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Section 1

Vectors

1.1 Quantities with Magnitude and Direction

o e e Hour. 1

We are used to using numbers to specify quantities in everyday situations. We might
ask for 3 kg of apples, or see that the speed limit is 40 mph. In engineering, similarly,
the value of various quantities, such as mass, temperature, voltage, current, etc., is
specified with a number.

On the other hand, there are some situations where the use of a single number seems
inadequate. Think about the problem of getting directions to reach a certain place.
If we are told just the distance, then it is not sufficient, because we also need the
direction. “Go three miles.” “Yes, but in what direction?” “Go South.” “OK, but how
far?”

In this case the distance and the direction are completely linked. One without the other
simply doesn’t make sense. To describe a movement, or displacement, from one place
to another needs a distance (i.e., a number) and a direction. There are many other such
examples from engineering. A force of a given magnitude acts in a certain direction.
The effect of the wind is measured by its direction and speed.

We want a mathematical way to deal with these ideas, namely something that deals
with both a number giving size (or magnitude) and a direction.

Vectors are the mathematical objects which can be used for this problem. They can
be regarded as an extension of the rules of arithmetic for numbers to deal with the
geometry of directions.

A vector can be represented as a “directed line segment.”
In other words . .. an arrow!

The arrow gives youlirection and its length represents the
vector'smagnitude.

A vector has anagnitude like a number, but it also hasdirection Vectors can be
used to represent different physical quantities, such a velocity, magnetic field and so
on, but its mathematical properties depend only on its two properties of magnitude
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and direction. From this basic assumption a self-consistent set of rules, just like the
rules of arithmetic, can be developed for operating on, and combining vectors.

The set of rules for combining and operating on vectors is caketor algebra.

Properties which require both magnitude and direction in order to specify them are
calledvector quantities, or just vectors. Properties that require just a single number
to specify magnitude are known ssalar quantitiesor just scalars.

Scalar Quantities  Vector Quantities

Temperature Position
\oltage Force

Mass Magnetic field
Speed Velocity

Number of people

1.2 Vector Algebra

1.2.1 Notation o

The simplest representation of direction and magnitude is the line segment betweet
two points, sayd and B. The corresponding vector can be written

AB
Note that the sense of direction is frafnto B.

Symbolically a vector may be represented as the vagtatich is inbold facein
printed text, ora or a in written text.

The magnitude of a vector (which is a scalar quantity) is shown as:
|AB, la|, [a]

and so on.

Key Point

1.2.2 Equality and Equivalence

. L ) Equal vectors have the same
Mathematically, a vector has only direction and magnitude. It follows that: direction and the same magnituds

D

Two vectors are equal if, and only if, they have equal direction and equal magni-
tude.

Two equal vectors, and two unequal vectors.

Note that equal vectors are, obviously, parallel to each other. /

However, there are obviously engineering or physical situations where this strict defi-
nition of equality must be extended. For example, if looking at the equality of forces,
then the dimensions (i.e., units) of the vector quantities might be important. But there
is a further important issue.
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Consider two forces, which can be represented by vectors of equal magnitude and di-
rection. These two forces act at different places on a beam, and will produce different
effects (they produce different moments). Although the vectoregualthey are not
equivalent

e Equality of vectors is determined by direction and magnitude.

e Equivalence of effect depends on the particular situation.

It is important to distinguish between times when a vector

can be treated as only direction and magnitude, and other
times when the situation imposes further constraints. Exam-
ples of the latter case may be: a force acting at a point, a

vector used to represent a position, etc. F
The figure show equal vectors, but the forces they represent
have different effects. F

In this case the force vectors aren-equivalent

Notice how they are called “force vectors” to show that they
represent forces which (usually) act at a given point.

1.2.3 Vector Addition

Vectors obey what is called ttparallelogram law of addi-
tion.

The vector
c=a+b

has the size and direction of the diagonal of the parallelo-
gram formed from sidea andb.

In terms of displacements, moving by the displacements representedy thernb

has the same effect (the same end point) as moving by the displacement reprgsantart
by c. Clearly, the order of the andb displacments can be reversed without changji
the result.

c=a+b=b+a

So that vector addition isommutative
We can also consider the addition of three vectors, and from applying the paral
gram rule, we see that:

d = a+b+c
(a+b)+c
= a+ (b+¢)

So that vector addition igssociative
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1.2.4 Null Vector

By analogy to the ordinary humbers and zero, we can introducedheector 0

Key Point

The null vector is not a scalar.

which has zero magnitude (and arbitrary direction). Its definition is that it is the ve
which, added to any vector, produces no change.

a+0=a

Note: the null vector isiot a scalar!

ctor

1.2.5 Negative Vectors and Vector Subtraction

The negative of a vector, writtef+-a), is a vector of equal magnitude, by directly

opposite direction. Thus the effect of adding a vector and its negative is th

2|

vector.
a+(—a)=0

For line segments we can write:
—(AB) = BA

Vector subtraction follows as the addition of the negative of the vector:

a—-b=a+(-b)

1.2.6 Multiplication by Scalar

The quantity

mA

wherem is a scalar, is a vector with the same directiomgut with a magnitude
im| |A]

If m is positive thenm A is in the same direction a4, but in the opposite direction if
m is negative. Thus ifn = —1, then we get consistency with negative vectors:

(-1)A=-A

Multiplication by a scalar follows these (rather obvious) rules:

Key Point

Multiplying by a scalar changes
magnitude, but not direction.

m(A+ B)=mA+mB

(m+n)A=mA+nA
m(nA) = n(mA) =mnA

Also, a vector multiplied by zero, produces the null vector:

0)A=0
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1.3 Vectors and Geometry

Vectors are represented on paper as line segments drawn to scale. It follows that we

can express a lot abogeometry or the relationships of points and lines in space, in

terms of vectors.

Example

A triangle ABC has pointsD and E which are the midpoints o B and AC'.
Prove that DE is parallel to BC and half the length.
Applying the vector law of addition, and then using some vector algebra:

—

DE — DA+ AE —

— —

1= 1 =
- (BA+ AC) = 5BC

SBA+ AC =

DN =

1
2

A

So, EE is a scalar multiple OBHC’, so theDFE must be parallel ta3C, since they
have the same direction. And, D €

— 1 —
DE| = 1 |BC

e — r—c‘
so thatD F is half the length ofBC, since the magnitude dP E is half that of BC'.

Example

Consider two vectora andb which are perpendicular. Their sum is the veator

c=a+b
Becausex andb are perpendicular we can use everything we know about right angle
triangles:
lc| = la+b|=+/|a|+b]
cosf = @
||
etc. ...

(wheref is the angle betweenanda).
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P Hour.2 |}

1.4 Vector Component Form

For a vectorr there are always two vectoasandb such that Yya
r=a-+b

anda andb are perpendicular to each other.

Now, if there is a fixed coordinate frame whasexis is parallel toa, and whosey
axis is parallel tob, then we can rewrite andb in terms of the unit vectors whict § A
define the two axes. So, a unit vector in thelirection is defined as (sometimes

e

written asz), and similarly7 is defined as the unit vector in thyedirection.

7. vector inz direction with unit magnitude
7: vector iny direction with unit magnitude

Then, ifa andb are the magnitudes of andb, we can write
r=a+b=ar+ b

The scalar quantitiesandb are called the cartesimomponentsf the vector- in the
x andy directions, respectively. Cartesian simply means that the coordinate system
axes are perpendicular to each other and do not change.

1.4.1 Position vectors

&
N
~

We define the following unit vectors /’ +

Vectors can also be represented as a displacement from one point to another. If tha

initial point is the origin of a coordinate system, then we can use vectors to “la
points in space. Such a vector is callepasition vector.

Note that position vectors are an example of a specialized form of vector: they ha
rection and magnitude, but they also have an extra meaning (namely, the displac b
from an origin to a point in space).

There is an obvious relationship between the coordinates point and the corre-
sponding position vector.

g/

wait m-au{hwk

In two dimensions (2D) the point with coordinates= a andy = b, or (a,b) has a
position vectorr.

From the vector law for addition we find the relationship between a point’s coordinates
and its position vector:
r=ar+bj

From this we can see that there is a correspondence betweeodldinatesof a
position vector and theomponentsf a vector. This can be confusing, and one has to
take care to distinguish position vectors, which indicate displacement from the origin,
from other vectors, such as ones giving merely a relative displacement between two
different points.

kW

Key Point

1.4.2 \Vector equality with components

From the definition of components it obviously follows that two vectorseayealif by component.

Equal vectors are equal componeg

2Nt

theirz components are equal and also thetomponents are equal.

6
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Consider two vectors andt with components

s = pitq)
= ur+vjg

In order fors andt to be equal, the following must be true:

= u

q =

1.4.3 Magnitude and direction using components

Plotting a position vector for a coordinatda, b)

we can see that the lengthdi.e., || the magnitude of the vectaf), a andb form a
right angled triangle, so using Pythagoras:

r? = a® + b2, ,r

or

r=|rl=+va*+ b2 e

Lie ]

This gives us a way to calculate the magnitude of a vector in terms of its compor

Also, if the vectorr makes an anglé to thez axis, then

a a a
cosf) = — = — =
,

7l Ve +v?2

so that the direction of the vector, in termsmk @, can be calculated from the com-
ponents ofr.

Example

Given a vector = 3z + 43, its magnitude is found from

r=1v32+42=+19+16 =5.

The angle to the: axis can be found by

6 = cos™! (2) = 53.13° = 0.927radian.

1.4.4 \Vector addition and subtraction using components

/
Suppose we have two vectors= az + b7 ands = ¢z + d3, and we wish to find C*S
the vector which is the sum of these two vectgps= r + s. By constructing the
triangle of vector addition, we can see that theomponent op is the sum of the: [y

components of ands, and similarly for they component. b

%)

b+t

p=r+s=ar+bj+a+dj=(a+c)i+ (b+d)J.

Thus the rule for addition (or subtraction) is to proceed component by component.

Key Point

For vector addition, add
component by component.
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ample

Consider (in 2D)
’U1:2/’L\+3j7\, ’02:5;1:4-23

Then

vi+ve=(24+5)1+ (3+2)7="Te+5)
Vo2 — V1 = (5—2)/1,\4—(2—3)3:3/1,\—3

1.5 Using Vectors: Two Examples

1.5.1 Vector Addition of Velocities

A swimmer can swim in still water at 3 m/s.

They try to cross a river which is flowing at 4 m/s, and they swim perpendicular to the
direction of flow.

Their velocity V', as seen from the river bank is the vector sum of the river’s flow
velocity V', and the swimmer’s still water velocity s (which has magnitude 3 m/s
and is perpendicular t¥,.).

V=V,+V,

SinceV . andV , are perpendicular, we can arrange suitable coordinate unit véctors
and3j so that
V =41+33

Straight away the swimmer'’s speed can be calculated:

V| =142 +32=5.

Once this problem has been set up, other things can be done. For example if there a

wind velocity measured on the bank, what is the effective wind velocity felt by the

swimmer?
e Hour.3 |

1.5.2 Centre of Mass of Collection of Point Masses

We will consider a set of so-called point masses, arranged in a plane so that we can
use two dimensional vectors. A point mass is a convenient fiction, so that a particular
mass can be thought of as existing only at a single point in space.

The centre of massis the point about which the turning moment is zero — in other
words, the effects of the masses about this point balance out.

Alternatively. .. The total turning moment about some point is the same as if all the

mass is concentrated at the centre of mass. o My AL

The turning moment of a mass about a point is the product of the mass and the di: "& - o
of the mass from the point in question. —

|
1
]
)

First think about a one dimensional arrangement (i.e., the masses are arrangt
line) with two masses; andms. The position ofn, is given by its distance; from Xepm
the originO, and similarlym., is a distance:, from O. .

The centre of mass has the following property: The combined moment aindm.
aboutO is the same as the moment of the combined masst m.) if it were situated

8
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at the position of the centre of masg;). As far as the moment is concerned we can
replace the two masses by a single mass + m) at the centre of mass.

mix1 + mexs = (M1 + ma)rcm
So,
ToM = miTy + maZs2
mi + ma
This can easily be generalized to the case where there are many, sagh point
massesny, mq, ms, . .. M, positioned atry, xo, x3, . . . Ty,

1 n
i=1

X’w

where the total mass &/ = >, m;.

If the point masses are arranged in the plane, withy coordinates, y2,ys, - - - Yn,
then the above formula is correct from taking the moment abouj thés and hence
finding thex coordinate of the centre of mass. By taking the moment about &xis
we can similarly find the y coordinate:

1 n
YeM = 37 Z m;yi
=1

Now, each massn; is at position(z;, y;) so the correspondingosition vectoris
r; = x;2 + y;7. Also we can write the position vector of the centre of mass as

T™CM = Z‘CM/{—F yCMj\. Thus,
Z (mizi% +m;y;7)

%
= E m;r;
%

Finally:
1
’I“CM = — Z m;r;
M 4
The centre of mass position vector is the mass weighted average of the position vectors
of all the point masses.

Note that this vector equation is independent of any coordinate frame, but to calculate
rcm We need to use a particualr coordinate frame so that we can use components.
Example

Masses of 3g, 5g, and 1g are situated at position veeters2z + 47, b = —37 + 7,
andc = —83, respectively.

The total mass:
M=3+5+1=9

So, applying the above result:

Irem = (3:2-5-32+(3-4+5-1-1-8)3
= (6-152+(1245-9))
= —9%%+9)
And finally:
TCM = v+
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1.6 Three Dimensional Vector Component Form

Everything that has been given for the case of a two dimensiegatoordinate sys-

tem can be extended to a three dimensional (3D) Cartesian coordinate system: k

ing a fixed set of orthogonal (right-handed) axes, then defining the following

vectors: "
7. vector inz direction with unit magnitude ~ J
7. vector iny direction with unit magnitude A v ]

k: vector inz direction with unit magnitude k

Then the position vector corresponding to the pdtrat (x, y, z) can be written as
— o~ A
OP =x1+y)+ zk A

This is known awector component form.

1.6.1 Equality and Addition

If two vectors are equal:

p =T x

o~ ~

pt+pJtpk = rat+rgtrk
then the components are equal:
Pe =Tx, Py =Ty, DPz=T
Suppose there is a vector
0Q = ai + bj + ck

Then the effect of adding the vect(ﬁ;ab andOéQ must be the effect of doing the first
displacement, followed by the second. In other words:

OP+0Q = (z+a)t+ (y+b)j+ (z+ )k

So, to add vectors in component form: add the corresponding components.

1.6.2 Magnitude of a Vector
From the diagram, we hawe? = 22 + y? (by Pythagoras). Also, if the vector has

magnituder
r2:|r|2:w2+z2::r2+y2+22

r=lrl = Va2 + 2 + 22

So,

So, for a general vector
v=ar+b)+ck

has magnitude
v=lv|=+va>+ b+
It follows that theunit vectorin the direction ofv is

~ v 1
v =— =

— 7
vl Va2 + b7 + 2

10
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1.7 Vector Multiplication

L e e e Hour.4

We have seen that a logical meaning can be given to multiplication of a vector by a
scalar. But what is the meaning of multiplying two vectors together? How should we
interpret the multiplication of a direction by another direction? It turns out that one

can define two completely different kinds of vector multiplication:

e Scalar product (or “dot” product): the scalar product of two vectors is a scalar
(ie ordinary number), so: vecterector = scalar

e \ector product (or “cross” product): the vector product of two vectors is another
vector, so: vecton vector = vector

1.7.1 Scalar Product, or “Dot” Product

The definition is of the scalar product of two vectors is

S

a-b=a| |b| cosb

el

wheref is the angle between the vectarandb.

The definition is
a-b=lal |b|] cosf

wheref is the angle between the vectarandb.

From the definition we have some obvious consequences:
a-b=b-a

so the order of multiplication of a scalar product does not affect the result.
The usual rules of algebra apply for expansions:

a-(b+ec)=a-b+a-c

Geometrically/a| cos 8 is the componertf the vectora in the direction of the vector
b, which is also known as the projection of the veaioon to the vectob.

a - b = |b|(projection ofa on tob) = |a|(projection ofb on toc)

la! os®

Importantly, the scalar product of a vector with itself is equal to the square of the
magnitude of the vector (since the angle between the vectors is zero):

a-a=lal?

11
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If the two vectors are perpendicular, so that the angle between therm,ished the
scalar product is zero:
a-b=0, ifalb

Scalar Product in Component Form

el

St
|
o

Y

Suppose that
a=a71+as)+ ask

b= bfi‘i‘ b23+ ng

Then = ~
a-b=(a17+ a] + azk) - (b17+ bog + bzk)

Now, 7 is a unit vector, so
7-2=1

And, by definition,z is perpendicular tg and k (since the three unit vectors are

mutually orthogonal), so
2-73=2-k=0

It follows that

Key Point

a-b= a1b1 + a2b2 + a3b3

For dot product, multiply
component by component and th
add up.

So the rule is: multiply respective components and add.

Work Done by a Force

Consider a vector forc# applied to an object which moves from poitto B, which
is represented by a displacement vegtor

The work doneW, by a force is equal to the magnitude of the force multiplied
the distance moved in the direction of that force. The component of the force pe
dicular to the displacement thus does no work. The componeht pérallel to the
displacemens is | F'| cos 6, whered is the angle betweeR ands

W =|F| cosf |s|=F-s

(This equation strictly only applies for constakit)

6’\\‘*1 ‘ft‘s GMMJ’
x U
Feus®

Fsin®

- - —-—
F/§

> v
T\M

®
)
g}

A force F R
F=%+2—k

is applied to an object which moves a vector distasice
sS=%+2+k

What is the work done by the force?
Work done,IW:

W=F-s=3)2)+2)2)+(-1)(1)=6+4—-1=9 (Joule)

Note thatF' should have units Newton (N), asdshould have units in metres (m).

Example

12
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Angle between vectors

The component form of the scalar product can be used to find the angle betweg

vectors, using

Key Point

PARYRE between vectors:

a - b a - b
cosf = cosf =
lal |b] |al |b]
Note that special care has to be taken for negati¥® to find the correct value faf.
Example

Find the angle between the vectors
a=5+2—Tk
b=2%—7+3k
Finding the magnitudes:
la| = (5% + 22 + (-7))"/? = V78

b= (4+1+9)Y2 =14
The dot product is

a-b=(5)(2)+ 2)(~1)(-7)3) =10 -2 — 21 = 13

So, 3
cosf = ——— = —0.3934
V78 V14
Therefore,
6 =113.17°

The Cosine Rule

Another link between geometry and vectors can be made using the scalar product.

Consider the triangl® A B wheref is the angle betweef A andO B. We can write:

a=0A, b=0OB, AB=b-a
It then follows that

IAB? = (b—a)-(b—a)
= a-a+b-b—2a-b
= l|al® + |b]* — 2|a| |b| cos @

This is none other than tHeéosine Ruldor the triangleO A B:

AB? = 0A* + OB* — 2(0OA) (OB) cosf

13
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P Hour.5 |

1.7.2 Vector Product, or Cross Product

. L . )
The vector product of two vectors produces a third vector which is perpendicul 242
both. The magnitude is equal to the product of the magnitudes multiplied by the Siab
of the angle from the first vector to the second. g . -
The definition is thus: o -

aAb=al|b| sinfe
Hered is the angle froma to b, andeé is a unit vector perpendicular to the plar 2 QM
containinga andb. The sense of direction & is in a RH screw sense as whe i}}- 6
_—% -

turning a towardsb. A

The vector product is pronounced “a cross b,” and may be wriitenb. The cross W‘é \
product is a completelgifferent kind of multiplication, and so must always have t A -
correct symbol. -

\2
k=)

a

From the definition of the sense &fit is apparent that
aANb=-bAa

(ie changing the order in a vector product changes the direction of the result). This
is the most important difference with ordinary multiplication of numbers: the vector
product is non-commutative.

Other rules of algebra are more usual:
aNb+c)=arb+aAlc

k(a Ab) = (ka) ANb=10b) A (kb)
wherek is a scalar.

If two vectors,a andb are not parallel then, one can find the unit vector normal to the
plane containing: andb:
aANb

a:
la A b|

Special Cases

If a is parallel tob, then the anglé = 0, so thatsin § = 0, so that
aANb=0, (a|b)

On the other hand, i A b = 0 this implies one or more possibilities:

e Eithera = 0 and/orb =0

e Oralboral(—b)

If a is perpendicular td then the anglé = 90°, so

aAb=]al|bl, (aLlb)

14
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Vector Product in Component Form

Applying the vector product to the Cartesian unit vectors we find:

TIANT=JAG=kAk=0

INT=k IANT=—k
Ink=17 kAG=—37
kAnT=3 iAE:

Thus we can find the component form for the vector product. For the vectors:
a=a1+ax)+ agjc\
b= b3+ boj + bsk
we find:
aNb = (aﬂ—&- aﬁ—k G3E) A (bl/’l\-l- bgj + bgic\)
= a(TAT+bTAT+bTAK)
+a2(b1§/\€+ bog ANJ+ b3g A E)
+a3(b1E AT+ bgz ANg+ b3E N E)
= Cblbg/k\i — a1b3§

—a2b1E + agbst
agb{j— a3b27i

So, finally:
alNb= (agbg — a3b2)?—|— (a3b1 — a1b3)/j+ (a1b2 — a2b1)E

If you are familiar with determinants, there is an alternative way to remember this

formula: ~
7T 7 k

aNb= ay az as

by by b3

Example

Area of a Triangle

ConS|der a parallelogranﬁAC’B with an interior angled between0D A andOB. If
OA =a andOB = b, then the area of the parallelogram is

la| |b] sind = |a A b

It follows that the area of the triangl@AB is

1

15
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1.8. EQUATION OF A STRAIGHT LINE USING VECTORS

Moment of a Force

If a force F' acts at some point given by position vectarthen the moment of the
force about the origin is defined as

G=aANF

The magnitudéG| is independent of the choice of the poinbn the line of action of

the force. (The moment depends on the perpendicular distance from the line of action

of the force to the origin.)

Force on a charged particle in a magnetic field

A particle of chargey with velocity v in a magnetic field of strengtB is subject to a
force:
F=quAB

So the force is perpendicular to bothand B. A consequence is that the magne!
force cannot do any work on the particle. This force equation is used in deriving
Hall effect for charges in a semiconductor.

1.8 Equation of a Straight Line Using Vectors

\

A line can be thought of as all the points which lie is a certain direction from a given

fixed point.

Specifying a direction in two dimensions needs just one angle, but in three dimen
it requires two. We will firt look at the relation between the components of a ve
and these angles, and then move on to how to write down a vector equation for i

1.8.1 Direction Cosines
Consider the following vector in component form:
v=ar+ b7+ ck
The angle between theaxis and the vectow is «; the angle between axis andv is

0, the angle between axis andv is ~.
From the diagram, we can see that we can define a quantity

c
n=Ccosy=——

v
Similarly for quantitiesn andi:

b
m=cosf3 = —

0]

a
l=cosa=—
|v]
The quantitieg, m, andn are called the direction cosine§the vector.

Note that ) ) )
l2—|—m2—|—n2:a +b°+c _1
[v]?

l

(8

5

16
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Thus the vector

T+ mj+ nk
is the unit vector in the direction af.
Example
v=3-2+6k = |v|]=+32+(-22+62=7
Therefore:
l*cosa*§ m*cosﬂ*_— n = COS _ ¢
- - 77 - - 7 ) - fy - 7
U e Hour.61

1.8.2 \Vector Equation of Line

Consider this diagram:

Vectora is a position vector of a point on a line, and vector
b is parallel to the line.

\&
M

Then,anypoint of the line can be reached by moving to the
point @ on the line, and then moving by some appropriate
amount parallel to the line. In other words, for an arbitrary
point on the line with position vectar, we must have

\®

r=a -+ sb

wheres is a scalar parameter (i.e., some number which se- 1o
lects a particular. This is the vector equation of a line. . '

Equation of Line in Cartesian Components

If the position vector of an arbitrary point on the line is given in (Cartesian) component
form, so that the point has coordinatasy, z):

r =11+ 4)+ 2k
And, similarly the vectorsa andb are given in component form:

a=a71+ay]+ a3E

~

b= b7+ b+ bsk
Then the vector equation of the line
r=a+ sb
implies equality of the components of Ihs and rhs:

r=a;+sb, y=as+sby, z=az+ sbs

17
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Each of these equations can be solved for the number

r —ap Yy — as Z — as
S = = =

by bo bs

This is theequation of the line in Cartesian coordinates.
Special caself bis a unit vector, thei,, by, b3 are the direction cosines of the line

Special caseif the line passes through the origin, ther= 0 anda; = a3 = a3 = 0.

If, instead, two position vectorg, ande, are given of points on the line, then, by tt
vector addition law we can find a vector parallel to the line:

b=c—a
so that the equation of the line, in this case, becomes
r=a+s(c—a)

Example

Find the equation of the straight line which makes an angle didfhez axis, and an
angle of 60 to thex axis, and which passes through the origin. (Note that two angles
are required to specify the direction of the line.)

The direction cosineks(cosine of angle ta axis) andn (cosine of angle ta axis) are
obvious:

l = cosa = cos 60° =

Sl i
[N}

n = cosy = cos45° =

The third direction cosine is found from the relationship: m? + n? = 1, so

1 1 1
m=yv1-02-n2=4/1—-—==—

4 2 2

The line passes through the origin, so the veetdas in previous section) is zero:
a = 0. And the vector

2 +mj + nk
is parallel to the line.
So the equation of the line is:
1 1 1~
= 7/\ 7/\ 7k
r=s(zi+ 53+ k)

wheres is parameter (each point on the line corresponds to a different valug for

The Cartesian (i.exyz) form for the equation of the line can be found by noting that
r =17 +4) + 2k

wherez, y andz are the coordinates of a point on the line, and they satisfy:

So that,x, y, andz are related in the ratios:

2r=2y=V22

18
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1.8.3 Intersection of Two Lines

Suppose that there are two lines given, respectively, by the
two equations:

rir=a-+sb, ro=c+td

Wherea, b, ¢ andd are given vectors, andandt are pa-
rameters.

Unlike the case for 2D (when lines always intersect unless
they are parallel), there are three possibilities: (1) the lines

do not intersect; (2) they intersect at one point; (3) the two
lines are identical.

Let us deal with Case (3): clearlyandd must be in the same direction, or exactly
opposite direction, so it follows that

d=pb

wherep is some number. Alsa; andc must both be position vectors for points on
the line, sola — ¢) must be in the direction of the line, and it follows that

(a—c)=qb
If these two conditions are satisfied, then the two lines are identical.

To look for possible intersection of the lines, there must exist a point which satisfies
bothequations:
r=a+s'b=c+t'd

wheres* andt* are the particular values for the intersection point. In Cartesian com-
ponent form this givethreeequations for théwo unknowns (namely* and¢*):

a1 +s by =c; +t"dy

0,2+S*b2 :Cg+t*d2

a3+5*b3163+t*d3
Two of these equations can be used to find values*fand¢*, but the lines will only

truly intersect if the third equation is also satisfied for the same values andt*.
Thus it is important to check for intersection in tifeecomponents.

Let us look at two simple examples. Consider two lines whose vector equations are
T1 = (17070) +S(_17170)
re = t(17 17 1)
We are using the short hand notatioh1,1) = 7+ j + k. Note how different
parameters andt are used for the different lines.

The aim is to find values fos and ¢ such thatr; 5. This condition leads to three
simultaneous equations:

l1—-s =t

Example
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s =t
0 =t
The last two equations lead to= ¢ = 0, but this is clearly inconsistent with the first
equation. So, in this caske lines do not intersect.
Next consider:
r3 = (1,0,0) +s(—1,1,1)
ry = t(1,1,1)

Similarly, the simultaneous equations to satisfy are:

l1—-s =t
S t
s =t

The last two equations are now identical, so we can solve the first:
l—t=t = t=1/2, s=1/2

S0, in this casehe lines do intersect.And by substituting inta, (or r3) we find the
point of intersection:

r=(1/2)(1,1,1) = %(?+3+ k)
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