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Section 4

Sequences and Series

In this chapter we will see how we can use what we know about differentiation to
approximate almost any functionafby a series of terms involving just powers.af

We will also learn how to test whether a sum with an infinite number of terms can
actually converge to a single, finite result.

4.1 Maclaurin’s Series

It is possible to show that any (well, almost any) function can be approximated as a
power series ir:. In other words, there is a power series which is an equivalent way
of expressing the function.

4.1.1 Polynomial Functions
We are familiar with linear functions:
f@)=ao+ a1z

whereag anda; are constant. We are equally familiar with quadratic functions such
as:

f(z) =ao + a1z + azx?

...and soon.

Clearly there is a pattern here that we can generalise. A function which is a sum of
a number of terms where each term depesnly on integral powers of: is called a
polynomial function

Consider a polynomial function with terms upit® (called am-th order polynomial):
f(z) =ag+ax+agr® + ...+ ayz”

where theu,, are the coefficients of the polynomial. A polynomial is an example of a
power series

Some Definitions

In order to take our discussion further we need to make some definitions.
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A sequencads an ordered set of quantities
Ui, uU2,U3, ...

such as 2,4,6,8, or what ever. Usually there is some pattern in the terms, but a sequence
might be a set of random numbers. Note how we are using subscripts to label the
different terms, ie first, second, third, etc.

A sequence can Hanite, e.g., the even integers up to 100:

2,4,6,...,100

orinfinite, in which case it continues indefinitely e.g., sequence formed, starting from
2 and repeatedly doubling:

2,4,8,16,32,64,128, . ..

A seriesis the sum of the terms of a sequence. The sumtefms can be written

Sn:ul—l—ug—i—ug,—i—...—i—un:Zur
r=1

For finite value ofn, thens,, is afinite series

If the number of terms is infinite (i.em, — oo) then the sum is amifinite series and
one writes

o0
SOO:u1+uQ+u3+u4+u5+...:Zur
r=1

A power seriesis one particular case where the terms only depend on powers of a
variable, such as.

One can have power seriesarwhich are either infinite:
oo
S =ag+az+ax? +asz>+... Se = Zanas”
n=0
or finite:

N
2 3 N
S=ag+aixr+ax”+azx®+...+anx SN = E apx™
n=0

Since the terms in the series now depend on a variable, the whole series must be
considered as a function of S = S(x).

Polynomial Coefficients

There is a striking relationship between the coefficients of a polynomial and the deriva-
tives of the function. We can find the coefficients in termg @f) and its derivatives,
by repeatedly differentiating and settimg= 0.

First the result of repeated differentiation:

flz) = ap+az+ asx® + azx® + ...+ apz”

f'(x) = a1+ 2a02 + 3asx? + ...+ na,z™Y
f"(x) = 2a9+3-2a3x+...+n(n—1)a,z™?
f(x) = 3-2a3+...+nn—1)(n—2)a,z""3
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Then setr = 0:
ap = f(0)
aq = f/(O)
= L f(0)
1 "
a3 = g (0)

Note thatf’(0) means the first derivative gf evaluated at: = 0 and we have used
the factorial function

nl=n-(n—-1)-(n—2)...3-2-1.

Thus for the polynomial we can write a power series version of the original function
in terms of the derivatives of (x).

F() = FO) + O + o /002 + 5o f" (O + ..+~ fO(0)a"

Now, a polynomial obviously is just a finite power series, so we have simply found
a relationship between the coefficients of the polynomial and the derivatives of the
polynomial function.

4.1.2 Approximating a Function

Of course, so far we have found a connection between differentiating the function and
it coefficients, but we haven't really learnt anything new!

But, what about functions which ar®t polynomial? Might it be possible tapproxi-
matesuch a function by a polynomial?

For example, a function close to some point might be thought of as roughly like a
straight line (ie the tangent line) which is a linear function. If we zoom in closer to the
point we might see that the function isn’t quite a straight line but is something like a
quadratic. And if we zoom in again, it might look like a cubicand so on!

However, since we are looking at an approximation to a function, that is not itself
polynomial, we should expect there to be some amount of difference between the
function itself and its power series reprepresentation. This difference is known as the
Remainder term

4.1.3 Maclaurin’s Series

We now come to the statement of what is known as Maclaurin’s theorem:

It is possible to write down a power series representation of a function, together with
a remainder term. The remainder term must tend to zero as the number of terms in the
series increases, so that the power series is an ever more close approximation to the
function.

The terms in the power series are just those detailed above, which implies that the
function must be able to be differentiated the appropriate number of times. (For most
of the functions we are interested in, they can be differentiated any number of times.)

Maclaurin’s Series:

SUQ JJS
(@) = £(0) + 2 f'(0) + 57 f(0) + 5 /7 (0) + .. +

T n

21 (0) + Ra(@)
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where the remainder term is
xn—i—l
(n+1)!

R (z) = £

where¢ is a number such that< ¢ < x (for z > 0).

There are some points to note, that could mean that the Maclaurin’s series cannot be
used: As already mentioned, the remainder term must get smallemaseases, so

that the approximation improves as more terms are added. The furfgtiommight

not be differentiable, or only differentiable for some range:pénd in that case the
series cannot be constructed, or is only valid over some range in

If the function f (=) can be differentiated an infinite number of times, then the Maclau-
rin’s Series becomes an infinite power series:
oo In
fl@) =Y =™
- n!

n

but only if it can be shown that this series converges (for example, by using the ratio
test) (this will be discussed shortly!).

Once we know that we can use a Maclaurin’s series as an approximation for a function,
it becomes a very powerful tool, because it means that we can calculate the value of
the function using only the standard rules of arithmetic. This is especially important
for calculations using computers.
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Example
Maclaurin’s series foif (z) = sin(x)
f=sinz f'=cosz f’"=—sinz [ =—cosx
f0)=0 f(O)=1 f"0)=0  f"(0)=-1
So, A S e a
. .’bs 1’5
sinx = 0+x+075+0+5+...
) - 0 (_1)nx2n+1
sinz = ; BT
As we will see later, this result is correct for all valuesrof
Ng o 7
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Let us consider the Maclaurin’s series for the functjgn) = e*:
f/ — ex f”(JJ) — em f/l/ — em’
So,
f0)y=1, f"0)=1, f"=1, etc
And it follows that we can write down the infinite series t6r

e
$2 3

T z"
51 +§+"':ZH

n=0

e =1+x+

As we shall see shortly this series converges for all values ahd is none other than
the well known series for the exponential function.

We can find the Maclaurin’s series f¢fx) = cos x in a similar way, but here we will
find it by differentiatingthe series fosin x. (The derivative of a series can be found
by differentiating term by term.) Then,

X (_1\n..2n
cosx:di(sing:):lf"iJrﬂ.f_”:Z( (12)71)1;

n=0

Maclaurin’s series fotosh z:
f=coshz f'=sinhxz f”’=coshx [ =sinhz
fO)=1 fO=0 f"0)=1 f"(0)=0
So,

z?2 ot

coshzx = 1—5—5—%1—%...

coshex = Z%

0

Maclaurin’s series foln(1 + x):

f=h(l+2) fl=iy f/=-(142)2 f7=21+a)"
=0 FO=1 fO=-1  [0)=2

So,

In this case, one can show that the series is only correct (ie will only converge) for
|z] < 1. This is called conditional convergence.

A Problem?

Although the Maclaurin’s Series method seems incredibly powerful and useful (it
means that we can calculate functions approximately just using the standard arith-
metic operations), there seems to be a problem.

Example

Example

Example

Example
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Surely adding up ainfinite number of terms is going to lead to a value that is itself
infinite? On the other hand, if the size of the terms gets smaller and smaller, then
perhaps we can imagine that adding more and more eventually makes less and less
difference to the answer. In other words, how can we be sure that the Maclaurin’'s
Series actually produces the right answer?

To answer this question we need to look at sequences and series in some more detail.

4.2 Sequences and Series in General

A sequencas an ordered set of quantities
Uy, U2,U3, - - -

such as 2,4,6,8, or what ever. Usually there is some pattern in the terms, but a sequence
might be a set of random numbers.

A sequence can Hanite, e.g., the even integers up to 100:
2,4,6,...,100

orinfinite, in which case it continues indefinitely e.g., sequence formed, starting from
2 and repeatedly doubling:

2,4,8,16,32,64,128, ...

A seriesis the sum of the terms of a sequence. The sumtefms can be written

Sn:ul—l—ug—i—ug,—i—...—i—un:ZuT
r=1

For finite value ofn, thens,, is afinite series

If the number of terms is infinite (i.em, — oo) then the sum is amifinite series and
one writes

SOO:u1+u2+u3—|—U4+u5+...:Zur
r=1

4.2.1 Arithmetic series

If the difference between subsequent terms is a constant aniptiren the series is
arithmetic, and the terms are:

ui=a, w=a+d u=u,1+d=a+(p—1)d
Then the series can be written

S, = a+(a+d)+(a+2d)+(a+3d)+...+(a+ (n—1)d)
= na+(1+2+43+...+(n—-1))d

1
= na+ 577(77 —1)d

Where we are using the well known result that

n

Zr: %n(n—i—l)

r=1
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Example
Fora=2,d =3:
S=2+5+8+...
And so 1
S10 = 10.(2) + 510 .9.3=20+135=155
4.2.2 Geometric Series
If the terms, starting from, differ by a constant multiplicative facter then the series
is geometric, and the terms are:
ui=a us=ar us=ar’ Up = ar?™1
And the series ofi terms is
S, = at+art+a’+a’+.. . +ar™!
n—1
- ay v
p=0
This can be put in closed form, by noting:
S, = at+art+a’+a’+... +ar™!
rS, = ar+ar’ +ar* + ... +ar™ +ar”
S, —rS, = a—ar"
So that:
S — a(l —r™)
1—r
This is the best form fopr| < 1. If, on the other handy| > 1 then use
a(r™—1)
Sp = ——
' r—1
Example

Consider geometric series with= 8 andr = %
Sn=8+4+4+2+...

So,
Se=s4dt2riyopip L
87 248" 16
And from formula . -
so—sl\l=%) _ g _ 255
1-3 : 16

4.3 Convergence and Divergence

We now consider what can happen when we start to sum an infinite series. One can
obtain an infinite series from a finite series by allowing the number of terms included
in the sum to increase towards infinity. That is we consider the s8fidsometimes
called the partial sum) and let— oco.
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A series isconvergentif the quantity

lim S,

n—oo
exists, and has a finite value.

The contrary case can easily be imagined: if we have a series whose terms are all the
same sign, but which get bigger and bigger, then the more terms that are summed will
makes the series sum even larger.

A series igdivergent if the quantity

lim S,

n—oo

does not tend to some definite value, for examplauif, . .. S,, = co. If S,, is always
changing as: — oo but remaining finite, so that it does not have a single limiting
value, then the series is called divergent in this case also.

We can demonstrate examples of convergence and divergence using geometric series,
and the fact that we have an explicit form of the sum of the firgtrms:

a(l —r”)'

Sn = 1—r

As an example of convergence, consider the geometric serieg with, andr =

11 1
w = l+-+4...
S +tot gt

= (1).@ 2(11>

-3 %

Now, asn — oo, == — 0, and so the sum tends to the value of two, which we write
as

1
5

lim S, =2

n—oo

This simple example, is very well behaved: Each term has the same sign and is smaller
than the one before. The sumias— oo is a well behaved limit, ie a finite limiting
value exists.

As an example of divergence, consider the geometric seriesiwitli andr = 2

Sy, = 14+4424... 4271
_ 2"-1) .,
= (D-W—(? —1)

and asn — o0, S,, — 00, since2™ increases without limit. Thus in this case,

lim S,, = o0
n—oo

and the series is divergent.

4.3.1 Summary

A series for whichsS,, tends to a definite finite valu® asn — oo is called a
convergentseries. IfS,, does not tend to such a value, the series is calieergent.

For a convergent series, we can write

lim S, =V

n—oo

whereV is the sum to infinity of the series.
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4.4 Tests for Convergence

Whether or not a series converges can be proved by finding an expressin éord
then studying the limiting value of this sum as— oco. This is what has just been
done for the general geometric series.

However, for many series it is not possible to find an expressiorsfor In such

cases, there are nevertheless tests which can be carried out to explore the convergence
properties of the series. Here we will give these tests (without proofs), and examples.
The important point to note is sometimes a test does not return a definite answer about
the convergence of a series, and in such cases further tests have to be carried out.

We will initially consider series whose terms are positivexgll> 0.

4.4.1 “Terms non-vanishing” test

A series whose terms do not tend to zero in magnitude, i.e.,

lim u, #0

is certainly divergent

But the contrary is not true: that is, one can have a series whose terms tend to zero,
but which is nevertheless divergent. Or in other words: just because the terms tend to
zero it is no guarantee of convergence.

This test is relatively easy to perform, and can quickly rule out convergence in some
cases.

4.4.2 “Term by term comparison” test

This kind of test works by comparing, term by term, the series with another series
whose convergence is known.

A series will be convergerif it has terms, which have one to one correspondence
with, and are always smaller than, the terms of another series which is already known
to converge.

Similarly, a series will be divergeiittit has terms, which have one to one correspon-
dence with, and are always larger than, the terms of another series which is already
known to diverge.

4.4.3 “Ratio” Test

This is one of the most powerful tests.

Consider the quantity which is the limit of the (absolute) ratio of the last two terms in

the series a8 — oo:

un+1
Unp,

Note we take absolute value to deal with cases where terms are negative.

k= lim

n—oo

k <1 series converges
If... k>1 series diverges
k=1 Inconclusive

If the quantityk = 1 then the test gives no information on the convergence of the
series. Ifk = 1 then no conclusion can be drawn!

10
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Example
Consider:
=1
Se=)
1
Then,
W — l Unp+1 1
"l U, n+1
Thus,
n . 1
k= lim Ynt = lim =0
n— oo Uy, n—oo \ N + 1

Therefore, the series (which is none other thBnconverges.

For the test to work the limit

lim | 2t
n— un
must tend to ainglevalue.
For example, consider this series:
34+ (-1
i = DY)
n

The terms are alternately’ /n? and2" /n?, so the ratio of subsequent terms is alter-
nately (for largen)
4m 27 1
— = e, 2", —
on 4n on
So, for this series, the ratio test gives no conclusion.

4.5 Convergence of Geometric Series

Note: this section is not given in Lectures.

As an example of the different kinds of behaviour that series can exhibit, we will
examine the convergence properties of the general geometric series

n—1
S, =a E rP
p=0

We have the results

1 —pn
S = a( T) for |r] #£1
1—r

S, = na forr=1
(The second result is obvious.)

Asn — oo, there are FIVE different cases to consider, depending on the value of the
factorr.

Convergence forjr| < 1 (-1 <r < +1)

If |#| < 1, thenlim, . r™ = 0, SO
lim S, = a4
n—oo el

which is finite. So, the series is convergémtthis range of-.

11
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Convergence forr = +1

If » = +1, then we have the simpler formul&;, = na, thus clearly,

lim S,, = lim (na) = oo
n—oo n—oo

Since there is no finite limiting value, the series is divergethis case.

Convergence forr > +1

In this case we have

lim 7" = oo
n—oo

so applying the formula fof,, gives

lim S,, = lim <17’ >:oo

n— o0 n— o0 1—7r

So, the series is divergemt this case.

Convergence forr = —1

In the caser = —1, the sign of the terms alternates, but the terms have the same
absolute magnitude:
S,=a—at+a—a+t+a+...

So the sum is either zero, ar depending on whether there are an even or odd number
of terms! Thus, although the series remains finite it oscillates in value, so the series is
divergentfor r = —1.

Convergence forr < —1

Forr < —1, and asn — oo, the series is dominated by the behaviour®fwhich is
either+oo or —oo, depending ifn is odd or even. Thus, as fer= —1, the series is
divergentfor r < —1.

Summary

A geometric series is only convergent if

—1l<r<+1

4.6 Examples of Convergence Testing

These examples show the use of the Ratio and other tests. Such tests rely on knowing
how some simple limits behave, e.g., for positive

Also, when there is a limit with positive powers ofin a fraction, and it thus has the
indeterminate forntz, then one should divide top and bottom by the highest power
of n, and then take the limit. For example:

n®+1 _ 1+1/n3 1

lim - = =
n0o 303 + 3n — 7  neee 34 3/n2 —7/n® 3

12
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4.6.1 Examplel

For series with general term:

n—1
Uy =
n—+2
Obviously:
n
Upi] =
Ty +3
So,
Upy1 N n+2 n? +2n

Up, n+3n—-1 n2+2n-3
Then for the Ratio test:
. nZ+2n
k= lim ———
n—oo n? 4+ 2n — 3
In its present form it is an indeterminate formp(co), so divide top and bottom by
largest power of: (i.e.,n?):

1+2
b= lim 2y
n—oo 1 + 2/n — 3/n2

Sincek = 1 the Ratio test is inconclusive

But we can use the “terms non-vanishing” test:
i . n—1 . 1—-1/n

m U, = 1m = 11m ——— =

n—o00 n—oo N + 2 n—oo 1 + 2/’[1

And since the terms do not vanish awaynas+ oo, therefore the series diverges

The Ratio test is usually done first, since it gives the chance that convergence of the
series will be proved immediately. Of course, there is also the chance that the Ratio
test will prove inconclusive.

4.6.2 Example 2

For series with general term:
3n 3n+1

Up = = Up4+1 = m

nl’
So the ratio of successive terms is

Upa1 3l pl 3

U,  (n+DI'3" n+1

Then

. Un+1 .
k= lim 2 =3 lim
n—oo Uy n—oo n +

And, sincek < 1, the series converges

4.6.3 Example 3

For series with general term:

(n—1)! N n!
Un = 5 v Unp,
4n(n? + 1) 1
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The ratio of successive terms is:

Upt1 n! m(n?2+1) n  (n?2+1)

U, A (n+ 1241 (n—1)!  4[(n+1)2+1]
Then, dividing top and bottom by?

. Uppr 1 n(l+1/n?) 1.
s U, 4 nho [(14+1/n)?+ 1/n?] Aot T

and since: > 1 (obviously!), the series is divergent

4.7 Convergence of Power Series

There is one particular case of a series where the terms involve the powers of a vari-
able, such as. One can have, as before, power serieg which are either infinite:

o
S=ay+a1z+ax®+azx®+... Se= Zanac”
n=0
or finite:

N

2 3 N n

S =ag+a1x+ asx® +asx’+...+anz Sy = E an
n=0

Since the terms in the series now depend on a variable, the whole series must be
considered as a function of S = S(z).

For power series the question of convergence or divergence is vital. For an inifinite
power series one can try the Ratio test (assuming that the suitable limit actually exists).
Then the following condition:

An+1
An

k= lim
n—oo

a:‘<1

must be true in order for the series to converge. This can be manipulated to give a
condition on the variable:

an,

|z] < lim

n—oo

an+1

In other words, unless the RHS is infinite, the series waiilly converge for a certain

range ofr values. The quantity on the RHS of the above inequality is somtimes called

theradius of convergenctor the series.

Example

Consider the series fef
2 3 oo n

x x €T
Szl—i—x—i—ﬁ—f—g—i—...:Z—

This series will converge for

2| < lim (l/(l/”') = lim (n+1) = 0o

n—00 nA%l)! n—00

So, the condition for convergence is thatmust be less than infinity, which is always
true, so the series will converge for all (finite) valuescof

14
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Example

Convergence of Maclaurin’s Series fosin(z)
The power series fafin(z) is:

. 3 x°
sinx = O+x+0—§—|—0+5+...

s (_1)nx2n+1

sinz = E —
!
5 (2n+1)!

We now need to make sure that this series actually converges! Using the ratio test:

(—1)n+ig2n+s )
. (2n+3)! . x
k= lim = lim =0

This follows, since the limit varies as~2, which tends to zero as tends to infinity.
Since the limit is always zero, arid < 1 for convergence, then the series i =
will converge for all values of.

4.7.1 The Binomial Series

The Binomial expansion is well known:

-1
(1+z)P = 1+px+%x2+...

B plz™
B nz::() (p — n)In!

The most familiar case is whenis a positive integer, in which case tiie + 1)th
term is zero, as are all the subsequent terms. So, for integnal binomial expansion
produces a finite power series.

1+2z2)° = 1

14z = 1+a
(1+x)? = 1+ 2z + 22
1+2)3 = 1+ 3z +32% + 23
(1+2)* = 1+4z+ 622+ 42° + 2*

Notice how the Binomial expansion produces the coefficients from Pascal’ triangle.

However, one major application of Maclaurin’s series, is to show that the Binomial
series is true, even whenis not an integer, in which case the series is infinite (and
convergence has to be checked).

f=0+ap f=pd+a)P~t ["=pp-1)A+2)P2 [ =pp-1)p-—2)1+z)"?
fl0)=1 f(0)=p f'(0)=pp-1) f"0) =pp—1)(p—2)
From this it is clear that the Maclaurin’s series far+ x)? is just the Binomial ex-

pansion. And since the Maclaurin’s series is validfarot being an integer, then so
too must the Binomial expansion.

In the case where the series is infinite, we use the ratio test for convergence, i.e., the
following must be true:

plznt?
k= lim |2 SR o i 0| ) tim B - ‘<1
e (p]_'n)lm n—oo | (n+1) n—oo|n n+1

15
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So the condition for convergence of an infinite Binomial series is
lz] <1

Example

The Binomial series expansion is immensely useful, and we can use it to demonstrate
another way in which series may be manipulated.

We wish to find the series expansion fan~—! x, and as a trick, we first differentiate!
flx)=tan 'z = f'(z)=(1+2*)""

Now, a series for the derivative follows straightaway from the Binomial expansion:

(=D(=2) 4 (=D(E=2)(=3) 6

1.2 T+ 1.2.3 T+ ...

oo

= 1—x2—|—x4—;1:6+...:Z(—l)”nx%
0

fllo) = 1-a”+

Now, weintegrateboth sides of this equation (we can integrate the power series term
by term), to find

3 5 7 X 1\n,.2n+1
(=1)"=

T T T
tan =z -+ - 4. =Y L2
= + 7T 20: 2n+ 1)

Example
Calculation of electrostatic potential of two opposite charges.

Consider two charges( at pointsB and A, respectively. This is called aglectric
dipole. The distancel B is 2s. We want to calculate the combined potential of the two
charges at a poir® which is a distance from the midpoint ofA B in the direction of

AB. In other words we are only going to calculate the potential along the axis of the
dipole, which simplifies the calculation.

The electric potential af’ is
1 1
y= 9 ( - ).
dmteg \r+Ss r—=

-1
=(r+s)t=rt (1—}—7)
r+s

1 =(r—s)t=r"1 (1—5)_1.

r—s r
We are interested in the situation whens s, ie s/r < 1. So we use two useful
Binomical expansions, both valid far < 1:

Writing

and similarly

1+2)"! = 1—a4a?—23+. ..
1—2)"' = 14z4+22+23+...

Using these to expand in terms ofs/r, and only keeping terms up ta/r)?, gives
Q1 s s\? s 5\ 2
Nl i ) B R ¢

Q 2

4dmeqy 72

Thus our final result is that the potential of the dipole, along its axis, varigégids
insteadl /r as for a single charge.
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4.8 Taylor's Theorem

Now, Maclaurin’s series uses the information abguf’, f”, f"”,... (i.e. the func-

tion and all its derivativesgvaluated atz = 0 to “reconstruct” the functiory’ as a
power series. The obvious question is: What is special about zero? Indeed, there is
nothing special about the choice of zero, other than that it ensures that the individual
components can be identified.

We will now show that Maclaurin’s series is only a special case of a more general
series, known as Taylor's series. (Taylor was a student of Newton, and, apparently,
there is little historical justification to associate Maclaurin’s name with the Maclaurin’s
series!)

Consider Maclaurin’s series for the functigflX):

9(X) = 9(0) + Xg'(0) + S 9"(X) + ...

Now, let X = x — a, whereqa is some constant.

@%g"(m ¥

If X = 0thenitimplies that: = a. We can define a new function of
f@)=g—a) = f'(z)=g(z—a)

which is just the functiory shifted by an amount. Then we can write

g(x —a) = g(0) + (z — a)g'(0) +

(z—a)?

51 fa)+ ...

fl@) = fla)+ (z = a)f'(a) +

This is the Taylor’s seriefor f(x) about the position: = a.

An alternative form is to express the series in terms of the distancéom q, i.e., to
introduceh = x — a, and then to replaceby z, so that the function and its derivatives
are evaluated at:

2

@+ h) = f(@) + hf'(2) + 1

This can be thought of as a way of calculatifigat (z + h), when givenf and its
derivatives atc. If h is sufficiently small, then only keeping a few terms of the power
series is a way of approximatinf(« + h) in the vicinity of z. The approximation

is more accurate wheh is small, i.e., closer to the point where the function and its
derivatives are given.

Taylor’s series has innumerable applications in numerical methods (where approxima-
tions to the derivatives are required) for approximate computation of functions, and for
estimating errors in, for example, measurements.

4.8.1 Function Approximation by Taylor's Series

Sometimes it is useful to have a linear or quadratic approximation to a function, for
example to simplify the solution of equations involving the function.
Example

As an example we can consider the currdit{ voltage {) characteristic of a diode
(at room temperature)
I(V) = I,(e* — 1)
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1 is the diode currenty the applied voltage, anf] is the constant reverse saturation
current.

Now, if the diode is operating close to a voltage valyethen the second order Taylor
polynomial (ie quadratic) is

(V—Va

L (V) = 1(Va) + (V = Va)I' (Vo) + —— i

where
I'(V) =401, I"(V) = 16001,e*Y

SO
Iy = I (e*®V — 1) 4 401,e**V(V — V) + 800,e*V= (V — V,)?

The coefficients in this quadratic only need to be computed once. In some situations,
the use of a quadratic makes the computation of the current much easier, or perhaps
simplifies the solution o¥ in terms ofI. Of course, this quadratic relationship is only
approximate, and care must be taken to only use it where the error in the approxima-
tion is sufficiently small.

One particular use is to consider only the linear term at some operating véitage
which allows us to calculate the so-called slope resistance at this operating point, by
considering the change in current associated with a chagvie in

AV 1

av _ 40V, —1 _
A7~ (405 401,

where we have used the current at the operating point:

I, = I,(e" — 1) = I,e"0,

4.8.2 LHopital's Rule

This section deals with a useful application of Taylor’s series.

The problem is as follows: There are times when a limiting value of a quotient is
required, but the numerator and denominator both tend to zero in the limit.

lim ﬁg lim £(x) = lim g(x) = 0

This is a so-calleéhdeterminate fornfalthough the term is rather misleading):

lim @ = lim9
“agla) 0

L'Hopital’'s Rule starts from expanding andg in Taylor series about the point= «

f@ <f<a> + (2= a)f'(@) + C5 (@) + )

lim —= a)?
rag(z) wma gla) + (¢ — a)g'(a) + S5 (a) + ...

By definition f (a), g(a) — 0 asz — a. Then divide through byz — a), and all terms
will tend to zero as: — a, EXCEPT: f’(a) andg’(a).

So, L'Hopital’s rule is: if the numerator and the denominator of a quotient separately
tend to zero, then the limit of the quotient is the same and the limit of the quotient of
the functions’ derivatives.

f(z)

) )
M g@) S g ()
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If, even after differentiation, numerator and denominator are still both zero, then the
process is simply repeated. Sometimes it is necessary to differentiate several times to
avoid the indeterminate form.

Example
L
z—0 X 0
Applying L'Hopital’s Rule:
1 Sin -1 (COS$) -1
x—0 X x—0 1
Example
1 x—sinz) 1 9
zlg%) 2 - 0
Applying L'Hopital’s rule:
T —sinz . 1 —cosz 0
lim 5 = lim =lim —
x—0 x—0 2x
So, applying L'Hopital’s ruleagairt
lim (z sm:z:> — lim (1 cosx) _ (sz) _0
z—0 ;L'2 z—0 2x x—0
Example

L'Hopital’'s Rule may also be applied to an indeterminate form suckoas oo, as in
the following:

. 1 1 . r —sinz . 1—cosx . sinx
lim | — ——]=lm|{—|=lm|—————+— ) =lm | —————— ] =0
z—0 \sinz = z—0 \ zsinzx z—0 \ zcosx + sinx z—0 \ 2cosz —xsinx
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