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In this paper, M, (R) denotes the ring of n X n matrices over a ring R.
In any question, you may freely use the Coset Lemma: if L is a subgroup of an
abelian group M and a,b € M, thena+ L =b+Lifand onlyifa—b € L.

Question 1

(a) Give the definition of a ring, and an ideal. [You may assume that the definition of
an abelian group is understood.] [5]

Now suppose R is a ring and [ is an ideal in R.

(b) Define the quotient ring R/I. [You do not have to prove that R/I is a ring, but you
should show that any operations you introduce are well-defined.] [4]

(c) Suppose M is a simple R/I-module. Prove that M is a simple R-module with
the R-action rm = (r + )m forr € R, m € M. [5]

(d) Now suppose Mis an R-module. What additional condition is needed in order
to be able to make M into an R/I-module? [2]

(e) If M is an R-module, prove that the set

Ann(M) = {r €e R | rm =0 for all m € M}

is an ideal in R. [4]
(f) Now let
rR=1(* Y| avezz
=1lo 4l % .
Write down six different ideals in R. [You do not need to prove anything.] [5]
Question 2

(a) Give the definitions of a simple module, a semisimple module and a semisimple
ring. [You may assume that the terms ring and module are understood.] [5]

(b) State Wedderburn’s Theorem on semisimple rings. [4]

(c) Suppose M is an abelian group and N, P, K are subgroups such that NN P =0
and N N (P + K) # 0. Prove that (N + P) N K # 0. [2]

(d) Provethatif Misasemisimple R-moduleand N < M, then there is asubmodule
P < M such that M = N @ P. [If you use Zorn’s Lemma, you need not go into full
detail about chain-completeness.] [8]

(e) LetIbe the ideal in IR[X] consisting of all polynomials divisible by X2, and let
R = R[X]/I. Is R a semisimple ring? Justify your answer. [6]
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Question 3 Let R be a ring. In this question, you may assume that a left ideal I of R

is maximal if and only if gR/I is a simple R-module.

(a) Give the definition of the Jacobson radical J(R).

(b) Suppose r is an element of R such that 1 — ar has a left inverse for every a € R.

Prove that r lies in J(R).

(c) Prove thatif R is artinian, then J(R) can be written as the intersection of a finite
collection of maximal left ideals of R. [You may assume that artinian modules

satisfy the minimal condition on submodules.]

(d) Suppose n is a positive integer. Describe (with proof) all the left ideals of

Z/nZ.

(e) Draw a diagram of all the left ideals of Z /487, showing which left ideals

contain which others.

(f) Hence find J(Z./48Z).

Question 4

(a) Suppose R is a ring and r € R. Define what is meant by a left inverse for r in R.

(b) Show thatif every non-zero element of R has a left inverse, then every non-zero

element has a unique right inverse.

(c) Give an example of a ring R and an element r € R such that r has a left inverse

but not a right inverse. Briefly justify your answer.
Now suppose R is a division ring and r € R.
(d) Define what is meant by the centraliser Z(r).

(e) Prove that Z(r) is a subring of R, and is a division ring.

Now let R = R?, with the usual addition of vectors, and with multiplication defined

by
a) ey ac
b] “\d) \ad +bc)
[You may assume that R is a ring.]
(f) What is the identity element of R?

(g) Which elements of R have inverses? Justify your answer

(h) Prove that the set of non-invertible elements is an ideal in R.
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Question 5 Suppose R is a ring.

(a) Define what is meant by a central idempotent in R. Define what it means for
two central idempotents to be orthogonal. Define what it means for a central
idempotent to be primitive.

(b) Suppose e € R is a central idempotent other than 0 or 1. Show that there are
two non-zero ideals I, ] of Rsuch that[+ J=Rand IN ] =0.

(c) Find (with proof) all the central idempotents in M>(Z/6Z).
Now suppose (M;)ie; is a family of R-modules.
(d) Define what is meant by a coproduct of this family with canonical injections ;.

(e) Using only the definition of a coproduct, prove that the canonical injections
are injective.

Question 6
(a) State and prove one of the three Isomorphism Theorems for modules.

(b) What does it mean to say that a module is noetherian? What is meant by a
composition series of length r for a module? What does it mean to say that two
composition series are equivalent?

(c) For each of the following cases, write down either

e an infinite ascending chain of submodules of M,
e an infinite descending chain of submodules of M, or

e a composition series for M.
[You do not need to prove anything.]
(i) R =C[X], M = gR.
(i) R=2Z,M = Z7/8Z.
(ili) R=2Z, M = {Zi an eZ}/Z.
(iv) R = My(Z), M = gR.

oe(f

on vectors).

a€R, bce C}, M = C? (with the usual action of matrices

End of Paper

© Queen Mary, University of London (2011)



