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Question 1 Suppose A is an alphabet.
(a) Define what is meant by:

e a word of length n over A;

the Hamming space A",

a code of length n over A;

the distance between two words of length n over A;

the minimum distance of a code. [[711

Solution: [Bookwork] A word of length 7 is a string of n symbols from A.
The Hamming space A" is the set of all words of length n over A. A code
of length n is a subset of A”. The distance between two words v = vy ...V,
andw = wy...w,is

[{i | vi # will.

The minimum distance of a code C is
min{d(v,w) | v,w € C, v # w}.

[Marking: start with 7, and lose up to two marks for inaccuracy in each
definition, down to a minimum of 0.]

(b) Suppose C is a code of length n over A, and ¢ > 0. What does it mean to say that C is
t-error-correcting? [[31]

Solution: [Bookwork] C is t-error-correcting if there do not exist v,w € C
and x € A" with v # w, such that d(v, x) < t and d(w, x) < 1.

(c) Prove that if d(C) > 2t, then C is t-error-correcting. (You may assume the triangle
inequality.) (41

Solution: [Bookwork] We prove the contrapositive: suppose C is not z-
error-correcting, and take v, w, x as above. Then by the triangle inequality
we have

dv,w) <dWv,x)+dw,x) <t+t=2t

with v,w € C and v # w, so that d(C) < 2t.

(d) Suppose x is a word of length n over A, and ¢ > 0. What is meant by the sphere
S(x,1)? [[2]]
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Solution: [Bookwork] S(x,¢) is the set of all words y € A” such that
d(x,y) <t

(e) If A is a g-ary alphabet, how many words does S (x, ¢) contain? (You do not need to
justify your answer.) [[21]

Solution: [Bookwork]

IS (el = > (g - 1)”(’:).
i=0

(f) State the Hamming bound. ([2]1]

Solution: [Bookwork] If |A] = ¢ and C is a t-error-correcting code of
length n over A, then

o<—9
Xiolq = 1(})

(g) Suppose A = {0,1,2}, and that C is a code of length 11 over A which is 2-error-
correcting. Prove that C contains at most 3¢ words. [[5]1]

Solution: [Unseen] Applying the Hamming bound, we have

311

(5)+2(¥)+2(2)

ICl <

The denominator equals
1+2x11+4%x55=243 =3,

and so
311 p

Question 2 (a) Suppose C is a code of length n over an alphabet A. Explain what is
meant by a nearest-neighbour decoding process for C. (411
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Solution: [Bookwork] If C € A", a nearest-neighbour decoding process
is a function f : A" — C such that

dw, f(v)) <dv,w)

forallve A" and w € C.
[Marking: 2 if they define a d.p., 2 more for the nearest-neighbour prop-
erty.]

(b) Suppose A is the binary alphabet {0, 1}, and C is the code
{0000,0110, 1011, 1101}.

Construct a nearest-neighbour decoding process for C. [[611

Solution: [Similar to coursework]

0000 — 0000
0001 — 0000
0010 — 0110 (could instead be 0000)
0011 — 1011
0100 — 0110 (could instead be 0000)
0101 — 1101
0110 - 0110
0111 — 0110
1000 — 0000
1001 — 1011 (could instead be 1101)
1010 — 1011
1011 — 1011
1100 - 1101
1101 — 1101
1110 = 0110
1111 — 1011 (could instead be 1101).

(c) Suppose we send the word 1101 along a binary symmetric channel with symbol error
probability %. For your chosen decoding process for C, calculate the word error
probability for this word. [[51]

Solution: [Similar to coursework] Let’s calculate the probability that 1101
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is decoded correctly. This is the probability that it maps to one of 0101,
1100 or 1101, which is

i><2><2><2+2><2><2><i+2><2><2><2—08019
100710710710 10710710710 10710710710 ’
So the w.e.p.is 1 — 0.8019 = 0.1981.

(Of course, cunning candidates will shorten the calculation by choosing
their d.p. to map as few words to 1101 as possible.)

Now suppose C is a 1-error-correcting code of length 10 over the alphabet A = {0, 1},
and f is a nearest-neighbour decoding process for C.

(d) Prove that for every ve Cand w € A0 such that d(v, w) = 1, we must have f(w) = v. [[3]]

Solution: [Unseen] By the error-correcting property, there is no x € C
other than v such that d(x,w) < 1. So v is the (unique) nearest neighbour
to w, and hence f(w) = v.

(e) Given v € C, how many words w € A0 are there such that d(v, w) = 1?2 [rn

Solution: [Unseen] 10. (I'm happy with just the answer.)

(f) Now suppose words are transmitted along a channel with symbol error probability %
and decoded using f. Prove that the word error probability for any word in C is less

than 0
1-(=] .
10
Solution: [Unseen] By part (d), the probability that a word v gets decoded

correctly is at least the probability when it gets transmitted, no more than
one symbol is changed. This is

10 9
9 1(9
(the first term for the probability that v is transmitted faithfully, and the

second term for each of the ten words at distance 1). So the w.e.p. is at
most 1 minus this, i.e.

[[6]]
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Question 3 [In this question, you may assume standard terminology and results from linear
algebra.]

Suppose A is a finite field, and C is a linear [n, k]-code over A.

(a) Suppose G is a generator matrix for C, and w € A". Prove that w € C* if and only if
Gw! = 0. (71

Solution: [Bookwork] Writing g;; for the entry in the ith row and jth col-
umn of G, we have

(Gw); = gitw1 + -+ + + ginWy,
=gw,

where g’ denotes the ith row of G. Hence Gw = 0 if and only if g'.w = 0
for all i.

If w € C*, then we have v.w = 0 for all v € C. In particular, since each g’
lies in C, we have g'.w = 0 for all i, so that Gw = 0.

Conversely, suppose that g'.w = 0 for all i. Given any vinC, we can write
v:/llgl +---+/lkgk
where Ay, ..., Ax € A, because gl, e, gk span C. Hence

VAT (/llg1 +- 4+ /lkgk).w

= Al(gl.w) + -0+ /lk(gk.w)

=4.0+ -+ 4.0
=0.
Sow € C*t.
(b) Deduce that C* is a linear code, and find its dimension. [[51]

Solution: [Bookwork] The map @ : w — Gw is a linear map from A" to
AX, and by part (a) C* is its kernel. The kernel of a linear map is a sub-
space of its domain, so C* is a subspace of A", i.e. a linear code. The rank
of a is the rank of G; the rows of G are linearly independent, so the rank
is the number of rows, i.e. k. The dimension of A" is n. Hence by the
Rank—Nullity Theorem, the dimension of C* is the nullity of @, which is n
minus the rank of @, i.e. n — k.
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Now suppose n > 2 and A = F, = {0, 1}, and define the parity-check code
C={veIF§| Vi +---+v,,:0}.

(c) What is the dimension of C? Justify your answer. [[41]

Solution: [Similar to coursework]

The dimension is n — 1. To see this, we find a basis. Let ey, ..., e, be the
standard basis of A", and letV' = ¢; +¢,,fori=1,...,n—1.
vl,...,v"! are linearly independent Suppose ai,...,a,_; € A are such
that
av' + -+ a, V" = 0.
Then
aje1+ -+ ag1e,-1 + (@ +---+a,_1)e, =0.
The linear independence of ey, ..., e, then guarantees thata; = --- =
a,_1 =0.
vl,...,v"span C Given v € C, we claim that

v=vpvl v, L

The left-hand side equals
viep + -+ vpey,
while the right-hand side equals
vier+ -+ vp_ten—1 + (Vi + -+ v_)en.

Butv;+---+v,=0,andsovy +---+v,—1 = —v, = v,, and so the two
sides are equal. So we can express any v € C as a linear combination
of vi,... vl

1

Sov!,...,v"! form a basis, so the dimension is 7 — 1.

(d) What is the minimum distance of C? Justify your answer. [[31]

Solution: [Similar to coursework] The minimum distance is 2:

C contains two words v, w with d(v,w) = 2 For example, 000...0and 110...0.
C does not contain two words v, w with d(v,w) = 1 Suppose it does. Then
there is some i such that v; = w; for all j # i, while v; = w; + 1. But
then
O=vi+---+v,
=wi+-Fwi Wi+ D+wir + o+ wy,
=wi+--+w)+1
=1,

a contradiction.
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(e) For which values of 7 is it true that C 2 C*? Justify your anwer. [[61]

Solution: [Unseen] Answer: even values of n. We claim that
Ct=1{00...0,11...1}.

If we have a word w with w; = 0 and w; = 1 for some i, j, then w.(e; +e;) #
0; since e;+e; € C, this means that w ¢ C+. Onthe otherhand 00...0 € C*
since v.00...0 =0 forany v,and 11...1 € C*, since

vil...1=vi+---+v,=0

forv e C.

So C 2 C*if and only if both 00...0and 11...1 liein C. 00...0 clearly
lies in C, while 11...1 lies in C if and only if

0=1+1+---+1=n (mod 2);

this is true if and only if » is even.

Question 4 Suppose A is a finite field, C is a linear code of length n over A, and H is a
parity-check matrix for C.

(a) Given a word w € A", how can you use H to test whether w € C? [[21]

Solution: [Bookwork] w € C if and only if Hw = 0. (n.b. I'm quite casual
about whether elements of A" are considered as row vectors or column
vectors. The candidates may write wH' = 0 here.)

(b) Suppose C is the linear code over F3 with parity-check matrix
1 1 1 1
11 2 2)

Write down a non-zero word in C. [[21]

Solution: [Unseen] 0012. (Use test in part (a).)
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(c) Suppose 0 < d < n. Give (with proof) a condition on the columns of H that guarantees
that C has minimum distance at least d. (You may assume a relationship between the
minimum distance of a linear code and the weights of its words.) [[711

Solution: [Bookwork] The condition is that any d—1 columns of H should
be linearly independent over A. To prove this, we prove the contrapositive,
supposing that C has minimum distance less than d. Since the minimum
distance of C equals the smallest weight of any non-zero word in C, we
can find a non-zero word w € C such that w has weight less than d. By
the previous part we have Hw = (. Since w has weight less than d, we can
findl1 <iy<---<ig_1 <nsuchthatw; =0fori ¢ {i1,...,iz_1}. Now the
condition Hw = 0 means that

Wi Cip ot Wi Ciy = 0,

where ¢; denotes the ith column of H. Since w is non-zero, the coefficients
Wi, ..., W;, , are not all zero, and so we have a linear dependence between
d — 1 columns of H.

Now suppose g is a prime power, and r > 0.

(d) Explain how to construct a parity-check matrix for an [n, n —r, 3]-code over IF,, where

_q -1
=T
Illustrate by giving a parity-check matrix for a [6, 4, 3]-code over Fs. [[711

Solution: We define an equivalence relation on the set of non-zero words
in A" by saying that x = y if x = Ay for some non-zero 4 € A. We con-
struct a parity-check matrix by taking one vector from each equivalence
class, and using these as the columns. For the given example, we want
r = 2, and we take equivalence class representatives

HEHHGHEIG)

giving a parity-check matrix
1 012 3 4
o1 11 1 1)

[Marking: 4 for construction, 3 for example.]

(e) Explain how to construct a parity-check matrix fora [¢g+ 1, + 1 —r, r + 1]-code over
[F,. Ilustrate by giving a parity-check matrix for a [6, 3, 4]-code over Fs. [[711
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Solution: Write the elements of F, as aj,...,a,. Now construct the
parity-check matrix
1 1 0
ai a; 0
2 2
aj a 0
r—1 r—1
a, ag 1

For the given example, we get

111110
01 2 3 4 0].
01 4 41

[Marking: 4 for construction, 3 for example.]

—

Question 5 In this question, we work with the binary alphabet A = {0, 1}.

(a) Suppose n > 0. Give (with proof) the value of Ay(n, n). [[5]]

Solution: [Bookwork] A,(n,n) = 2. First consider the repetition code
{00...0,11...1}.

This has two words at distance n, so is a binary (n, 2, n)-code, so Ax(n,n) >
n. To show that A,(n, n) < 2, suppose for a contradiction that we can find
an (n, M,n)-code C with M > 3. Take three distinct words v,w, x € C.
Then two of them, say v, w, must have the same last symbol (because there
are only two symbols in the alphabet). But then d(v,w) < n —1: d(v,w) is
the number of values of i such that v; # w;, and since v,, = w,, there are
at most n — 1 values of i such that v; # w;. This contradicts the fact that C
has minimum distance at least 7, so no such C exists. So A,(n,n) < 2, and
hence Ay(n,n) = 2.

[Marking: 3 for each part.]

(b) Suppose n,d > 1, and C is a binary (n, M, d)-code. Explain how to construct a binary
(n—1,M,d — 1)-code. (You do not need to prove that your construction works.) [[31]

Solution: [Bookwork] Delete the last symbol from each word in the code,
and take the resulting set of words of length n — 1.
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(c) Deduce that for n,d > 1,
Ay(n—1,d—-1) > Ax(n,d).

[(31]

Solution: [Bookwork] Taking an (n, M, d)-code C with M = A,(n, d), we
obtain an (n — 1, M, d — 1)-code. Hence

A(n—-1,d-1)>2 M = Ax(n,d).

(d) Find (with proof) two integers n,d > 0 such that A,(n,d) < 2n=d+1 " (You may use a
theorem from lectures, as long as you state it accurately.) [[6]1]

Solution: [Unseen] We quote half of the Plotkin bound: if n,d > 0 with d
even and 2d > n, then

d
< .
Asr(n,d) 2{2d—nJ

Putting n = 5, d = 4, we obtain

Ax(5,4) <2

4
_| = 2 25—4+1‘
3J <

Now suppose C is a binary code containing M words of length n, with minimum distance d.
Let C? be the code of length 21 obtained by joining together all pairs of words in C.

(For example, if
C = {000,001, 110},

then

C? = {000000,000001,000110,001000,001001,001110, 110000, 110001, 110110}.)

() What is the minimum distance of C2? [[21]

Solution: [Unseen] d: two different words in C2 have either the first half
or the second half different, so have either at least d differences among the
first n places, or at least d differences among the last n places. So the min-
imum distance is at least d. To show that the minimum distance is at most
d, we take two words v,w € C at distance d; then the words vv and vw in
C? are at distance d.

(f) How many words does C* contain? ([2]]
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Solution: [Unseen] M?. Can choose the first half of a word in M ways,
and the second half in M ways.

(g) What inequality can you deduce involving A>(2n, d)? [[41]

Solution: [Unseen]
Ar(2n,d) > Ax(n,d)*.

(For parts (e,f,g) you are not required to explain your answers.)

Question 6 Suppose A is a finite field.

(a) Suppose C and D are linear codes of length n over A. Explain what it means to say
that C and D are equivalent as linear codes. L[511

Solution: [Bookwork] C and D are equivalent if we can get from C to D
by a sequence of the following operations:

Operation 1 Choose a permutation o of {1,...,n}, and for each w =
wi...w, € A" define

Wo = Wo(l) - - - Won)-

Now replace C with
Cor={vs|lveC}h

Operation 2’ Choose i € {1,...,n} and a € A \ {0}, and for each w
wi...w, € A" define

Wai = Wi ... Wi1(@wjwisg ... wy.

Now replace C with
Ca,i = {Va,i |vecC)

(b) What is meant by the weight of a word in A"? [[21]

Solution: [Bookwork] The weight of a word is the number of non-zero
symbols in that word.
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(c) Prove that if two linear codes are equivalent, then they have the same number of words
of weight w, for each w. [[81]

Solution: [Similar to coursework] Let v € A", and let o be a permutation
of {1,...,n}. Then v, has the same weight as v, because v, contains the
same symbols as v (in a different order), and hence has the same number
of non-zero symbols. So if C is a linear code of length n over A, then for
each w the map v — v, is a bijection between the set of words in C with
weight w and the set of words in C, with weight w. So if we can get from
one code to another using Operation 1, then the two codes have the same
number of words of weight w, for each w.

Now letv e A", i e {l,...,n}anda € A\ {0}, and let u = v,;. Then we
claim that for each j we claim that u; # 0 iff v; # 0. For j # i this is clear,
since v; = u;. For j = i we have u; = av;, soif v; = O then u; = a.0 = 0,
while if u; = 0 thenv; =a™1.0 = 0.

Hence the number of non-zero symbols in u is the same in v as in u. So
for a linear code C, the map v — v,; gives a bijection between the set of
words in C with weight w and the set of words in C,; with weight w. So
if we can get from one linear code to another using Operation 2’, then the
two codes have the same number of words of weight w, for each w.

So if we can get from one linear code to another using Operations 1 and 2°,
then the two codes have the same number of words of weight w, for each
w.

Suppose A = Fs, and let C be the linear code
{0000,0111,0222,2100,2211,2022, 1200, 1011, 1122}.

(d) Find a linear code which is equivalent to C and contains the word 1120. (You do not
have to show your working, but doing so may help you to gain marks if you make
arithmetical errors.) [[41]

Solution: [Unseen] Apply Operation 1, with o being the transposition
(24), to get

{0000,0111,0222,2001,2112,2220, 1002, 1110, 1221}.
Now apply Operation 2’, with i = 3 and a = 2, to get

{0000, 0121,0212,2001, 2122,2210, 1002, 1120, 1211}.

(e) Find a linear [4, 2, 2]-code D which is not equivalent to C. Explain briefly why C and
P are not equivalent. [[6]]
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Solution: [Unseen] For example
D ={0000,0011,0022,1100,1111,1122,2200,2211,2222}.

To see inequivalence: C contains words of weight 3 but D does not, so by
part (c) C and D cannot be equivalent.

[Marking: 4 for getting a correct code with no explanation, 2 for explana-
tion. ]

Question 7 Suppose A is a finite field, and C is a linear code of length n over A.

(a) Define the terms coset and coset leader, and describe how to construct a Slepian array
for C. [[71]

Solution: [Bookwork] If C is a linear [n, k]-code over A, a coset of C is a
set of the form
w+C={w+v|veC}

for w € A". A leader for a coset is an element of minimal weight in that
coset. To construct a Slepian array:
e choose a leader in each coset;

o in the first row of the array, write the words in C, with the word 00...0
at the left, and the remaining words in any order;

e in the first column write the chosen coset leaders, with 00...0 of the
coset C at the top, and the remaining coset leaders in any order;

o for the entry in row i and column j, we put the word which equals
the coset leader at the start of row i plus the codeword at the top of
column j.

[Marking: 2 for defining a coset, 1 for a leader, 4 for a Slepian array.]

(b) Suppose A = F3, and
C =1{000,011,022,102,110, 121,201,212, 220}.

Construct a Slepian array for C. (You do not have to explain your working, but doing
so may help you to gain marks if you make arithmetical errors.) [[41]

Solution: [Similar to coursework]

000 011 022 102 110 121 201 212 220
001 012 020 100 111 122 202 210 221
002 010 021 101 112 120 200 211 222
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(c) Explain what is meant by:

e the dual code C*;
e a parity-check matrix for C;

e the syndrome of a word w € A",

[[4]1]

Solution: [Bookwork] Define the scalar product . : A" X A" — A by

n

yw = Z Viw;.

i=1

Define C*+ = {w € A" | v.w = 0 for all v € C}. A parity-check matrix for C
is a generator matrix for C*, that is, a matrix whose rows form a basis of
C*. If H is a parity-check matrix for C and w is a word in A", the syndrome
of w is the word wH™.

(d) Define a syndrome look-up table, and explain how it is used to construct a nearest-
neighbour decoding process for C. [[511

Solution: [Bookwork] A syndrome look-up table has two columns; in the
first column there are coset leaders, one from each coset. In the second
column, next to the coset leader w we write the syndrome of w. Given a
syndrome look-up table, we form a decoding process f : A" — C as fol-
lows. Given a word w € A", calculate its syndrome. Find this syndrome
in the look-up table, and let v be the coset leader with the same syndrome.
Set f(w) =w—v.

[Marking: 3 for a syndrome look-up table, 2 for the decoding process.]

(e) Suppose A = 3, and
D ={0000,1011,2022,0121,1102,2110, 0212, 1220, 2201}.

Write down a generator matrix and a parity-check matrix for O, and construct a syn-
drome look-up table for D. [[51

(You do not have to explain your method, but doing so may help you to gain marks if
you make arithmetical errors.)
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Solution: [Unseen] {1011,0121} is a basis for D, so D has a generator

matrix
1 01 1
o1 2 1)

Using the standard-form trick, D has a parity-check matrix
21 10
2 2 0 1)

D has a syndrome look-up table

0000 00
0001 01
0002 02
0010 10
0020 20 .
0100 12
0200 21
1000 22
2000 11

[Marking: 2 for the parity-check matrix, 3 for the syndrome table.]

End of Paper
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