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Section 5

Integration

5.1 Concepts and Definitions
Figure of area underf(x)
Figure of area underf(x) with area
strips

For a curvey = f(x) there is a definite concept of thearea under the curve between
x = a andx = b, i.e., the area bounded by the straight linesy = 0, x = a, andx = b,
and the curvey = f(x).

There is no simple formula for this area (as for, e.g., a circle), but an approximation
to the area can be found by splitting the interval(a, b) into many vertical strips, at
positionsxi and with widths∆xi (wherei labels each strip with an integer). Within a
strip i the functionf(x) takes a range of values, and one value is chosen and becomes
the quantityyi. (The choice is arbitrary, it just needs to be in the right range.) The
area under the curve is then approximately the sum of the areas of all the rectangular
strips.

A ≈
∑

i

yi∆xi

As the number of strips increases and the∆xi become smaller, then the approximation
gets better and better. At the same time, the quantitiesyi approach the value of the
function atxi (since the range off(x) in each strip decreases as the strip narrows).
The limiting value of this process is called thedefinite integral of the functionf(x)
over the rangex = a to x = b:

A =
∫ b

a

f(x) dx

The quantitiesa andb are known as the lower and upper limits of the integral, re-
spectively. By convention iff(x) < 0 then it makes a negative contribution to the
area.

Now consider what happens if the lower limit is fixed, but the upper limit is allowed
to vary. The area is now a function of the position of the upper limit, and so we denote
that upper limit using the variablex.

I(x) =
∫ x

a

f(u) du

The variable for the integration has been changed tou, so as not to get confused with
thex of the upper limit. In fact the integration variable can have any name, since it
does not appear in the result. (It is sometimes called a dummy variable.)

1



SECTION 5. INTEGRATION 5.2. USE OF STANDARD INTEGRALS

If the lower limit is ã instead ofa then we can write

Ĩ(x) =
∫ x

ã

f(u) du =
∫ a

ã

f(u) du +
∫ x

a

f(u) du = C + I(x)

Where the constantC is just a number, since it is the result of a definite integral. This
shows that any two such integrals only differ from each other only by some constant
value, which is usually called theconstant of integration.Thus we defineI(x), which
is called theindefinite integral of the functionf(x), as

I(x) =
∫

f(x) dx

The indefinite integral can only be evaluated to within some arbitrary constant value.

It follows that ∫ b

a

f(x) dx = I(b)− I(a)

Next, consider howI(x) varies asx increases. Letx→ x + δx, then

I(x + δx) = I(x) + f(x̃)δx

wheref(x̃)δx is the area of the rectangular stript to be added, andx̃ is some position
within the strip. Now, what happens as the strip which is being added gets narrower
and narrower? Asδx→ 0, thenx̃→ x and, rearrranging, we have

f(x) = lim
δx→0

(
I(x + δx)− I(x)

δx

)
The rhs is none other than the definition of the derivativeof the indefinite integral!

Therefore, we have found that the derivative of the indefinite integral of the function
f(x) is (again) the functionf(x).

f(x) =
d
dx

(∫
f(x) dx

)
=
∫

df

dx
dx

In other words:Differentiation is the inverse operation to integration.Or, in even
more other words: integration is like taking theanti-derivative.

5.2 Use of Standard Integrals

Once the derivative of a function is known, then there is corresponding integral which
is known. So a table of derivatives can also be used (in reverse) as a table of differen-
tials.

For example:

d
dx

(xk+1 + C) = (k + 1)xk ⇒
∫

xndx =
xn+1

n + 1
+ C

Note that this rule only applies forn 6= −1.

5.2.1 Standard Forms Involving Squares

A number of standard forms have terms which are like the sum or difference of
squares. For example:

I =
∫

dZ

Z2 + A2
=

1
A

tan−1

(
Z

A

)
+ C
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SECTION 5. INTEGRATION 5.3. FUNCTION OF A FUNCTION OF X

Manipulating Integrand to Use a Standard Form

A useful technique iscompleting the square.

Consider
x2 + 4x + 2

We want to rewrite this as a squared quantity and a remainder.

The rule is:
Add the square of half the coefficient ofx, and subtract the same.

x2 + 4x + 2 = x2 + 4x +
(

4
2

)2

+ 2−
(

22

2

)
= x2 + 4x + 4− 2
= (x + 2)2 − 2

Now the expression is in the formZ2−A2, which can be used in some of the standard
form integrals. (The change of variable fromx to Z is straightforward, since it is a
linear relationship.)

Example

I =
∫

1
x2 + 10x + 30

dx

Completing the square

x2 + 10x + 30 = x2 + 10x +
(

10
2

)2

+ 30−
(

10
2

)2

= (x + 5)2 +
(√

5
)2

Rewriting the integral allows us to use the standard form immediately:

I =
∫

1

(x + 5)2 +
(√

5
)2 dx =

1√
5

tan−1

(
x + 5√

5

)
+ C

5.3 Function of a Function ofx

When the integrand is of the form

f(z(x))

then try writing

dx =
dx

dz
dz

and substitute so that the integral is overz.
Example

This kind of substitution will always work whenz(x) is a linear function ofx.

I =
∫

(5x + 3)3dx z = 5x + 3 dz =
dz

dx
dx = 5dx

So,

I =
∫

z3 1
5
dz =

1
5

z4

4
+ C =

1
20

(5x + 3)4 + C
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SECTION 5. INTEGRATION 5.3. FUNCTION OF A FUNCTION OF X

Example

I =
∫

ekxdx, z = kx, dz = kdx

So,

I =
∫

ez

k
dz =

1
k

ez + C =
1
k

ekx + C

Example

I =
∫

x sin(x2)dx, z = x2, dz = 2xdx

So,

I =
∫

x sin(z)
dz

2x
=
−1
2

cos(z) + C =
− cos(x2)

2
+ C

Example

The same kind of substitution also works in some other circumstances.

I =
∫

2x + 3
x2 + 3x− 5

dx, z = x2 + 3x− 5, dz = (2x + 3)dx

Note, that in the quotient integrand the numerator is the derivative of the denominator.
So,

I =
∫

dz

z
= ln z + C = ln(x2 + 3x− 5) + C = A ln(x2 + 3x− 5)

Note how an additive constant of integration can appear as amultiplicativefactor on a
logarithmic function.

Example

I =
∫

sinx cos x dx, z = sinx, dz = cos x dx

In this case, note that in the product integrand, one part is the derivative of the other.
So,

I =
∫

z dz =
1
2
z2 + C =

1
2

sin2 x + C

In cases such as this one can use a different notation, so the substitution is not explicit:

I =
∫

sinx cos x dx, d(sinx) = cos x dx

I =
∫

sinx d(sinx) =
1
2

sin2 x + C

Summary

For an integrand which is function of a function ofx, then try substitution (i.e., change
of variable). Substitution also works in the following cases:
If the integrand is a product, then check if it is in the form:

f ′(x).f(x)

If the integrand is a quotient, then check if it is in the form:

f ′(x)
f(x)
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SECTION 5. INTEGRATION 5.4. INTEGRATION BY PARTS

5.4 Integration by Parts

Integration by parts is the equivalent of the Product Rule for differentiation. Consider
the following, foru(x) andv(x):

d
dx

(uv) = u
dv

dx
+ v

du

dx

Now integrate both sides with respect to x:∫
d
dx

(uv) dx = uv =
∫

u
dv

dx
dx +

∫
v
du

dx
dx

And rearrange: ∫
u

dv

dx
dx = uv −

∫
v
du

dx
dx

This is sometimes written: ∫
u dv = uv −

∫
v du

which is easier to remember.

The left hand side integrand is a product of two terms (u and the derivative ofv),
whilst the right hand side contains another integral whose integrand is also a product.
Now, clearly, using this technique is only useful if the integral on the rhs is easier than
the integral on the lhs! There is also the need to findv from its derivative, so we want
that to be easy as well! So, when using this technique, the choice of the functionsu
anddv are crucial.

Example

Consider,

I =
∫

x2 lnxdx

We make the following choice:

u = ln x, ⇒ du =
1
x

x2 dx = dv, ⇒ v =
x3

3
Now, integrating by parts:

I =
∫

x2 lnxdx = ln x
x3

3
− 1

3

∫
x3 1

x
dx

Now the last integral is much easier.

I =
x3

3
lnx− x3

9
+ C =

x3

3

(
lnx− 1

3

)
+ C

In this case we choseu = lnx, since it doesn’t appear as a standard integral, but it can
be differentiated straightforwardly.

Example

In the last example, we chose not to try to integratelnx. But, it turns out that we can
use integration by parts,

I =
∫

lnxdx
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SECTION 5. INTEGRATION 5.5. INTEGRATION USING PARTIAL FRANCTIONS

where we chooseu = ln x, anddv = 1.dx (sov = x):

I =
∫

lnx.1 dx = x lnx−
∫

x
1
x

dx

Therefore, ∫
lnxdx = x lnx− x + C

Example

Here is an example, where integration by parts has to be done twice before reaching
the answer.

I =
∫

e5x sin 3xdx

We use:

u = e5x, dv = sin 3x ⇒ v =
− cos 3x

3
So,

I = e5x

(
− cos 3x

3

)
+
∫

cos 3x

3
5e5x dx

And now integrate by parts again on the remaining integral (withdv = cos 3x):

I =
−1
3

e5x cos 3x +
5
3

[
e5x sin 3x

3
− 5

3

∫
sin 3x e5x dx

]
Note that now the remaining integral is none other than the original one! So, we can
write

I =
−1
3

e5x cos 3x +
5
9
e5x sin 3x− 25

9
I

and rearranging:
34
9

I =
e5x

3

[
5
3
e5x sin 3x− cos 3x

]
+ C ′

So, finally:

I =
3e5x

34

[
5
3
e5x sin 3x− cos 3x

]
+ C

Example

Here is abadexample! If you choose badly for the functionsu andv then integration
by parts only makes things worst. . .

Consider:

I =
∫

x3ex dx

and choosedv = x3 andu = ex, so

I =
x4

4
−
∫

x4

4
ex dx

This is true, but doesn’t get us any nearer the answer!

5.5 Integration Using Partial Franctions

If the integrand is arational function(i.e, a quotient of two polynomial functions) then
try the following
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SECTION 5. INTEGRATION 5.5. INTEGRATION USING PARTIAL FRANCTIONS

• factorize the denominator

• rewrite as a sum of terms (ie using partial fractions)

• integrate the individual terms (should be easier!)

So the integrand is of the form:

f(x)
g(x)

(
=

Numerator
Denominator

)
The rules of partial fractions are:

• Numeratormust be of lower degree thandenominator– if not, then divide out
(see Stroud F8.20).

• Factorize the denominator

• Linear factors of form(ax + b) produce a partial fraction of form

A

ax + b

• Repeated factors as(ax + b)2 produce terms like

A

ax + b
+

B

(ax + b)2

• Quadratic factors such as(ax2 + bx + c) produce a term like

Ax + B

ax2 + bx + c

In the above,A andB are constants that are found by putting on a common denomi-
nator, and equating coefficients of the powers ofx.

Example

I =
∫

x + 1
x2 − 3x + 2

dx

Rewriting the quotient using partial fractions:

x + 1
x2 − 3x + 2

=
x + 1

(x− 2)(x− 1)
=

A

x− 1
+

B

x− 2

A andB are found by multiplying up and equating lhs and rhs denominators.

A(x− 2) + B(x− 1) = x + 1

From the coefficients of powers ofx:

A + B = 1
2A + B = −1

which has the solution
A = −2 B = 3

(An alternative method is to setx = 1 to get rid ofB term, to findA = −2, then set
x = 2 to get rid ofA term to findB = 3.)
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SECTION 5. INTEGRATION 5.6. INTEGRATION OF SOME TRIGONOMETRIC FUNCTIONS

The integral then becomes

I =
∫

3
x− 2

dx−
∫

2
x− 1

dx

I = 3 ln(x− 2)− 2 ln(x− 1) + C

Example

I =
∫

x2 + 3x + 3
(x2 + 4x + 4)(x + 1)

dx

x2 + 3x + 3
(x2 + 4x + 4)(x + 1)

=
(Ax + B)

(x2 + 4x + 4)
+

C

x + 1

So, after multiplying up and equating denominators:

x2 + 3x + 3 = (Ax + B)(x + 1) + C(x2 + 4x + 4)

To get rid of first term on rhs, setx = −1, then we are left with

1− 3 + 3 = C(1− 4 + 4) ⇒ C = 1

From coefficients ofx2:
1 = A + C ⇒ A = 0

And from coefficients of 1 (i.e.x0)

3 = B + 4C ⇒ B = −1

So our integral can be rewritten as

I =
∫

(−1)
(x2 + 4x + 4)

dx +
∫

dx

x + 1

Now, x2 + 4x + 4 = (x + 2)2, so

I =
∫

(−1)
(x + 2)2

dx +
∫

dx

x + 1

I =
1

(x + 2)
+ ln(x + 1) + K

(Using K for the constant of integration, so as not to get confused with the partial
fractions constants.)

5.6 Integration of Some Trigonometric Functions

How can one integrate functions which are powers of eithersin or cos?

For ∫
sin2 x dx, and

∫
cos2 x dx

one uses the double angle formulae;

cos 2x = 1− 2 sin2 x ⇒ sin2 x =
1
2
(1− cos 2x)

cos 2x = 2 cos2 x− 1 ⇒ cos2 x =
1
2
(1 + cos 2x)
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SECTION 5. INTEGRATION 5.7. USEFUL TRIGONOMETRIC SUBSTITUTIONS

For example,∫
sin2 x dx =

∫
1
2
(1− cos 2x)dx =

x

2
− sin 2x

4
+ C

For ∫
sinn x dx, and

∫
cosn x dx

wheren is an integer, the rule is:

• For evenpowers use the double angle formulae (maybe several times).

• For oddpowers split one power off, and usecos2 x + sin2 x = 1.

Example∫
sin3 x dx =

∫
sin2 x sinx dx =

∫
(1− cos2 x) sinx dx

∫
sin3 x dx =

∫
sinx dx +

∫
cos2 x d(cos x)

The last step follows from the fact thatd(cos x) = − sinxdx. And finally:∫
sin3 x dx = − cos x +

cos3 x

3
+ C

5.7 Useful Trigonometric Substitutions

There are a number of types of integrals, involving trigonometric functions that can be
solved with substitutions which rely on the properties of a right-handed triangle with
tanx = t. Figure of triangle, sides 1,t, and√

1 + t2.

tanx = t

sinx =
t√

1 + t2

cos x =
1√

1 + t2

It follows that

dt

dx
= sec2 x = 1 + tan2 x = 1 + t2 ⇒ dx =

dt

1 + t2

Example

I =
∫

1
3 + cos2 x

dx

Using thet = tan x substitution:

3 + cos2 x = 3 +
1

1 + t2
=

3t2 + 4
1 + t2

9



SECTION 5. INTEGRATION 5.8. PROOF OF SOME STANDARD FORMS

So,

I =
∫

(1 + t2)
(3t3 + 4)

dt

(1 + t2)

=
1
3

∫
dt(

t2 + 4
3

)
=

1
3

√
3

2
tan−1

(
t

2/
√

3

)
+ C

=
1

2
√

3
tan−1

(√
3 tanx

2

)
+ C

A similar substitution can be used for integrals of the form:∫
dx

a + b sinx + c cos x

wherea, b, andc are constants. Using:

tan
(x

2

)
= t

sin
(x

2

)
=

t√
1 + t2

cos
(x

2

)
=

1√
1 + t2

And by double angle formulae:

sinx = 2 sin
(x

2

)
cos
(x

2

)
=

2t

1 + t2

cos x = cos2
(x

2

)
− sin2

(x

2

)
=

(1− t2)
(1 + t2)

And so on (see Stroud p646) . . .

5.8 Proof of Some Standard Forms

There are a number of standard integrals, and this section gives proofs of some of the
more unfamiliar.

NOTE: This section will only be briefly covered in the lectures. However, the mate-
rial in this section should be read through, since it contains examples of integration
techniques.

It is also important to realise that if the integrand can be manipulated into to the right
form, then the standard integrals can be applied to an even wider set of problems.

5.8.1 Standard Form:
∫
(Z2 + A2)−1 dZ

Use the substitution

Z = A tan θ ⇒ dZ = A sec2 θ dθ

Also
Z2 + A2 = A2(1 + tan2 θ) = A2 sec2 θ
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SECTION 5. INTEGRATION 5.8. PROOF OF SOME STANDARD FORMS

So,

I =
∫

dZ

Z2 + A2
=
∫

A sec2 θ

A2 sec2 θ
dθ =

θ

A
+ C

But. . .

θ = tan−1

(
Z

A

)
So

I =
∫

dZ

Z2 + A2
=

1
A

tan−1

(
Z

A

)
+ C

Example

(See example earlier.)

5.8.2 Other Standard Form by Substitution

Full details are in the text book.

Substitution Z = A sin θ

∫
dZ√

A2 − Z2
= sin−1

(
Z

A

)
+ C

∫ √
A2 − Z2 dZ =

A2

2

{
sin−1

(
Z

A

)
+

Z
√

A2 − Z2

A2

}
+ C

Substitution Z = A sinh θ

∫
dZ√

Z2 + A2
= sinh−1

(
Z

A

)
+ C

∫ √
Z2 + A2 dZ =

A2

2

{
sinh−1

(
Z

A

)
+

Z
√

Z2 + A2

A2

}
+ C

Substitution Z = A cosh θ

∫
dZ√

Z2 −A2
= cosh−1

(
Z

A

)
+ C

∫ √
Z2 −A2 dZ =

A2

2

{
Z
√

Z2 −A2

A2
− cosh−1

(
Z

A

)}
+ C

5.8.3 Other Standard Forms by Partial Fractions

Consider

I =
∫

dZ

Z2 −A2

Now,
1

Z2 −A2
=

1
(Z −A)(Z + A)

=
P

Z −A
+

Q

Z + A

11



SECTION 5. INTEGRATION 5.9. REDUCTION FORMULAE

Using partial fractions:

P (Z + A) + Q(Z −A) = 1 ⇒ P =
1

2A
, Q =

−1
2A

Therefore

I =
1

2A

∫
dZ

(Z −A)
− 1

2A

∫
dZ

(Z + A)

=
1

2A
ln(Z −A)− 1

2A
ln(Z + A) + C

=
1

2A
ln
(

Z −A

Z + A

)
+ C

Similarly, one can show that∫
dZ

A2 − Z2
=

1
2A

ln
(

A + Z

A− Z

)
+ C

Example

I =
∫

dz

3− x2

So, to use the standard form must haveA2 = 3, or A =
√

3:

I =
1

2
√

3
ln

(√
3 + x√
3− x

)
+ C

Example

(Need to take care of signs!)

I =
∫

1
3 + 6x− x2

dx

Completing the square

3 + 6x− x2 = 3− (x2 − 6x)

= 3−

(
x2 − 6x +

(
6
2

)2
)

+
(

6
2

)2

= 3− (x− 3)2 + 9
= 12− (x− 3)2

So, for standard formA =
√

12 = 2
√

3, and it follows that

I =
1

4
√

3
ln

(
2
√

3 + x− 3
2
√

3− x + 3

)
+ C

5.9 Reduction Formulae

5.9.1 Introduction: Recursion

A common concept in mathematics (and computer programming) is the idea of using
an operation repeatedly on itself, until the desired result is obtained. This is called
recursion.
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SECTION 5. INTEGRATION 5.9. REDUCTION FORMULAE

For example, consider the usual way of defining the factorial function

n! = (1)(2)(3) . . . (n− 2)(n− 1)n

In other words, just list out all the integers from 1 to n and multiply them all together.

But, the following is an equivalentrecursivedefinition

n! = n(n− 1)!, 1! = 1.

In this case the definition ofn! is in terms of(n − 1)!. But what is the definition for
(n − 1)!? Well, that can be defined in terms of(n − 2)! using the same of definition
just by replacingn by (n − 1). And so on, until we reach the terminating part of the
definition1! = 1.

So, a recursive definition often contains a term labelled byn, which is defined in terms
labelled with(n− 1) (and/or maybe other terms labelled less thann). There also has
to be a terminal (or final) part of the definition which stops the recursion carrying on
forever. Recursive definitions are used by repeatedly applying the recursive part, until
the terminal part can be used, and that completes the process.

5.9.2 Integration by Use of Reduction Formulae

In the last section we have seen how the integral ofsin3 x can be reduced to an answer
with a term which is an integral ofsinx. In other words, the power that appears in
the original integrand has been reduced. This points us to a generalization, where we
examine integrands which have anarbitrary power.

For example, consider the integral

In =
∫

xnex dx

Note that we label the integral withn to denote that the integrand containsxn. Inte-
grating by parts withu = xn anddv = exdx:

In = xnex −
∫

nxn−1ex dx = xnex − n

∫
xn−1ex dx

Now, the integral on the rhs is basically the same asIn, but with(n− 1) instead ofn,
so we can see that it can be written as justIn−1. We then find the following:

In = xnex − In−1

This is known as areduction formula. It is a relationship between integrals of the
same form, but enables an integral containing the powern to be written in terms of
one containing(n − 1). Sometimes, the reduction formula might be a relationship
between more than two integrals, i.e,In in terms ofIn−1 andIn−2.

In itself this is just an interesting relationship, but it becomes a powerful technique
once one notes thatI0 is a simple integral that can be found immediately:

I0 =
∫

x0ex dx =
∫

ex dx = ex + C

SinceI0 is known, an application of the reduction formula means that we can easily
find I1:

I1 = x1ex − I0 = xex − ex + C

13



SECTION 5. INTEGRATION 5.9. REDUCTION FORMULAE

And repeating the procedure means we can findI2:

I2 =
∫

x2ex dx = x2ex − I1 = x2ex − xex + ex + C

The whole beauty of this technique is that we can find ever more complicated integrals
without doing any more integration!

Example

Consider

In =
∫

xn cos x dx

By parts, withu = xn anddv = cos xdx:

In = xn sinx−
∫

nxn−1 sinx dx

But the rhs does not contain a term of the right form, so we integrate by parts a second
time

In = xn sinx + nxn−1 cos x− n(n− 1)
∫

xn−2 cos x dx

In = xn sinx + nxn−1 cos x− n(n− 1)In−2

This is now in the form of a reduction formula. Notice, that because the reduction
formula givesIn in terms ofIn−2, the odd and even terms start from different integrals
(I1 andI0, respectively) and both can be easily found.

If the integral to be evaluated has limits, then the corresponding reduction formula can
be used (i.e., apply the limits to the reduction formula directly). This is often simpler
than keeping the general form and then substituting later. For example consider:

In =
∫ π

0

xn cos x dx

Then applying limits to the general reduction formula:

In =
[
xn sinx + nxn−1 cos x

]π
0
− n(n− 1)In−2

In =
[
0 + nπn−1(−1)− (0 + 0)

]
− n(n− 1)In−2

In = −nπn−1 − n(n− 1)In−2
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