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Throughout this paper, R denotes a ring and all modules are left modules unless otherwise
stated.

1. (a) Given a family (M;);c; of R-modules, explain how the direct product [[,., M;
and the direct sum €p,_; M; are defined. State and prove the universal property
of the direct product.

(b) Let My, My be submodules of an R-module M such that M = M; + M,. Prove
that
MMy 0 M 25 (M/M,) @& (M/Ms).

(c) Given an R-homomorphism ¢ : A — B, where A and B are R-modules, and an
R-module X, explain how ¢, : Hompg(X, A) — Hompg(X, B) is defined.
Give an example to show that, if ¢ is surjective, ¢, need not be surjective.

2. Explain what is meant by a projective R-module. Prove the following.

(a) Free R-modules are projective.
(b) A direct summand of a projective module is projective.

(c) An R-module P is projective if and only if it is a direct summand of a free R-
module.

(d) If e € R satisfies €* = e, then Re is a projective submodule of rR.

(e) Show that, if M is a non-zero submodule of a free R-module, then there is a
non-zero R-homomorphism M — gR.

3. (a) Define an injective R-module. Show that if (Q;);es is a family of injective R-
modules, then [] @; is injective.
i€l
(b) For any ring R and Z-module J, explain how Homy(R,.J) is made into an R-
module. Prove that, if M is an R-module, M is isomorphic to an R-submodule
of Homyz(R, J) for some divisible Z-module J. (You may assume any Z-module
is a submodule of a divisible Z-module.)

(c) Is it true that a submodule of an injective module is injective? Give brief justifi-
cation for your answer.

(d) Let n be a non-negative integer. If n > 1, find a Z-homomorphism from Z to Q/Z
with kernel nZ. Deduce that there is a non-zero Z-homomorphism from Z/nZ to
Q/Z for all n # 1 (including n = 0).

[Next question overleaf]
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4. Given a right R-module M and a left R-module N, define the tensor product M @z N
and give (without proof) a construction of it.

Give proofs of the following.

(a)
(b)

If M is a right R-module, N is an (R, S)-bimodule and L is a left S module,
where S is any ring, then (M ®r N) ®g L is isomorphic to M ®@r (N ®g L).

If R is commutative and M, N are R-modules, then M ®p N is isomorphic to
N ®gr M.

Show that Q ®z (Q/Z) = {0}. Hence, or otherwise, show that Q ®; Q = Q. (You may
assume Q is a flat Z-module, and that Q ®z Z = Q.)

5. (a)

(b)
()

()

6. (a)

Prove the Correspondence Theorem for R-modules, that is, prove that if ¢ :
M — K is an R-homomorphism, there is a 1-1 correspondence from the set of
submodules of My to the set of submodules of M containing ker(y), given by
L — Lo~ (You need not prove that if L <g My then Ly~ < M, nor that an
R-homomorphism maps submodules to submodules.)

If M is a Noetherian R-module and ¢ : M — K is an R-homomorphism, prove
that M is Noetherian.

If p: R — S is a ring homomorphism, explain briefly how an S-module M can
be made into an R-module. Assume ¢ is surjective. Show that, if R is a left
Noetherian ring, then S is left Noetherian.

Give an example to show that a submodule of a finitely generated module need
not be finitely generated.

If M is an R-module, explain how Endg(M) can be made into a ring. Prove that

R is isomorphic to Endg(rR) as rings.

Explain what is meant by a simple module. If M is a simple R-module, prove

that Endg(M) is a division ring.

Define the centre Z(R) of a ring R, and show that it is a subring of R. If R is a

division ring, prove that Z(R) is a field. If R = [] R; is a product of rings, show
iel

that Z(R) = [[,c; Z(R;).

State the Artin-Wedderburn Theorem. If R is a semisimple ring, prove that Z(R)

is a finite direct product of fields. (You may assume Z(R"*") = Z(R) for any
ring R.)

[End of examination paper]



