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Abstract

The group PSL(2,q) is 3-homogeneous on the projective line when ¢ is a prime
power congruent to 3 modulo 4 and therefore it can be used to construct 3-designs.
In this paper, we determine all 3-designs admitting PSL(2, ¢) with block size not

congruent to 0 and 1 modulo p where ¢ = p™.
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1 Introduction

The group PSL(2, q) is 3-homogeneous on the projective line when ¢ is a prime
power congruent to 3 modulo 4. Therefore, a set of k-subsets of the projective
line is the block set of a 3-(¢ + 1, k, A) design admitting PSL(2, q) for some
A if and only if it is a union of orbits of PSL(2, q). This simple observation
has led different authors to use this group for constructing 3-designs, see for
example [1-3,6,8-10]. All 3-designs with block sizes 4, 5, and 6 admitting
PSL(2, ¢) as an automorphism group were completely determined [2,10]. Other
authors have also obtained partial results for a variety of values of block size.
In this paper, we investigate the existence of 3-designs with block size not
congruent to 0 and 1 modulo p (¢ = p") with automorphism group PSL(2, q).
In particular, when ¢ is prime, we give a complete solution. We hope to settle
the general problem in a forthcoming paper.
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2 Notation and Preliminaries

Let ¢, k,v, and X be integers such that 0 < ¢t < k < v and A > 0. Let X be
a v-set and Py (X) denote the set of all k-subsets of X. A t-(v,k, \) design
is a pair D = (X, D) in which D is a collection of elements of P,(X) (called
blocks) such that every t-subset of X appears in exactly A blocks. If D has
no repeated blocks, then it is called simple. Here we are concerned only with
simple designs. It is well known that a set of necessary conditions for the
existence of a t-(v, k, \) design is

. b
A(v l) =0 (mod ( Z)), (1)

t—1 t—1
for 0 < i < t. An automorphism of D is a permutation ¢ on X such that

o(B) € D for each B € D. An automorphism group of D is a group whose
elements are automorphisms of D.

Let G be a finite group acting on X. For x € X, the orbit of x is G(x) =
{gz| g € G} and the stabilizer of x is G, = {g € G| gr = z}. It is well known
that |G| = |G(x)||G|. Orbits of size |G| are called regular and the others are
called non-regular. If there is an x € X such that G(z) = X, then G is called
transitive. The action of G on X induces a natural action on Py (X). If this
latter action is transitive, then G is called k-homogeneous.

Let g be a prime power and let X = GF(q)U{oc}. Then the set of all mappings

' ar +b
Ity d
on X such that a, b, c,d € GF(q), ad—bc is a nonzero square and g(oo) = a/c,
g(—d/c) = 0 if ¢ # 0, and g(o0) = oo if ¢ = 0, is a group under composition
of mappings called projective special linear group and is denoted by PSL(2, q).
It is well known that PSL(2, ¢) is 3-homogeneous if and only if ¢ = 3 (mod 4).
Note that | PSL(2,q)| = (¢* — ¢)/2. Throughout this paper, we let ¢ be
a power of a prime p and congruent to 3 (mod 4). Since PSL(2, ¢) is 3-
homogeneous, a set of k-subsets is a 3-(¢ + 1, k, A) design admitting PSL(2, q)
as an automorphism group if and only if it is a union of orbits of PSL(2, ¢) on
Pi(X). Thus, for constructing designs with block size k admitting PSL(2, q),
we need to determine the sizes of orbits in the action of PSL(2, ¢) on Py(X).

Let H < PSL(2,q) and let define

fx(H) := the number of k-subsets fixed by H,
grx(H) := the number of k-subsets with the stabilizer group H.



Then we have

fd )= > g(U). (2)

H<U<PSL(2,9)

We are mostly interested in finding gx which help us directly to obtain the
sizes of orbits. It is a fairly simple task to find f; and then to use it to compute
gr- By Mobius inversion applied to (2), we have

gk<H) - Z fk(U):u(H7 U)v (3)

H<U<PSL(2,9)
where p is the Mébius function of the subgroup lattice of PSL(2, q).
For any subgroup H of PSL(2, ¢) we need to carry out the following:

(i) Find the sizes of orbits from the action of H on the projective line and then
compute fi(H).
(ii) Calculate u(H,U) for any overgroup U of H and then compute gx(H) using

(3).

Note that if H and H' are conjugate, then fy(H) = fi(H') and gr(H) =

In Section 4, we determine the action of subgroups of PSL(2,¢) on the pro-
jective line. Section 5 is devoted to the Mobius function on the subgroup
lattices of subgroups of PSL(2,q). We will compute f;, and g in Sections 6
and 7, respectively and then will use the results to find new 3-designs with
automorphism group PSL(2,¢) in Section 8.

The following useful lemma is trivial by (1).

Lemma 1 Let B be a k-subset of the projective line, and let G be its stabilizer
group under the action of PSL(2,q). Then |G| divides 3(’;)

3 The subgroups of PSL(2,q)

The subgroups of PSL(2, q) are well known and given in [4,7]. In the following
theorems and lemmas we present a brief account on the structure of elements
and subgroups of PSL(2, ¢). These information will be used in the subsequent
sections.

Theorem 2 [4,7] Let g be a nontrivial element in PSL(2,q) of order d and
with [ fixed points. Then d = p and f = 1, d|% and f =0, or 0l|q%1 and
f=2.



Theorem 3 [4,7] The subgroups of PSL(2,q) are as follows.

(i) q(q F1)/2 cyclic subgroups of order d where al|qjt1
(i) q(¢®> — 1)/(4d) dihedral subgroups of order 2d where d|=* and d > 2 and
q(q* — 1)/24 subgroups D,.
(iii) q(q® —1)/24 subgroups As.
(iv) q(¢* —1)/24 subgroups S; when ¢ =7 (mod 8).
2 —1)/60 subgroups As when ¢ = +1 (mod 10).

(vi) p*(p*™ —1)/(p™(p*™ — 1)) subgroups PSL(2,p™) where m|n.
(vii) The elementary Abelian group of order p™ for m < n.
(viii) A semidirect product of the elementary Abelian group of order p™ and the
cyclic group of order d where d|%%~ L and d|p™ —

)
iv)
(v) alg
) 7
1)
)

In this paper we are specially interested in the subgroups (i)-(v) in Theorem
3. Note that isomorphic subgroups of PSL(2, q) of types (i)—(v) in Theorem 3
are conjugate in PGL(2,¢). Now since PSL(2,¢) is normal in PGL(2, q), for
any subgroup of PSL(2,¢) of types (i)-(v) one can easily find the number of
overgroups which are of these types using Theorem 3. We have the following
lemmas.

Lemma 4 Cy has a unique subgroup C; for any I > 1 and l|d. The nontrivial
subgroups of the dihedral group Doy are as follows: d/l subgroups Doy for any
l|d and 1 > 1, a unique subgroup C; for any l|d and | > 2, d subgroups Cy if d
1s odd and d+ 1 subgroups Cs otherwise. Moreover Doy has a normal subgroup
Cs if and only if d is even.

Lemma 5 The conjugacy classes of nontrivial subgroups of Ay, Sy, and As
are as follows.

group Cy Cy Cs Cy Cs Dy Dy D Dsg Dy Ay

Ay 3 4 1
Sa 3 6 4 3 1 3 4 3 1

As 15 10 6 5 10 6 5

Lemma 6 Let [|£ and f|ZL.

(i) Any Cy is contained in a unique Cg.
(i) If d > 2, then any Cyq is contained in (¢ £1)/(2ld) subgroups Dayyq.
(iii) Any Cy is contained in (q + 1)/4 subgroups Dy, (¢ + 1)/2 subgroups Doy if
f>1isodd, and (¢ + 1)(f +1)/(2f) subgroups Doy if f is even.
(iv) If d > 2, then any Dy is contained in a unique Dayg.
(v) Any Dy is contained in 3 subgroups Doy for f > 2 even.



Lemma 7(i) Any Cy is contained in (q+1)/2 subgroups Sy as a subgroup Cy

of Sy with 6 conjugates (see Lemma 5) when ¢ =7 (mod 8).

(i1) Any Cy is contained in (q + 1)/2 subgroups As when ¢ = £1 (mod 10).

(ili) Let 3|*. Then any Cs is contained in (q £ 1)/3 subgroups A4, (¢ £1)/3
subgroups Sy when ¢ =7 (mod 8), and (q£1)/3 subgroups As when ¢ = +1
(mod 10).

(iv) Any Ay is contained in a unique Sy when ¢ = 7 (mod 8) and 2 subgroups
As when ¢ = +1 (mod 10).

Lemma 8(i) Any Dy is contained in a unique Ay and if ¢ =7 (mod 8), then
it 1s in a unique Sy in which it is normal.
(ii) Any Dg is contained in 2 subgroups Sy when ¢ =7 (mod 8) and 2 subgroups
As when ¢ = +1 (mod 10).
(iii) Any Dg is contained in 2 subgroups S4 when ¢ =7 (mod 8).
(iv) Any Dyg is contained in 2 subgroups As when ¢ = £1 (mod 10).

4 The action of subgroups on the projective line

In this section we determine the sizes of orbits from the action of subgroups
of PSL(2, ¢) on the projective line. Here, the main tool is the following obser-
vation: If H < K < PSL(2,q), then any orbit of K is a union of orbits of H.
In the following lemmas we suppose that H is a subgroup of PSL(2, ¢) and N,
denotes the number of orbits of size [.

Lemma 9 Let H be the cyclic group of order d. Then

(i) if d|Z2, then Ny = (¢ +1)/d,
(i) if d|%5*, then Ny =2 and Ny = (¢ —1)/d.

PROOF. This is trivial by Theorem 2.

Lemma 10 Let H be the dihedral group of order 2d. Then

(i) if d|Z2, then Nag = (¢ +1)/(2d),
(ii) if d|%5*, then Ny =1 and Nog = (¢ — 1)/(2d).

PROOF. (i) H has a cycle subgroup of order d and therefore by Lemma 9,
its orbit sizes are multiples of d. Since H has at least d elements of order 2
which are fixed point free, it does not have orbits of size d. Therefore all orbits
are of size 2d.



(ii) Since H has a cycle subgroup of order 2, all orbits are of even size. On the
other hand, H has a cycle subgroup of order d and therefore by Lemma 9, we
have one orbit of size 2 and all other orbits are regular.

Lemma 11 Let H be the group Ay. Then

(i) if 3|%1, then Niy = (q+1)/12,
(ii) if 3|%5~, then Ny =2 and Nyp = (¢ — 7)/12,
(iii) of 3|q, then Ny =1 and N2 = (¢ — 3)/12.

PROOF. If B is a 6-subset of the projective line, then |Gp| < 6 (see |10,
Lemma 2.1]). Hence Ng = 0. There is an element of order 2 in H. So by
Lemma 9, all orbits are of even order.

(i) H has a fixed point free element of order 3 and therefore by Lemma 9, its
orbit sizes are multiples of 6. Since Ng = 0, all orbits are regular.

(ii) H has an element of order 3 with two fixed points. Hence by Lemma 9,
orbit sizes are 2,4,12. If Ny = 1, then Ny, = 0 and N3 = (¢ — 1)/12 which is
not integer. So Ny = 0, Ny = 2, and Njp = (¢ — 7)/12.

(ii) H has an element of order 3 with one fixed point. Hence by Lemma 9,
orbit sizes are 4 and 12. We have Ny = 1 and Ny = (¢ — 3)/12.

Lemma 12 Let H be the group Sy. Then

(i) if 3|ZL, then Nay = (q+1)/24,
(i) if 3|, then Ns =1 and Noy = (q — 7)/24.

PROOF. We have ¢ =7 (mod 8). Hence 3 fq. Note that H has a subgroup
Ay. Therefore, by Lemma 11, orbits are of sizes 4,8,12,24. If B is a 4-subset of
the projective line, then by Lemma 1, |Gp| | 12 and so N, = 0. By a similar
argument, Nyo = 0.

(i) Tt is obvious by Lemma 11(i).

(ii) By Lemma 11(ii), we necessarily have Ng = 1 and all other orbits of size
24.

Lemma 13 the Let H be group As. Then

(i) if 15|21 then Ngo = (g + 1)/60,
(ii) of 3|21 and 5|52, then N1 =1 and Ngo = (¢ — 11)/60,
(iii) 4f 3|51 and 5|%5F, then Nog =1 and Ngo = (¢ — 11)/60,



(iv) if 15|92, then Nip = 1,Nog = 1, and Ngo = (g — 31)/60.

PROOF. We have ¢ = £1 (mod 10). Hence 3 fq and 5/%!. Note that H
has a subgroup Ajy.

(i) By Lemma 11(i), all orbit sizes are multiples of 12. On the other hand, H
has a fixed point free element of order 5 which means that all orbit sizes are
multiples of 5. Therefore, all orbits are regular.

(ii) By Lemma 11(i), all orbit sizes are multiples of 12. On the other hand, H
has an element of order 5 with two fixed points which implies the existence of
one orbit of sizes 12. Hence, Ni5 = 1 and all other orbits of size 60.

(iii) If B is a 4-subset of the projective line, then by Lemma 1, |Gg| | 12 and so
N, = 0. Now by Lemma 11(ii), we have one orbit of size 20 and all other orbits
are of orders 12 or 60. On the other hand, H has a fixed point free element of
order 5 which means that all orbit sizes are multiples of 5. Therefore, N5 =0
and all remaining orbits are regular.

(iv) Similar to (iii), we have one orbit of size 20 and all other orbits are of
orders 12 or 60. On the other hand, H has an element of order 5 with two
fixed points which forces Nio = 1 and all other orbits to be regular.

Lemma 14 Let H be the elementary Abelian group of order p™. Then N1 =1
and Npym = p"~™.

PROOF. By the Cauchy-Frobenius lemma, the number of orbits is p"~™+1.
Note that all orbit sizes are powers of p. Therefore, we just have one orbit of
size one and all other orbits are regular.

Lemma 15 Let H be a semidirect product of the elementary Abelian group
of order p™ and the cyclic group of order d where dl% and d|p™ — 1. Then
Ny =1,Nym =1, and Ngym = (p" —p™)/(dp™).

PROOF. H has an elementary Abelian subgroup of order p™. So by Lemma
14, we have one orbit of size 1 and all other orbit sizes are multiples of p™. On
the other hand, H has a cyclic subgroup of order d and therefore by Lemma
9, orbit sizes are congruent 0 or 1 module d. If congruent 0 module d, then
orbit size is necessarily dp™. Otherwise, orbit size must be 1 or p”. Now the
assertion follows from the fact that an element of order d has two fixed points.

Lemma 16 Let H be PSL(2,p™) where m|n. Then Nymyy =1 and all other
orbits are reqular.



PROOF. All subgroups of the form PSL(2,p™) of PSL(2,q) are conjugate
[4]. So we can suppose that H is the group with elements = — ijis, a,b,c,d €
GF(p™), where GF(p™) is the unique subfield of order p™ of GF(p™). Since H
is transitive on GF(p™) we have an orbit of size p” + 1. H has a subgroup of
order p™(p™ — 1)/2 which is a semidirect product of the elementary Abelian
group of order p™ and the cyclic group of order (p™ — 1)/2. So by Lemma 15,
all other orbits of H are multiples of p™(p™ — 1)/2. On the other hand H has
an fixed point free element of order (p™ + 1)/2 which forces orbits to be of

sizes of multiples of (p™ + 1)/2. Hence all orbits except one are regular.

We summarize the results of the previous lemmas in the following theorem.

Theorem 17 The sizes of non-reqular orbits for any subgroup H of PSL(2, q)
are as given in Table 1. (Subgroups with no non-reqular orbits do not appear
in the table).

Sizes of non-regular orbits of subgroups

H Condition The sizes of non-regular orbits
Cy k= 1,1
Doy dl% 2
Ay 3|41 4,4
Ay 3lq 4
Sy 31451 8
A 3|4, 5|15t 12
As 31451, 5|4t 20
As 15951 12,20
ZZ,” m<n 1
Z7xCq m < n,d|(p* —1,p" 1) 1,p™
PSL(2,p™) m|n p"+1
Table 1



5 The Mobius function of the subgroup lattice of subgroups of
PSL(2,q)

In this section we do some calculations on the Mobius function of the lattice
of subgroups of PSL(2, ¢) which will be useful in Section 7. We start with the
cyclic subgroups Cy.

Lemma 18 pu(1,Cy) = u(d) and u(Cy, Cy) = p(d/1) if l|d.

PROOF. Since C; is normal in Cy, we have u(Cj, Cq) = p(1,Cqp). So it
suffices to find pu(1,Cy). By Lemma 4, Cy has a unique subgroup of order
m for any divisor m of d. Therefore, 3=, ., (1, Cy) = 0. On the other hand
Smja #(m) =0 and p(1) = 1. So by the initial condition x(1,1) = 1, we obtain
that u(1,Cy) = p(d).

Lemma 19 Letd > 1.

(1) (1, D2a) = —dp(d),
ii) p(Da, Daa) = p(d/1),
i) pu(Cr, Daa) = —(d/Dp(d/1) if l|d and 1 > 2,
) 11(Cay Dog) = —(d/2)u(d/2) if Cy is normal in Dag and pu(Cs, Dag) = p(d)

otherwise.

PROOF. (i) We have

WD) =— S u(LH)
1<H<Dyq4
d
m|d m|d,m#d
d
m|d,m#d

On the other hand, —du(d) = >, 14.m+d Lmp(m) and —2u(2) = 2. So by the
initial condition u(1, Dy) = 2, we obtain that u(1, Dey) = —du(d).

(ii) Let Dy < H < Dyg and |H| = 2ml. Then H is unique and it is a dihedral
group. Now we have p(Dqy, Dog) = —Zm|%7m¢% p(Dayy Do) On the other

hand, p(4) = = X4 mpd pu(m) and p(1l) = 1. So by the initial condition
p(Day, Dyy) = 1, we obtain that p(Dagy, Dag) = p(d/1).

(iii) since Cj is normal in Dy, it is obvious by (i).



(iv) If Cy is normal in Dsyg, then the assertion follows by (i). Otherwise, a
similar argument to (ii) is applied.

Lemma 20 pu(1,A4,) =4, p(Cy, Ay) = 0, u(Cs, Ag) = —1, and p(Dy, Ay) =
—1.

PROOF. The subgroup lattice of A4 is shown in Figure 1. So the assertion
can easily be verified.

Lemma 21 (A4, Sy) = —1, u(Ds, Sy) = =1, (D¢, Sy) = —1, u(Cy, Sy) =0,
w(Dy, Sy) = 3 for normal subgroup Dy of Sy and u(Dy, Sy) = 0 otherwise,
w(Cs,8y) = =1, u(Cq,8y) = 0 if Cy is a subgroup with 3 conjugates (see
Lemma 5) and p(Cs, Sy) = 2 otherwise, and ju(1,Sy) = —12.

PROOF. The subgroup lattice of Sy is obtained by GAP [5]. The maxi-
mal subgroups of Sy are Ay, Ds, and Dg. Therefore, u(Ay, Sy) = pu(Ds, Sy) =
w1(Dg, Sy) = —1. Any subgroup C} is contained in a unique maximal subgroup
Dg of Sy. Hence, p(Cy,Sy) = 0. This is true also for subgroup D4 which is
not normal. Using the sublattices of subgroups of S; containing Dy, Cs, or Cs
shown in Figure 2, the calculation of the remaining cases is straightforward.
Note that u(1,S,) is already known [11] and it is also obtained by the relation
Y1<m<s, M(H, Sy) = 0 and the previous results.

Cs Cs

1
Fig. 1. The subgroup lattice of Ay

Lemma 22 M<A47A5) - _1) M(D107A5> - _]-7 /’L(D67A5) = _17 M(C57A5) =
0; M(D47A5) = 0; M(O3aA5) = 2z M(027A5) = 47 and M(]')A5) = _607

PROOF. The subgroup lattice of Aj; is obtained by GAP [5]. The maximal
subgroups of As are Ay, Dyg, and Dg. Therefore, u(Ay, As) = p(D1o, As) =
(D¢, As) = —1. Any subgroup Cj is contained in a unique maximal subgroup
of As. Hence, pu(Cs, As) = 0. This is true also for any subgroup D,. Using the

10



D1

Fig. 3. The sublattices of subgroups of As containing C3, or Cs

sublattices of subgroups of A containing C3 or Cy shown in Figure 3, the
calculation of the remaining cases is straightforward. Note that p(1, As) is
found using the relation Y-« g<a. t(H, As) = 0 and the preceding results.

6 Determination of f;

In Section 4, we determined the sizes of orbits from the action of subgroups
of PSL(2, ¢) on the projective line. The results can be used to calculate fi(H)
for any subgroup H and 1 < k < ¢+ 1. Suppose that H has r; orbits of size

11



l; (1 <i<s). Then by the definition we have
s r;
S ik Nt AT

Any subgroup of PSL(2, ¢) has at most two non-regular orbits and so it is an
easy task to compute f.

Theorem 23 Let z(H) denote the sum of sizes of the non-reqular orbits
of subgroup H of PSL(2,q) and let k = [ (mod |H|) where | < |H|. Then
o +1—2(H H . .

fr(H) = c((q (k_l(m%l ‘) in which

(i) ¢ = 1 if 1 is a sum of some non-reqular orbit sizes (possibly none) and H

has no two non-regular orbits of size [,
(ii) ¢ =2 if H has two non-reqular orbits of size l,
(iii) ¢ =0 otherwise.

In Table 2, we present the values of fi(H) for subgroups H of PSL(2,¢) and
k for which f,(H) is nonzero.

7 Determination of g

In this section, we suppose that 1 < k < g+ 1 and k£ # 0,1 (mod p) and
try to calculate gi(H) for subgroups H of PSL(2,q). Note that the condition
k # 0,1 (mod p) imposes fr(H) and gx(H) to be zero for any subgroup H
belonging to one of the classes (vi)-(viii) in Theorem 3. By

gr(H) = > Je(U)u(H, U),

H<U<PSL(2,q)

we only need to focus on those overgroups U of H for which f(U) and u(H,U)
are nonzero. All what we need on overgroups are provided by Theorem 3 and
Lemmas 6-8. The values of the Mobius function and fj have been determined
in Sections 5 and 6, respectively. Now we are ready to compute gy.

Theorem 24
g(1) =fi(1) + W(m(m) — 6£(Ss) — 12f5(As) + fi(Da))
+ 2 @uam(q) - % S w(l) fu(Day).
I>11 %5t 1>2,1| L

12



H Condition on ¢ l=k (mod |H|)) fr(H)
1 0 (")
Cy |5t 0 ()
c, d) 45! 0,2 (D)
Ca d| it 1 2(((?;—%));3)
D d| 15! 0 ((r7ad)
Dag d| %5 0,2 ((ad)
Ay 3|44 0 ((((Ilct%));ig )
Ay 31451 0,8 ()
A 325 1 2(()3)
Ay 3l 0,4 (1)
S 3% s+ ) 0 (Fainyeey
S 3k s(g+ ) 0,8 (=0/5)
As 15|42 0 (G)60)
A 3|25t 5le5t 0,12 (G
As 3|93+, 5% 0,20 (G0)
As 15|41 0,12, 20,32 (&)
zm m<n 0,1 ((k‘i/g;m)
Zpx Gy d%dpm 0,1,p™,p" +1 (G2 Vi)
PSL(2, p) min 0,p" + 1 (2(q—pm)/pm(p2m—1))

2(k—1)/p™(p>™—1)

Table 2
The nonzero values of fi(

H) for subgroups H of PSL(2,q)
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Theorem 25

(Ca) = TR A1) + 8fuAs) = e D) + 3 )il Can)
1|t
v X hason+ ¥ O (wen - 10 o
1>1, 241, 1| 5L I>1, 12

Theorem 26 Let 3|, Then

0(Cs) = T2 2u(As) — fulA) — fu(S1)
+ > (fk (Ca1) — s 1fk<Dbl)>
llqil
Theorem 27 Let d > 3 and d|Z. Then
z%—; pu(l (fk Cra) — :l;lfk(D%d)) :

Theorem 28 Let hk(DQd) = Z”% M(l)fk(Dﬂd)' Then
9k (Da) = 3f1(Ss) — fi(As) — 2f(Ds) + 3hy(Da),
9x(Ds) = —2f1.(S1) — 2fx(As) + hi(Ds),
gk( 8) = —2[1(S1) + he(Ds),  gr(Dro) = —2fr(As) + hi(Dno), and
gk(D2d) = hk<D2d) Zfd > b5 and d’qil

Theorem 29 g¢;(Ay) = fi(As) — fi(Ss) — 2fk(45), gx(Ss) = fu(Ss), and
(As) = fr(As5).

8 3-Designs from PSL(2,q)

We use the results of previous sections to show the existence of large families
of new 3-designs. First we state the following simple result.

Lemma 30 Let H be a subgroup of PSL(2,q) and let u(H) denote the num-
ber of subgroups of PSL(2,q) isomorphic to H. Then the number of orbits
of PSL(2,q) on k-subsets whose elements have stabilizers isomorphic to H is

equal to u(H)gy(H)|H|/| PSL(2,q)|.

PROOF. The number of k-subsets whose stabilizers are isomorphic to H is
u(H)gr(H) and such k-subsets lie in orbits of size | PSL(2, q)|/|H].

14



The lemma above and Theorem 3 help us to compute the sizes of orbits of the
action of PSL(2, ¢) on k-subsets of the projective line. When the sizes of orbits
are known, we can utilize them to determine all 3-designs from PSL(2,¢) as
shown in Theorem 32.

Theorem 31 Let 1 < k < g+ 1 and k # 0,1 (mod p). Then the sizes of
orbits of G = PSL(2,q) on k-subsets are as in Table 3, where d | qiTl and
d>1.

. . G G G G G G
orbit size |G| % % % % % % (d>2)
number of orbits 24 91 g, (4,) 20, (S4) 2g5(As) LT gy (Dyg)

Table 3
Sizes of orbits on k-sets

Theorem 32 Let 3 < k < q—2 and k # 0,1 (mod p). Then there exist
3-(q+ 1, k, 3(’;) A) designs with automorphism group PSL(2,q) if and only if

ay az ag Qs iq Jd
A: — —_— —_— —_— —_— —_—
at gt tatat 2 + Y o

g1 qE1
d>1’d|T d>2,d‘T

where ay, ... ,as,1q, jqa are non-negative integers satisfying
a1 < 2gx(1)/(a(¢* = 1)), a2 < gu(D4)/3, az < gi(As), as < 2gx(Sa),
a5 < 2gx(As), ia < dgi(Ca)/(¢ £ 1), ja < gr(Daa)-
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