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Section 1

Vectors

1.1 Quantities with Magnitude and Direction

⇓ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .Hour 1⇓
We are used to using numbers to specify quantities in everyday situations. We might
ask for 3 kg of apples, or see that the speed limit is 40 mph. In engineering, similarly,
the value of various quantities, such as mass, temperature, voltage, current, etc., is
specified with a number.

On the other hand, there are some situations where the use of a single number seems
inadequate. Think about the problem of getting directions to reach a certain place.
If we are told just the distance, then it is not sufficient, because we also need the
direction. “Go three miles.” “Yes, but in what direction?” “Go South.” “OK, but how
far?”

In this case the distance and the direction are completely linked. One without the other
simply doesn’t make sense. To describe a movement, or displacement, from one place
to another needs a distance (i.e., a number) and a direction. There are many other such
examples from engineering. A force of a given magnitude acts in a certain direction.
The effect of the wind is measured by its direction and speed.

We want a mathematical way to deal with these ideas, namely something that deals
with both a number giving size (or magnitude) and a direction.

Vectors are the mathematical objects which can be used for this problem. They can
be regarded as an extension of the rules of arithmetic for numbers to deal with the
geometry of directions.

A vector can be represented as a “directed line segment.”

In other words . . . an arrow!

The arrow gives youdirection and its length represents the
vector’smagnitude.

�
�

�
�

�
�

�
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A vector has amagnitude, like a number, but it also has adirection. Vectors can be
used to represent different physical quantities, such a velocity, magnetic field and so
on, but its mathematical properties depend only on its two properties of magnitude
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SECTION 1. VECTORS 1.2. VECTOR ALGEBRA

and direction. From this basic assumption a self-consistent set of rules, just like the
rules of arithmetic, can be developed for operating on, and combining vectors.

The set of rules for combining and operating on vectors is calledvector algebra.

Properties which require both magnitude and direction in order to specify them are
calledvector quantities, or just vectors. Properties that require just a single number
to specify magnitude are known asscalar quantitiesor just scalars.

Scalar Quantities Vector Quantities
Temperature Position
Voltage Force
Mass Magnetic field
Speed Velocity
Number of people

1.2 Vector Algebra

1.2.1 Notation

�
�

�
�

��3

rA

rB
→

AB
The simplest representation of direction and magnitude is the line segment between
two points, sayA andB. The corresponding vector can be written

→
AB

Note that the sense of direction is fromA to B.

Symbolically a vector may be represented as the vectora which is in bold face in
printed text, or

→
a or a in written text.

The magnitude of a vector (which is a scalar quantity) is shown as:

|
→

AB|, |a|, |→a |

and so on.

1.2.2 Equality and Equivalence
Key Point

Equal vectors have the same
direction and the same magnitudeMathematically, a vector has only direction and magnitude. It follows that:

Two vectors are equal if, and only if, they have equal direction and equal magni-
tude.

Two equal vectors, and two unequal vectors.

Note that equal vectors are, obviously, parallel to each other.
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However, there are obviously engineering or physical situations where this strict defi-
nition of equality must be extended. For example, if looking at the equality of forces,
then the dimensions (i.e., units) of the vector quantities might be important. But there
is a further important issue.
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SECTION 1. VECTORS 1.2. VECTOR ALGEBRA

Consider two forces, which can be represented by vectors of equal magnitude and di-
rection. These two forces act at different places on a beam, and will produce different
effects (they produce different moments). Although the vectors areequalthey are not
equivalent.

• Equality of vectors is determined by direction and magnitude.

• Equivalence of effect depends on the particular situation.

It is important to distinguish between times when a vector
can be treated as only direction and magnitude, and other
times when the situation imposes further constraints. Exam-
ples of the latter case may be: a force acting at a point, a
vector used to represent a position, etc.

The figure show equal vectors, but the forces they represent
have different effects.

In this case the force vectors arenon-equivalent.

Notice how they are called “force vectors” to show that they
represent forces which (usually) act at a given point.

1.2.3 Vector Addition

Vectors obey what is called theparallelogram law of addi-
tion.

The vector
c = a + b

has the size and direction of the diagonal of the parallelo-
gram formed from sidesa andb.

In terms of displacements, moving by the displacements represented bya and thenb
has the same effect (the same end point) as moving by the displacement represented
by c. Clearly, the order of thea andb displacments can be reversed without changing
the result.

c = a + b = b + a

So that vector addition iscommutative.

We can also consider the addition of three vectors, and from applying the parallelo-
gram rule, we see that:

d = a + b + c

= (a + b) + c

= a + (b + c)

So that vector addition isassociative.
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SECTION 1. VECTORS 1.2. VECTOR ALGEBRA

1.2.4 Null Vector Key Point

The null vector is not a scalar.By analogy to the ordinary numbers and zero, we can introduce thenull vector 0
which has zero magnitude (and arbitrary direction). Its definition is that it is the vector
which, added to any vector, produces no change.

a + 0 = a

Note: the null vector isnot a scalar!

1.2.5 Negative Vectors and Vector Subtraction

�
�

�
�

��3
→
a �

�
�

�
��+

-
→
a

The negative of a vector, written(−a), is a vector of equal magnitude, by directly
opposite direction. Thus the effect of adding a vector and its negative is the null
vector.

a + (−a) = 0

For line segments we can write:

−(
→

AB) =
→

BA

Vector subtraction follows as the addition of the negative of the vector:

a− b = a + (−b)

1.2.6 Multiplication by Scalar

�
�

�3
→
a

�
�

�
�

��32
→
a

The quantity
mA

wherem is a scalar, is a vector with the same direction asA, but with a magnitude

|m| |A|

If m is positive thenmA is in the same direction asA, but in the opposite direction if
m is negative. Thus ifm = −1, then we get consistency with negative vectors:

(−1)A = −A
Key Point

Multiplying by a scalar changes
magnitude, but not direction.Multiplication by a scalar follows these (rather obvious) rules:

m(A + B) = mA + mB

(m + n)A = mA + nA

m(nA) = n(mA) = mnA

Also, a vector multiplied by zero, produces the null vector:

(0) A = 0
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SECTION 1. VECTORS 1.3. VECTORS AND GEOMETRY

1.3 Vectors and Geometry

Vectors are represented on paper as line segments drawn to scale. It follows that we
can express a lot aboutgeometry, or the relationships of points and lines in space, in
terms of vectors.

Example

A triangleABC has pointsD andE which are the midpoints ofAB andAC.

Prove that DE is parallel to BC and half the length.

Applying the vector law of addition, and then using some vector algebra:

→
DE =

→
DA +

→
AE =

1
2

→
BA +

1
2

→
AC =

1
2
(
→

BA +
→

AC) =
1
2

→
BC

So,
→

DE is a scalar multiple of
→

BC, so theDE must be parallel toBC, since they
have the same direction. And,

|
→

DE| = 1
2
|
→

BC|

so thatDE is half the length ofBC, since the magnitude of
→

DE is half that of
→

BC.
Example

Consider two vectorsa andb which are perpendicular. Their sum is the vectorc:

c = a + b

Becausea andb are perpendicular we can use everything we know about right angle
triangles:

|c| = |a + b| =
√
|a|+ |b|

cos θ =
|a|
|c|

etc. . . .

(whereθ is the angle betweenc anda).
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⇓ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .Hour 2⇓

1.4 Vector Component Form

For a vectorr there are always two vectorsa andb such that

r = a + b

anda andb are perpendicular to each other.

Now, if there is a fixed coordinate frame whosex axis is parallel toa, and whosey
axis is parallel tob, then we can rewritea andb in terms of the unit vectors which
define the two axes. So, a unit vector in thex direction is defined aŝı (sometimes
written asx̂), and similarlŷ is defined as the unit vector in they direction.

We define the following unit vectors:
ı̂: vector inx direction with unit magnitude
̂: vector iny direction with unit magnitude

Then, ifa andb are the magnitudes ofa andb, we can write

r = a + b = âı + b̂.

The scalar quantitiesa andb are called the cartesiancomponentsof the vectorr in the
x andy directions, respectively. Cartesian simply means that the coordinate system
axes are perpendicular to each other and do not change.

1.4.1 Position vectors

Vectors can also be represented as a displacement from one point to another. If the
initial point is the origin of a coordinate system, then we can use vectors to “label”
points in space. Such a vector is called aposition vector.

Note that position vectors are an example of a specialized form of vector: they have di-
rection and magnitude, but they also have an extra meaning (namely, the displacement
from an origin to a point in space).

There is an obvious relationship between the coordinatesof a point and the corre-
sponding position vector.

In two dimensions (2D) the point with coordinatesx = a andy = b, or (a, b) has a
position vectorr.

From the vector law for addition we find the relationship between a point’s coordinates
and its position vector:

r = âı + b̂

From this we can see that there is a correspondence between thecoordinatesof a
position vector and thecomponentsof a vector. This can be confusing, and one has to
take care to distinguish position vectors, which indicate displacement from the origin,
from other vectors, such as ones giving merely a relative displacement between two
different points.

1.4.2 Vector equality with components
Key Point

Equal vectors are equal component
by component.From the definition of components it obviously follows that two vectors areequal if

theirx components are equal and also theiry components are equal.
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SECTION 1. VECTORS 1.4. VECTOR COMPONENT FORM

Consider two vectorss andt with components

s = p̂ı + q̂

t = uı̂ + v̂

In order fors andt to be equal, the following must be true:

p = u

q = v

1.4.3 Magnitude and direction using components

Plotting a position vectorr for a coordinate(a, b)

we can see that the lengthsr (i.e., |r| the magnitude of the vectorr), a andb form a
right angled triangle, so using Pythagoras:

r2 = a2 + b2,

or
r = |r| =

√
a2 + b2.

This gives us a way to calculate the magnitude of a vector in terms of its components.

Also, if the vectorr makes an angleθ to thex axis, then

cos θ =
a

r
=

a

|r|
=

a√
a2 + b2

.

so that the direction of the vector, in terms ofcos θ, can be calculated from the com-
ponents ofr.

Example

Given a vectorr = 3̂ı + 4̂, its magnitude is found from

r =
√

32 + 42 =
√

9 + 16 = 5.

The angle to thex axis can be found by

θ = cos−1

(
3
5

)
= 53.13◦ = 0.927radian.

1.4.4 Vector addition and subtraction using components

Suppose we have two vectorsr = âı + b̂ ands = ĉı + d̂, and we wish to find
the vector which is the sum of these two vectors:p = r + s. By constructing the
triangle of vector addition, we can see that thex component ofp is the sum of thex
components ofr ands, and similarly for they component.

p = r + s = âı + b̂ + ĉı + d̂ = (a + c)̂ı + (b + d)̂.

Thus the rule for addition (or subtraction) is to proceed component by component. Key Point

For vector addition, add
component by component.
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Example

Consider (in 2D)
v1 = 2̂ı + 3̂, v2 = 5̂ı + 2̂

Then

v1 + v2 = (2 + 5)̂ı + (3 + 2)̂ = 7̂ı + 5̂

v2 − v1 = (5− 2)̂ı + (2− 3)̂ = 3̂ı− ̂

1.5 Using Vectors: Two Examples

1.5.1 Vector Addition of Velocities

A swimmer can swim in still water at 3 m/s.

They try to cross a river which is flowing at 4 m/s, and they swim perpendicular to the
direction of flow.

Their velocityV , as seen from the river bank is the vector sum of the river’s flow
velocity V r and the swimmer’s still water velocityV s (which has magnitude 3 m/s
and is perpendicular toV r).

V = V r + V s

SinceV r andV s are perpendicular, we can arrange suitable coordinate unit vectorsı̂
and̂ so that

V = 4̂ı + 3̂

Straight away the swimmer’s speed can be calculated:

|V | =
√

42 + 32 = 5.

Once this problem has been set up, other things can be done. For example if there a
wind velocity measured on the bank, what is the effective wind velocity felt by the
swimmer?
⇓ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .Hour 3⇓

1.5.2 Centre of Mass of Collection of Point Masses

We will consider a set of so-called point masses, arranged in a plane so that we can
use two dimensional vectors. A point mass is a convenient fiction, so that a particular
mass can be thought of as existing only at a single point in space.

The centre of massis the point about which the turning moment is zero – in other
words, the effects of the masses about this point balance out.

Alternatively. . . The total turning moment about some point is the same as if all the
mass is concentrated at the centre of mass.

The turning moment of a mass about a point is the product of the mass and the distance
of the mass from the point in question.

First think about a one dimensional arrangement (i.e., the masses are arranged in a
line) with two massesm1 andm2. The position ofm1 is given by its distancex1 from
the originO, and similarlym2 is a distancex2 from O.

The centre of mass has the following property: The combined moment ofm1 andm2

aboutO is the same as the moment of the combined mass(m1+m2) if it were situated

8



SECTION 1. VECTORS 1.5. USING VECTORS: TWO EXAMPLES

at the position of the centre of mass,xCM. As far as the moment is concerned we can
replace the two masses by a single mass(m1 + m2) at the centre of mass.

m1x1 + m2x2 = (m1 + m2)xCM

So,

xCM =
m1x1 + m2x2

m1 + m2

This can easily be generalized to the case where there are many, sayn, such point
massesm1,m2,m3, . . . mn positioned atx1, x2, x3, . . . xn,

xCM =
1
M

n∑
i=1

mixi

where the total mass isM =
∑

i mi.

If the point masses are arranged in thex-y plane, withy coordinatesy1, y2, y3, . . . yn,
then the above formula is correct from taking the moment about they axis and hence
finding thex coordinate of the centre of mass. By taking the moment about thex axis
we can similarly find the y coordinate:

yCM =
1
M

n∑
i=1

miyi

Now, each massmi is at position(xi, yi) so the correspondingposition vectoris
ri = xiı̂ + yi̂. Also we can write the position vector of the centre of mass as
rCM = xCMı̂ + yCM̂. Thus,

MrCM =

(∑
i

mixi

)
ı̂ +

(∑
i

miyi

)
̂

=
∑

i

(mixiı̂ + miyi̂)

=
∑

i

miri

Finally:

rCM =
1
M

∑
i

miri

The centre of mass position vector is the mass weighted average of the position vectors
of all the point masses.

Note that this vector equation is independent of any coordinate frame, but to calculate
rCM we need to use a particualr coordinate frame so that we can use components.

Example

Masses of 3g, 5g, and 1g are situated at position vectorsa = 2̂ı + 4̂, b = −3̂ı + ̂,
andc = −8̂, respectively.

The total mass:
M = 3 + 5 + 1 = 9

So, applying the above result:

9rCM = (3 · 2− 5 · 3)̂ı + (3 · 4 + 5 · 1− 1 · 8)̂
= (6− 15)̂ı + (12 + 5− 9)̂
= −9̂ı + 9̂

And finally:
rCM = −ı̂ + ̂
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SECTION 1. VECTORS 1.6. THREE DIMENSIONAL VECTOR COMPONENT FORM

1.6 Three Dimensional Vector Component Form

Everything that has been given for the case of a two dimensionalx-y coordinate sys-
tem can be extended to a three dimensional (3D) Cartesian coordinate system: choos-
ing a fixed set of orthogonal (right-handed) axes, then defining the following unit
vectors:
ı̂: vector inx direction with unit magnitude
̂: vector iny direction with unit magnitude
k̂: vector inz direction with unit magnitude

Then the position vector corresponding to the pointP at (x, y, z) can be written as

→
OP = xı̂ + y̂ + zk̂

This is known asvector component form.

1.6.1 Equality and Addition

If two vectors are equal:

p = r

pxı̂ + py ̂ + pzk̂ = rxı̂ + ry ̂ + rzk̂

then the components are equal:

px = rx, py = ry, pz = rz

Suppose there is a vector
→

OQ = âı + b̂ + ck̂

Then the effect of adding the vectors
→

OP and
→

OQ must be the effect of doing the first
displacement, followed by the second. In other words:

→
OP +

→
OQ = (x + a)̂ı + (y + b)̂ + (z + c)k̂

So, to add vectors in component form: add the corresponding components.

1.6.2 Magnitude of a Vector

From the diagram, we havew2 = x2 + y2 (by Pythagoras). Also, if the vector has
magnituder

r2 = |r|2 = w2 + z2 = x2 + y2 + z2

So,
r = |r| =

√
x2 + y2 + z2

So, for a general vector
v = âı + b̂ + ck̂

has magnitude
v = |v| =

√
a2 + b2 + c2

It follows that theunit vectorin the direction ofv is

v̂ =
v

|v|
=

1√
a2 + b2 + c2

v
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SECTION 1. VECTORS 1.7. VECTOR MULTIPLICATION

1.7 Vector Multiplication

⇓ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .Hour 4⇓
We have seen that a logical meaning can be given to multiplication of a vector by a
scalar. But what is the meaning of multiplying two vectors together? How should we
interpret the multiplication of a direction by another direction? It turns out that one
can define two completely different kinds of vector multiplication:

• Scalar product (or “dot” product): the scalar product of two vectors is a scalar
(ie ordinary number), so: vector· vector = scalar

• Vector product (or “cross” product): the vector product of two vectors is another
vector, so: vector∧ vector = vector

1.7.1 Scalar Product, or “Dot” Product

The definition is of the scalar product of two vectors is

a · b = |a| |b| cos θ

whereθ is the angle between the vectorsa andb.

������������1



















�

θ →
a

→
b

The definition is
a · b = |a| |b| cos θ

whereθ is the angle between the vectorsa andb.

From the definition we have some obvious consequences:

a · b = b · a

so the order of multiplication of a scalar product does not affect the result.

The usual rules of algebra apply for expansions:

a · (b + c) = a · b + a · c

Geometrically,|a| cos θ is the componentof the vectora in the direction of the vector
b, which is also known as the projection of the vectora on to the vectorb.

a · b = |b|(projection ofa on tob) = |a|(projection ofb on toc)

Importantly, the scalar product of a vector with itself is equal to the square of the
magnitude of the vector (since the angle between the vectors is zero):

a · a = |a|2
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SECTION 1. VECTORS 1.7. VECTOR MULTIPLICATION

If the two vectors are perpendicular, so that the angle between them is 90◦, then the
scalar product is zero:

a · b = 0, if a ⊥ b

-

6
→
a ·

→
b = 0

Scalar Product in Component Form

Suppose that
a = a1ı̂ + a2̂ + a3k̂

b = b1ı̂ + b2̂ + b3k̂

Then
a · b = (a1ı̂ + a2̂ + a3k̂) · (b1ı̂ + b2̂ + b3k̂)

Now, ı̂ is a unit vector, so
ı̂ · ı̂ = 1

And, by definition, ı̂ is perpendicular tô and k̂ (since the three unit vectors are
mutually orthogonal), so

ı̂ · ̂ = ı̂ · k̂ = 0

Key Point

For dot product, multiply
component by component and then
add up.

It follows that
a · b = a1b1 + a2b2 + a3b3

So the rule is: multiply respective components and add.

Work Done by a Force

Consider a vector forceF applied to an object which moves from pointA to B, which
is represented by a displacement vectors.

The work done,W , by a force is equal to the magnitude of the force multiplied by
the distance moved in the direction of that force. The component of the force perpen-
dicular to the displacement thus does no work. The component ofF parallel to the
displacements is |F | cos θ, whereθ is the angle betweenF ands

W = |F | cos θ |s| = F · s

(This equation strictly only applies for constantF .)
Example

A forceF
F = 3̂ı + 2̂− k̂

is applied to an object which moves a vector distances:

s = 2̂ı + 2̂ + k̂

What is the work done by the force?

Work done,W :

W = F · s = (3)(2) + (2)(2) + (−1)(1) = 6 + 4− 1 = 9 (Joule)

Note thatF should have units Newton (N), ands should have units in metres (m).

12
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Angle between vectors

The component form of the scalar product can be used to find the angle between two
vectors, using

Key Point

Angle between vectors:

cos θ =
a · b
|a| |b|cos θ =

a · b
|a| |b|

Note that special care has to be taken for negativecos θ to find the correct value forθ.
Example

Find the angle between the vectors

a = 5̂ı + 2̂− 7k̂

b = 2̂ı− ̂ + 3k̂

Finding the magnitudes:

|a| = (52 + 22 + (−7)2)1/2 =
√

78

|b| = (4 + 1 + 9)1/2 =
√

14

The dot product is

a · b = (5)(2) + (2)(−1)(−7)(3) = 10− 2− 21 = −13

So,

cos θ =
−13√
78
√

14
= −0.3934

Therefore,
θ = 113.17◦

The Cosine Rule

Another link between geometry and vectors can be made using the scalar product.

Consider the triangleOAB whereθ is the angle betweenOA andOB. We can write:

a =
→

OA, b =
→

OB,
→

AB = b− a

It then follows that

|
→

AB|2 = (b− a) · (b− a)
= a · a + b · b− 2a · b
= |a|2 + |b|2 − 2|a| |b| cos θ

This is none other than theCosine Rulefor the triangleOAB:

AB2 = OA2 + OB2 − 2(OA) (OB) cos θ
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⇓ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .Hour 5⇓

1.7.2 Vector Product, or Cross Product

The vector product of two vectors produces a third vector which is perpendicular to
both. The magnitude is equal to the product of the magnitudes multiplied by the sine
of the angle from the first vector to the second.

The definition is thus:
a ∧ b = |a| |b| sin θ ê

Here θ is the angle froma to b, and ê is a unit vector perpendicular to the plane
containinga and b. The sense of direction of̂e is in a RH screw sense as when
turninga towardsb.

The vector product is pronounced “a cross b,” and may be writtena × b. The cross
product is a completelydifferent kind of multiplication, and so must always have the
correct symbol.

From the definition of the sense ofê it is apparent that

a ∧ b = −b ∧ a

(ie changing the order in a vector product changes the direction of the result). This
is the most important difference with ordinary multiplication of numbers: the vector
product is non-commutative.

Other rules of algebra are more usual:

a ∧ (b + c) = a ∧ b + a ∧ c

k(a ∧ b) = (ka) ∧ b = b) ∧ (kb)

wherek is a scalar.

If two vectors,a andb are not parallel then, one can find the unit vector normal to the
plane containinga andb:

ê =
a ∧ b

|a ∧ b|

Special Cases

If a is parallel tob, then the angleθ = 0, so thatsin θ = 0, so that

a ∧ b = 0, (a‖b)

On the other hand, ifa ∧ b = 0 this implies one or more possibilities:

• Eithera = 0 and/orb = 0

• Or a‖b or a‖(−b)

If a is perpendicular tob then the angleθ = 90◦, so

a ∧ b = |a| |b|, (a ⊥ b)

14



SECTION 1. VECTORS 1.7. VECTOR MULTIPLICATION

Vector Product in Component Form

Applying the vector product to the Cartesian unit vectors we find:

ı̂ ∧ ı̂ = ̂ ∧ ̂ = k̂ ∧ k̂ = 0
ı̂ ∧ ̂ = k̂ ̂ ∧ ı̂ = −k̂

̂ ∧ k̂ = ı̂ k̂ ∧ ̂ = −ı̂

k̂ ∧ ı̂ = ̂ ı̂ ∧ k̂ = −̂

Thus we can find the component form for the vector product. For the vectors:

a = a1ı̂ + a2̂ + a3k̂

b = b1ı̂ + b2̂ + b3k̂

we find:

a ∧ b = (a1ı̂ + a2̂ + a3k̂) ∧ (b1ı̂ + b2̂ + b3k̂)

= a1(b1ı̂ ∧ ı̂ + b2ı̂ ∧ ̂ + b3ı̂ ∧ k̂)

+a2(b1̂ ∧ ı̂ + b2̂ ∧ ̂ + b3̂ ∧ k̂)

+a3(b1k̂ ∧ ı̂ + b2k̂ ∧ ̂ + b3k̂ ∧ k̂)

= a1b2k̂ − a1b3̂

−a2b1k̂ + a2b3ı̂

a3b1̂− a3b2̂ı

So, finally:

a ∧ b = (a2b3 − a3b2)̂ı + (a3b1 − a1b3)̂ + (a1b2 − a2b1)k̂

If you are familiar with determinants, there is an alternative way to remember this
formula:

a ∧ b =
ı̂ ̂ k̂
a1 a2 a3

b1 b2 b3

Example

Area of a Triangle

Consider a parallelogramOACB, with an interior angleθ betweenOA andOB. If
→

OA = a and
→

OB = b, then the area of the parallelogram is

|a| |b| sin θ = |a ∧ b|

It follows that the area of the triangleOAB is

A =
1
2
|a ∧ b|

15
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Moment of a Force

If a force F acts at some point given by position vectora, then the moment of the
force about the origin is defined as

G = a ∧ F

The magnitude|G| is independent of the choice of the pointa on the line of action of
the force. (The moment depends on the perpendicular distance from the line of action
of the force to the origin.)

Force on a charged particle in a magnetic field

A particle of chargeq with velocityv in a magnetic field of strengthB is subject to a
force:

F = qv ∧B

So the force is perpendicular to bothv andB. A consequence is that the magnetic
force cannot do any work on the particle. This force equation is used in deriving the
Hall effect for charges in a semiconductor.

1.8 Equation of a Straight Line Using Vectors

A line can be thought of as all the points which lie is a certain direction from a given
fixed point.

Specifying a direction in two dimensions needs just one angle, but in three dimensions
it requires two. We will firt look at the relation between the components of a vector
and these angles, and then move on to how to write down a vector equation for a line.

1.8.1 Direction Cosines

Consider the following vector in component form:

v = âı + b̂ + ck̂

The angle between thex axis and the vectorv is α; the angle betweeny axis andv is
β; the angle betweenz axis andv is γ.

From the diagram, we can see that we can define a quantityn:

n = cos γ =
c

|v|

Similarly for quantitiesm andl:

m = cos β =
b

|v|

l = cos α =
a

|v|

The quantitiesl, m, andn are called the direction cosinesof the vector.

Note that

l2 + m2 + n2 =
a2 + b2 + c2

|v|2
= 1

16
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Thus the vector
l̂ı + m̂ + nk̂

is the unit vector in the direction ofv.
Example

v = 3̂ı− 2̂ + 6k̂ ⇒ |v| =
√

32 + (−2)2 + 62 = 7

Therefore:

l = cos α =
3
7
, m = cos β =

−2
7

, n = cos γ =
6
7

⇓ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .Hour 6⇓

1.8.2 Vector Equation of Line

Consider this diagram:

Vectora is a position vector of a point on a line, and vector
b is parallel to the line.

Then,anypoint of the line can be reached by moving to the
point a on the line, and then moving by some appropriate
amount parallel to the line. In other words, for an arbitrary
point on the line with position vectorr, we must have

r = a + sb

wheres is a scalar parameter (i.e., some number which se-
lects a particularr. This is the vector equation of a line.

Equation of Line in Cartesian Components

If the position vector of an arbitrary point on the line is given in (Cartesian) component
form, so that the point has coordinates(x, y, z):

r = xı̂ + y̂ + zk̂

And, similarly the vectorsa andb are given in component form:

a = a1ı̂ + a2̂ + a3k̂

b = b1ı̂ + b2̂ + b3k̂

Then the vector equation of the line

r = a + sb

implies equality of the components of lhs and rhs:

x = a1 + sb1, y = a2 + sb2, z = a3 + sb3

17
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Each of these equations can be solved for the numbers:

s =
x− a1

b1
=

y − a2

b2
=

z − a3

b3

This is theequation of the line in Cartesian coordinates.

Special case:If b is a unit vector, thenb1, b2, b3 are the direction cosines of the line.

Special case:If the line passes through the origin, thena = 0 anda1 = a2 = a3 = 0.

If, instead, two position vectors,a andc, are given of points on the line, then, by the
vector addition law we can find a vector parallel to the line:

b = c− a

so that the equation of the line, in this case, becomes

r = a + s(c− a)

Example

Find the equation of the straight line which makes an angle of 45◦ to thez axis, and an
angle of 60◦ to thex axis, and which passes through the origin. (Note that two angles
are required to specify the direction of the line.)

The direction cosinesl (cosine of angle tox axis) andn (cosine of angle toz axis) are
obvious:

l = cos α = cos 60◦ =
1
2

n = cos γ = cos 45◦ =
1√
2

The third direction cosine is found from the relationship:l2 + m2 + n2 = 1, so

m =
√

1− l2 − n2 =

√
1− 1

4
− 1

2
=

1
2

The line passes through the origin, so the vectora (as in previous section) is zero:
a = 0. And the vector

l̂ı + m̂ + nk̂

is parallel to the line.

So the equation of the line is:

r = s(
1
2
ı̂ +

1√
2
̂ +

1
2
k̂)

wheres is parameter (each point on the line corresponds to a different value fors).

The Cartesian (i.e.,xyz) form for the equation of the line can be found by noting that

r = xı̂ + y̂ + zk̂

wherex, y andz are the coordinates of a point on the line, and they satisfy:

x

l
=

y

m
=

x

n

So that,x, y, andz are related in the ratios:

2x = 2y =
√

2 z

18
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1.8.3 Intersection of Two Lines

Suppose that there are two lines given, respectively, by the
two equations:

r1 = a + sb, r2 = c + td

Wherea, b, c andd are given vectors, ands andt are pa-
rameters.

Unlike the case for 2D (when lines always intersect unless
they are parallel), there are three possibilities: (1) the lines
do not intersect; (2) they intersect at one point; (3) the two
lines are identical.

Let us deal with Case (3): clearlyb andd must be in the same direction, or exactly
opposite direction, so it follows that

d = p b

wherep is some number. Also,a andc must both be position vectors for points on
the line, so(a− c) must be in the direction of the line, and it follows that

(a− c) = q b

If these two conditions are satisfied, then the two lines are identical.

To look for possible intersection of the lines, there must exist a point which satisfies
bothequations:

r = a + s∗ b = c + t∗ d

wheres∗ andt∗ are the particular values for the intersection point. In Cartesian com-
ponent form this givesthreeequations for thetwounknowns (namelys∗ andt∗):

a1 + s∗ b1 = c1 + t∗ d1

a2 + s∗ b2 = c2 + t∗ d2

a3 + s∗ b3 = c3 + t∗ d3

Two of these equations can be used to find values fors∗ andt∗, but the lines will only
truly intersect if the third equation is also satisfied for the same values ofs∗ andt∗.
Thus it is important to check for intersection in allthreecomponents.

Example

Let us look at two simple examples. Consider two lines whose vector equations are

r1 = (1, 0, 0) + s(−1, 1, 0)
r2 = t(1, 1, 1)

We are using the short hand notation(1, 1, 1) = ı̂ + ̂ + k̂. Note how different
parameterss andt are used for the different lines.

The aim is to find values fors and t such thatr1 r2. This condition leads to three
simultaneous equations:

1− s = t

19



SECTION 1. VECTORS 1.8. EQUATION OF A STRAIGHT LINE USING VECTORS

s = t

0 = t

The last two equations lead tos = t = 0, but this is clearly inconsistent with the first
equation. So, in this casethe lines do not intersect.

Next consider:

r3 = (1, 0, 0) + s(−1, 1, 1)
r2 = t(1, 1, 1)

Similarly, the simultaneous equations to satisfy are:

1− s = t

s = t

s = t

The last two equations are now identical, so we can solve the first:

1− t = t ⇒ t = 1/2, s = 1/2

so, in this case,the lines do intersect.And by substituting intor2 (or r3) we find the
point of intersection:

r = (1/2)(1, 1, 1) =
1
2
(̂ı + ̂ + k̂)
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