely that the following result is new, though the author has been unable to find
it in the literature.
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Proposition 2.4. The conjugation action of wy on W is given by s; — s,(;), where o is the automorphism
of G which fixes each connected component of G set-wise, and which restricts to:

1. the identity on each component of type A1, By(n > 2), Doy(n > 2), Ey, Es, F4, H3, Hy or
L(2m)(1 < m);

2. the unique non-trivial automorphism of each other connected component of G.

In particular, wy is central in W if and only if every connected component of G is of one of the types
listed in (1).

Proof. We have

[(wosiwo) = l(wo) — (I(siwo))
= l(wo) — ((wo) — 1)
~1,

so that wos;wy = s4(;) for some o. 0 must be an automorphism of G (as a labelled graph), since
m;j is the multiplicative order of s;s;. Furthermore, since W is the direct product of the Coxeter
groups corresponding to the connected components of G, 0 must fix each connected component
set-wise. So we may assume that W is irreducible.

The cases listed are precisely those for which all the degrees of (the elementary invariant
polynomials of) W are even [7, §3.7]. In these cases, we have by [7, Corollary 3.19] that wo maps
to —Iin the standard reflection representation of W. Since this representation is faithful, wp must
be central. In the remaining cases, it is easy to find some s; with which wy does not commute.
Hence conjugation by wy induces a non-trivial automorphism of G; by checking the Coxeter
graphs in these cases, it may be verified that there is a unique non-trivial automorphism of G
in each case. m|

3 Automorphisms of H and duality

In this section, we describe some automorphisms and anti-automorphsisms of H, and
examine the induced self-equivalences of the module category of H. We begin with a lemma
which we shall use several times; it appears in the proof of [9, Lemma 4.3].

Lemma 3.1. For any i, j and any n > 1 we have
n=1
(T =T = )(Ti=1)...) = (O T D+ Y DT+ (TG ) + (1)
m=1

In particular, we have

((Ti = 1)(T; = (T - 1).... )m,-,- = ((Tj = )(Ti = 1(T; - 1)..)

m,']‘.
Proof. This is a simple induction on . m|

Proposition 3.2.
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o There is an automorphism 6 of H defined by
0:T,—1-T;
forall i.

o There is an automorphism ¢ of H defined by
¢ 2 Ti ¥ Towysiw,
forall i.
o There is an anti-automorphism x of H defined by
x:Tir—T;
forall i.
Furthermore, 0, ¢ and x commute and each has order 1 or 2.

Proof. It is trivial that 62, ¢ and x? are all the identity map, and in particular that 6, ¢ and x
are all invertible; it is also clear that they commute. It remains to verify the defining relations
of H, which is routine for ¢ and x. For 6, we have

1-T)y=1-2T;+T7 =1-T,
while the braid relations follow from Lemma 3.1. O

The involution 6 is also discussed in [8].
Now suppose M is an H-module. We define M to be the module with the same underlying
vector space as M, and with action
h-m=6(h)m

for h € H and m € M. We define M to be the module with the same underlying vector space as
M, and with action
h-m=¢h)m

for h € H and m € M. Then M — M and M +— M define self-equivalences of mod(H) of order
1or2.
We also define M° to be the module to be the vector space dual to M with H-action given
by
(- )(m) = fQc()m)

forh € H, f € M* and m € M. Finally, we define M° = (Z\’/\I)<> ~ M°. M — M° defines an
equivalence of categories mod(H) — (mod(H))°P.

The effect of these functors on simple modules is easily found. For | C {1, ..., n}, write ] for
its complement. Recall also the automorphism o of the Coxeter graph of W from Proposition
24.
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Proposition 3.3. We have

]W] = MT,
(M))° = Mj,
M] E(M])o = Ma(])-

It turns out that M° is a good definition of a ‘dual module’ to M; in particular, we shall see
that any projective module is self-dual with this definition, and that induction from type A,_;
to type A, preserves this notion of duality.

Proposition 3.4. Consider H as an H-module. Then

—

H=H=H =H =H.

Proof. The fact that 0 and ¢ are automorphisms implies that H = H = H and H° = H°, so
we need only show that H® = H. Let {f, | w € W} be the basis for H* dual to the the basis
{Tw | w € W} for H. Then Theorem 2.1 implies that

T,f, = fo+ fsw  (siw) > [w))
o (I(siw) < l(w)).

We shall find a basis for H which gives the same H-action. Given w € W, let s;, ...s; be any
reduced expression for w, and define

Xw = (Tsil - 1) R (Tsiy - 1).

As pointed out in the proof of [9, Lemma 4.3], X;, does not depend on the reduced expression
chosen: since any reduced expression for w can be transformed into any other by means of the
braid relations, we can apply Lemma 3.1. To show that {X, | w € W} is a basis for H, we prove
linear independence: if ) cw AwXw = 0, take w; of maximal length such that Ay, # 0. Then
when we express ). e AwXe in terms of the basis {T;}, we find that the coefficient of Ty, is
Aw,; contradiction.

It remains to prove that

X = {xw + Xew  ((siw) > W),
0 (I(siw) < L(w));

if I(s;w) > l(w), then s;s;, .. .s;, is a reduced expression for s;w, and so we have
Xsiw =(Ti - )Xy

as required. If I(s;w) < l(w), then by the Exchange Condition there is a reduced expression
s, ...s;, forwwith iy =1i. So
TiXu; = TZ(TZ - 1)Wsl-w = 0. O
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4 Injective and projective modules for H

Recall that an algebra A over [F if Frobenius if there is a linear map A : A — F whose kernel
contains no right or left ideal of A. If in addition we have

A(ab) = A(ba)
foralla,b € A, we say that A is symmetric.
Proposition 4.1. H is Frobenius.
Proof. Define A : H — F by mapping
1 (w=w
To = {0 Ew * wZ;.

We must show that for any 0 # h € H, there are j, k € H such that A(jh) and A(hk) are non-zero.
Express h in terms of the basis {T;}, and let w be an element of maximal length such that

Ty occurs with non-zero coefficient. Now define j = Ty, ,,1 and k = T,,1,,. We claim that

jTw = Tw, = Tyk, while A(jTy) = 0 = A(Tyk) for any x # w with I(x) < [(w), which is sufficient.
To prove the claim, we notice that for any x, y € W, T, T}, is of the form T, where I(z) < I(x)+1(y),
with equality if and only if I(xy) = I(x) + [(y) (in which case z = xy). O

Remark. Proposition 4.1 is proved in type A in [3].
‘H is not necessarily symmetric, but it is ‘quasi-symmetric” in the following sense.

Proposition 4.2. Let A : H — [F be as in the proof of Proposition 4.1. Then for any a and b in H we
have

A(ab) = A((b)a).

Proof. By linearity, it suffices to consider the case where a = T, and b = T, for w,x € W.
Fix w, and choose a reduced expression uy ...u,, where each u; equals some s;. Say that a
sub-expression u, ...uj, (where 1 < j; <--- < j; <7)is good if

e it is a reduced expression, and
e for any i,k such that ji_; <i < ji, we have
Wuj, o ooujug) > Wuj, . .oug, ).
Lemma 4.3. Ty Ty equals Ty, if and only if x = uj, ... uj wo for some good sub-expression uj, ...u;, of
uj ... U
Proof. First suppose that u;, ...uj, is good. Since uj, ... u;, is reduced, we have
Iuj_, - ujy) <luj,...uj),

so that
T, T

u]-k ujkl...ujlwo - u/'kujk—]“'ujlwo.
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For jx_1 <i < jr, we have l(uu;,_, ... uj) > l(uj,_, ...uj), so that
TuiTujk71-~~Mj1WO = T”jk,y"“jle'
Hence if x = u;, ... u; wp we have
TwTy = Tu1 ce. TurTujt...uth = Two-

Conversely, suppose that
Two = Twa = Tlll .« TllyTx-

Let j; <--- < j; be those values of j for which
TuTupy - Tu,Tx # Tuppy - T, T

Then we have T, T, = Tu].1 ... T”jt T, = Tujl.uujtwO/ so that x = uj, ...uj wo; the fact that u;, ...uj, is
good follows from the definition of ji, ..., j;. O

Now we show that the ‘good” condition is a red herring.

Lemma 4.4. The set of elements of W equal to uj, ... u;, for a good sub-expression uj, ...u;j, of uy...u,
equals the set of elements of W equal to uj, ...u;, for any sub-expression uj, ...uj, of uy ... u.

Proof. Given a sub-expression uj, ...uj, which is not good, we shall transform it into a good
sub-expression without changing the element of W it represents. We proceed by induction on
t, and for fixed t, we proceed by reverse induction on j; +--- + j;.

First suppose u, ...u;, is not reduced. Then by the Deletion Condition, we may delete two
entries in this subexpression without changing the element of W it represents. We are then
done by induction on ¢.

Now suppose u;, ...u;, is reduced but not good. Then there exist k, i such that jr_; <i < ji
and

l(ujl e u]'kflui) < Z(u]-] e u]'kfl).

By the Exchange Condition, there is some ¢ < k — 1 such that
Ll]'l ce ﬁ]\c cen u]-k_lui = u]-l ce Mjk—l‘

Hence

ujl .. .M]'t = ujl .. .ujc e ujk_luiujk . u]‘t,
so we may replace u;, with ; in our sub-expression, and we are done by induction on ji +--- +

Jt- O

We conclude that T, Ty equals Ty, if and only if x = uj, ... u;;wy for some sub-expression
uj, ...uj, of uy...u,. Similarly, we find that ¢(T)T,, equals Ty, if and only if

¢(TX) = Twoujf...uh

for some sub-expression u;, ... uj,. But ¢(Tx) = Twyxw,, and so ¢(Tx) Ty equals Ty, if and only if
TTy does. O
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Now we discuss the consequences for injective and projective modules. Given an H-module
M, let P(M) and I(M) denote its projective cover and injective hull, respectively.

Proposition 4.5. H is self-injective, with
P(My) = I(Mj)

forall ] € {1,...,n}. Hence P° = P for any projective H-module P. H is symmetric if and only if each
connected component of G is of one of the types listed in Proposition 2.4.

Proof. Since H is Frobenius, it is self-injective [1, Proposition 1.6.2]. Hence P = P(M)) is
isomorphic to the injective hull of some simple module. Let e be an idempotent such that
P(Mj) = He (Norton [9] describes such an idempotent explicitly). Then H¢(e) = P= P(Z\//I\]).
Also, soc(P)e is a left ideal in H and so there is some x € soc(P) such that

0 # A(xe) = A(P(e)x),

SO
0 # ¢(e) soc(P) = Homw(ﬁ, soc(P)),

and we must have soc(P) = Z\//I\]

Since H° = H and P(Mj) = I (M;’), we find that any projective module is self-dual. Propo-
sition 4.2 says that H is symmetric when ¢ is the identity; on the other hand, for a symmetric
algebra, P(S) = I(S) for a simple module S, so H is not symmetric when ¢ is not the identity. O

Remark. The correspondence between injective and projective modules also follows (once we
have self-injectivity) from [9, Lemma 4.23], in which the socle of each indecomposable left ideal
of H is found explicitly.

5 Extensions of simple modules

In this section, we calculate the space Ext;{(M, N) for simple H-modules M and N. Since
all simple H-modules are one-dimensional, the easiest way to do this is simply to classify
two-dimensional modules. This gives the following result (which is also proved, in type A, in

[3]).

Theorem 5.1. Suppose |, K C {1,...,n}. Then dimp Ext;_[(M],MK) is 1if
o neither of | and K is contained in the other, and
e forany j€ ]\ Kandk € K\ ], we have mj. > 3,

and O otherwise.

Proof. Suppose we have a two-dimensional module M which is an extension of M by Mg. Let
{e2} be a basis for a submodule isomorphic to Mk, and extend to a basis {e, e2} for M. If we let
Ji = 1(i € ]) and K; = 1(i € K), then T; acts on M by the matrix

(i O
Ai_(ﬂi Ki)
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for some a;. We must check the defining relations of H.

The fact that T; is idempotent simply means that a; = 0 whenever J; = K;. Now we check
the braid relations

(AjAKA; . .. )mjk = (ArAjAx ... )mjk'
if either J; = K; or Ji = K then one of Aj, A is either 0 or the identity matrix, and the braid
relation is immediate. In the case where | i=Jk=1K;=K,=0,we have

(AJAA; .. ) = A

for any m > 0, so we must have a; = a;. Similarly if J; = J; = 0, K; = Ky = 1, we have a; = a;. If
Ji = Kk =1, Kj = Jx = 0, then we have

(AjAkAj .. )m =0
for all m > 2, while

0 0

(m=2)

(AAjAk - Im = [aj + 0]
0 (m > 3).

We conclude that M affords a representation of H if and only if there exist a, b € IF such that
each A; is one of the matrices

A O O e

and such thata + b = 0 if there exist j € [ \ K, k € K'\ ] such that m = 2.
If a+b = 0, then these four matrices can be simultaneously conjugated to diagonal matrices,
and so M is a split extension. If a + b # 0, then the extension is non-split. But simultaneous

2) takes the pair (g, b) to the pair (da+c, db—c), and so all non-split

extensions are isomorphic. The result follows. m|

1
conjugation by the matrix (c

Remark. Theorem 5.1 affords a slightly quicker classification of the blocks of H in the case where
W is irreducible than in [9, Theorem 5.2]. Given a proper non-empty subset | of {1,...,n}, we
wish to show that M lies in the same block of H as M;j;; we do this by exhibiting a sequence
] =Jo, Ji,-.., ]y = {1} of subsets with Ext;{(M]i_l,M]i) # 0 for all i. By Theorem 5.1, we can
construct J; from J;_1 by replacing j € J;_; with some k ¢ J;_; which is adjacent to j in the
Coxeter graph, or by replacing j, j* € J;-1 with some k ¢ J;_; which is adjacent to both j and ;'
in the Coxeter graph. Since the Coxeter graph is connected, it is easily seen that we can get to
Jr = {1} in this way.
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6 Branching of induced representations in type A

In this section, we specialise to 0-Hecke algebras of type A. Let H, denote the 0-Hecke
algebra for the Coxeter group of type A,, with generators sy, ..., s, and

_[3 Gi-=1)
mij = .
2 (li=jl>1).

By Proposition 2.4, the automorphism ¢ is given by T; = T, 41—;.
‘H,,—1 is naturally a subalgebra of H,,, and H, is free as an H,_;-module. Given a simple
module M for H,,_1, we wish to study the structure of the induced module

IndZ:q M;=H, Qx, , Mj.

We shall show that this module is multiplicity-free and describe its composition factors and
submodule lattice.

In [8, §5], the induction of simple and projective modules from H,_; to H,, is discussed;
the authors of that paper look at the more general situation Hy(S,—n X Sp) < Ho(S,), and
describe the composition factors of an induced simple module, via quasi-symmetric functions.
In fact, they consider the filtration on an induced simple module which arises from the length
filtration on Hy(S,), and give a ‘graded characteristic’ which decribes the composition factors
of the layers of this filtration. But they do not describe in full the submodule lattice of an
induced simple module, which is our task.

Given a multiplicity-free module M (or indeed any module whose submodule lattice is
distributive), we may encode its submodule lattice simply by imposing a partial order on the
set of composition factors: for composition factors S, T, we write S >y T if every submodule
of M with S as a composition factor also has T as a composition factor. Equivalently, we
may simply write down the poset of those submodules of M with simple cosocles, ordered by
inclusion, and label each such submodule by the isomorphism class of its cosocle.

We make a slight change of notation for simple modules: given | C {1,...,n}, we write
Ji = 1if i € | and 0 otherwise, as before. Then we write

M] = M(]ll---r]n)'

Now for | C {1,...,n — 1} we examine the structure of M = Indz?{["_1 M;j. It is easy to find a
filtration of M by simple modules. If {x} is a basis for M, then let

x; =1®x,
Xp-1 = Tn®x/

Xn-2 = Tn—l Tn ®dx,

xo=T1T>... T, ®x.
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Proposition 6.1. {xo, ..., x,} is a basis for M. Moreover, fori =0, ...,n, the subspace

M; ={xop,...,x;)

is a submodule of M, and we have

M?l/Mi’l—l = M(]ll e /]n—l/ O)/
My-1/My—2 = M(J1, ..., Jn-2,0,1),
MH—2/M1’1—3 = M(]l/ cecy ]I/l—3/ O/ 1/ ]11—1)/

MZ/Ml = M(]llol 1/]3/'”/]11—1)/
Ml/MO = M(O/ 1/]2/---/]11—1)/
My = M(lrjlr .- -]n—l)'

In particular, M is multiplicity-free.

Proof. Given1 <i<nand0 < j<n, wehave

Jixj  (i<j)

Ty = )51 (i=1))
i X; (i=j+1)
]i_lx]- (l > ] + 1)

So x, ..., x, certainly span M. The fact that M; is a submodule can also be seen from this action,
as can the eigenvalues of Ty, ..., T, on the quotients M;/M;_;. These quotients are then seen to
be non-isomorphic: if

M(]l/--'/]i—llollr]i+1/--'/]f’l) = M(]lr'"/]j—1/0/1/]j+1/"'/]1’l)

with i < j, then we have
1=Jim1=Jiz=-=]j2=]Jj-1=0

So M is multiplicity-free, and has n + 1 composition factors. So dimp M > n +1, and {xo, ..., X}
is a basis. O

Remark. The action of T; on M given in the above proof shows that M is a combinatorial module,
as defined in [3, §2.2].

We impose a total order on the composition factors of M according to this filtration:

M(]l,...,]n,O) > M(]l/---r]n—llof]-) > > M(OI]-/]Z/---r]n—l) > M(]-/]Z/---/]n—l)'

Then the partial order >, which encodes the submodule lattice of M is a sub-partial order of
>. Our main result is as follows.

Theorem 6.2. Suppose My and M, are composition factors of M. Then Mg >m My if and only if
Mk > My, and neither of K, L is contained in the other.
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The proof is slightly complicated. First we show that induction is well-behaved with respect
to the functors N — N and N — N°.

Lemma 6.3. Let N be any H,,—_1-module. Then IndZ”_1 N = IndZ” 1 N.

Proof. Indw” B N is spanned by elements

T]'+1T]'+2 LT, ®m
for m € N. Likewise, Ind;f;” N is spanned by elements
n—-1

1- T]'+1)(1 - T]'+2) L.(1-T)) ®@m.

We define a map Indzzil N — Indg” N via

n-1

T]+]T]+2 e Tn mr— (1 - T]+1)(1 - T]+2) . o (1 - Tn) ®m

for all j and all m € N. The fact that 0 is an automorphism of H shows that this is a module
isomorphism. |

Lemma 6.4. Let N be any H,,—_1-module. Then Indﬂ”i N° = (Ind%”il N)°.

7

Proof. Let {e1,...,¢,} and {e1, ..., €} be dual bases for N and N°, so that if (, ) is the bilinear
form given by (e;, €;) = 6;j, then
(Tim, uy = (m, Ty—iju)

for all m € N, u € N°. Then we claim that

is a basis for Ind (Z”i N; this follows as in the proof of Proposition 6.1. Similarly,

{(1=-Tjy1)...A-Ty)®e |0<j<n1<k<r}

. . qg .
is a basis for IndZ” N°. Hence so is
n—1

{(Tis1—1)...(Th - )®e |0<j<n1<k<r
Now we make these bases dual in such a way as to respect the H,,-action: let (, ) be the bilinear

form given by
(Tis1--- Ty ®eg, (Tsy1 = 1) ... (T — 1) ® €1) = Oxt0(n—s)-
Then we claim
(Tim, w) = (m, Typ41-ilt)
forallm € Indg” N, pu € Indﬂ" N°, which is what we want. The claim follows by explicitly
considering the action of T;on these basis elements. Specifically, we have

Tis1... Ty ® Tiex (i<j)
TiTis1... Th®e (=)
Tiv1-.- Ty ®e (i=j+1)
Tis1.. . Tu®Tige (i>j+1).
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and
(Tin = 1)...(Tn — 1) ® Tieg (i<j)
Ti-1)..(T, -1 Tisi—1)...(Tw -1 =]
Tt -1 (s - Doe = | T Do T = DO+ T =D (T = Doe (=)
(i=j+1)
(T]'+1 -1)..(T, - 1)®Ti_1€ (i>j+1)
the claim may now be checked. |

Proof of Theorem 6.2. We proceed by induction on 7; small cases may be easily checked, so
assume now that n > 4. The inductive step is based on the following.

Claim. Given the inductive hypothesis, M has a submodule M~ such that

hd M/M_ = M(]l/ .. -/]n—ll]- - ]n—l);

e For any composition factors Mg, My of M~, we have Mk >y~ My if and only if
Mg > M} and neither of K, L is contained in the other.

Proof. By Lemma 6.3, we may assume that J,_; = 1. Then we may put M~ = M,,_; as
defined in Proposition 6.1. By the module action given in the proof of Proposition 6.1,
M~ is isomorphic as an H,,_;-module to Indz:: M(J1,...,Jn—2), while T,, acts on M~ as
the identity. Hence by induction we know the submodule lattice of M~; since n € K for
all composition factors Mg of M~, we have K C L if and only if K\ {n} C L\ {n}, and the
result follows. O

By taking dual modules and using Lemma 6.4 (or simply by a similar argument to that used
to justify the above claim), we deduce the following.

Claim. Given the inductive hypothesis, M has a submodule S isomorphic to M(1 —
Ji,Ji,-- ., Ja-1), and for any two composition factors Mk, M;, of M/S we have Mg >p/s Mt
if and only if Mg > M| and neither of K, L is contained in the other.

This is almost enough to determine the submodule lattice of M: given composition factors
Mk > M, we now know whether Mg >y Mp, except in the case

Mg =M/M™ =M(J1,...,Jn-1,1 = Ju-1), ML =S=MA-J1,J1,---,Ju-1)-
But we claim that there is a composition factor My of M~/S such that
M(J1, . T, 1= Ju) >M MN > M =1, J1, .-, Juc1); (*)

this will then imply that M(Jy, ..., Ju-1,1 = Ju=1) >mM M(1 = J1, 1, ..., Ju-1), and the theorem will
be proved.
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By Proposition 6.1, the composition factors of M~ /S are

M(]l/ [ l]n—Z/ O/ ]n—l)/
M(]l/ cecy ]n—3r 0/ l/ ]1”1—1)/
M(]l/ sy ]n—401 1, ]n—Zr ]n—l)r

M(]l/]Z/ O/ 1/ ]4/ ce /]n—l)/
M(]l/ 0/ 1/]3/ .. -/]71—1)/
M(]l/ 1/ ]2/ e /]11—1)'
So suppose My = M(J1,...,Ji-1,0,1, Jiz1,..., Ju-1) for some 2 < i < n — 2, and that (+) does

nothold, i.e.oneof N € K, N 2 K, N C L or N 2 L holds. These four possibilities are equivalent
to

1. 1<)is1 <Jira <.oo < Jpm1 <1=Juo1,

2. i=0and Jiy1 2 Ji2 2 ... 2 Ju-1 21—y,
3. Ji=land i1 < Jia<...<1<1-]y,

4. 02Jiaz]inz...2N121-]1,

respectively. Neither (1) nor (4) can happen, so we have either

Ji=0Jimn==Jha=1

or
Ji=Li=--=]i1=0.

If there is no N such that (x) holds, then this is true for all 2 < i < n — 2. This then implies that
for some 1 <i<n—2wehave

Ji=oo=fi=0, Juwr=r=fia=1

But then we take My = M(J4, ..., Jui-2,0, J.—1), and we are done. O

7 Further questions

Further questions about 0-Hecke algebras present themselves. Firstly, it would be nice to
extend the results of Section 6, and find the structure of an induced simple module in types B
and D, or more generally for any embedding of a Coxeter group of rank n—1 in a Coxeter group
of rank n. Calculation of small cases in type B shows that we cannot hope that induced simple
modules will be multiplicity-free in general, but it does seem plausible that the submodule
lattice of an induced simple module is always distributive.

Another natural question is to ask what the centre of H is. It is easy enough to write down
a condition in terms of length for a given element of H to be central, but this does not seem

easy to apply.
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Finally, one would like to know more about the structure of projective modules. It is
tempting to wonder whether a result analogous to Martin’s conjecture [5] for representations
of symmetric groups holds for 0-Hecke algebras: recall that a module is stable if its radical
filtration coincides with its socle filtration. In an earlier version of this paper, we conjectured
that every indecomposable projective module for a 0-Hecke algebra is stable, and we are
grateful to Maud de Visscher for pointing out that this conjecture fails for the Coxeter group of
type As. So we make a different conjecture.

Conjecture 7.1. Suppose W is a finite Coxeter group. Then every indecomposable projective module
for Ho(W) is stable if and only if every irreducible component of W is of rank less than or equal to 3 or
of type Dy. Furthermore, if W is irreducible of rank at most 3 or type Dy, then every indecomposable
projective module in the non-trivial block of Ho(W) has Loewy length h — 1, where h is the Coxeter
number of W.

It is easy to calculate from Theorem 5.1 that every irreducible component of W is of rank at
most 3 or of type Dy if and only if the ordinary quiver of Hy(W) is bipartite, and this provides
a further link with Martin’s conjecture. It would be routine but tedious to check the the second
part of the conjecture, and we have not done this in detail.
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