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The fundamental definition: Thederivative with respect tox of a
functiony = f(x) is defined as

dy

dx
= lim

δx→0

(
δy

δx

)
= lim

δx→0

(
f(x + δx)− f(x)

δx

)
.

Notation: dy
dx

, y′, Dy, ẏ.

Function of a Function: Fory = f(u), with u = g(x):

dy

dx
=

dy

du

du

dx
.

Product Rule: For u(x) andv(x), the derivative of theproduct uv
is:

d

dx
(uv) = u

dv

dx
+ v

du

dx

Quotient Rule: Derivative of quotient(u/v):

D
(

u

v

)
=

vDu− uDv

v2

Implicit Differentiation: If f(x, y) = 0, then differentiate wrt to
x, use fn. of fn. for any functions ofy, and then rearrange fordy

dx
.

Example:

x2 + y2 = 1 ⇒ 2x + 2y
dy

dx
= 0 ⇒ dy

dx
=
−x

y

(And substitute at end fory in terms ofx, if possible.)

Parametric Differentiation: For y = g(t), andx = f(t), wheret is
the “parameter:”

dy

dx
=

dy

dt

dt

dx
=

dy

dt

(
dx

dt

)−1

Inverse Functions: If x = f(y), then can writey = f−1(x) where
f−1 is the inverse function off . Example: If x = sin y, then
y = sin−1 x, ie the inverse sine ofx. This is NOT the same as
(sin x)−1 = 1/(sin x).

Differentiating Inverse Functions: If y = f−1(x) so x = f(y),
then differentiate wrty, and . . .

dx

dy
= f ′(y) ⇒ dy

dx
=

(
dx

dy

)−1

Logarithmic differentiation: If y = f(x)g(x)h(x) (or any multiple
product), take logs and differentiate implicitly to finddy

dx
:

ln y = ln f + ln g + ln h ⇒ 1

y

dy

dx
=

1

f
f ′ +

1

g
g′ +

1

h
h′.

Derivatives to Remember!

f(x) D f(x)

xn nxn−1

ex ex

ln x 1
x

f(x) D f(x)

sin x cos x
cos x − sin x
tan x sec2 x

Rules of Logarithms:

log A + log B = log AB and n log A = log An

Formula for change of base:

loga x =
logb x

logb a

The number e . . .
e = 2.718281828 . . .

Important property: its slope at any point is equal to its value.

dex

dx
= ex

Definition of Hyperbolic Functions

sinh x =
1

2

(
ex − e−x

)

cosh x =
1

2

(
ex + e−x

)

tanh x =
sinh x

cosh x
=

ex − e−x

ex + e−x

And also . . .

cosechx =
1

sinh x
, sechx =

1

cosh x
, coth x =

1

tanh x

Derivatives of Hyperbolic functions:

D(sinh x) = cosh x

D(cosh x) = sinh x

D(tanh x) = sech2x

Identities

cosh2 x− sinh2 x = 1

cosh(x + y) = cosh x cosh y + sinh x sinh y

And many others. Similar to trigonometric identities with occasional
change of sign. Prove by putting in terms ofex and showing that RHS
equal to LHS.

Solving equationsFor example,

3 cosh x− sinh x = 3.

Put in terms ofex, rearrange to solve forex, and then take logs.

Inverse Hyperbolic Functions For example,sinh−1 x, and so on.
Can be expressed in terms of logarithms, eg

sinh−1 x = ln(x +
√

x2 + 1).

To differentiate use same technique as given before for inverse func-
tions.
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Table of Standard Integrals and Derivatives
(As given for Exams and Tests)

f(x)
∫

f(x)dx

xn, n 6= −1 xn+1

n+1

1
x , x > 0 ln |x|
eax 1

aeax

sin x − cosx

cos x sin x

tan x − ln | cos x| = ln | sec x|
cot x ln | sin x|
sec x ln | sec x + tan x| = ln tan |(π

4 + 1
2x)|

cosec x − ln | cosec x + cot x| = ln | tan( 1
2x)|

sec2 x tan x

cosec2 x − cot x

sec x tan x sec x

cosec x cot x − cosec x

sinh x cosh x

cosh x sinhx

sech2x tanh x

cosech2x − cothx

tanh x ln cosh x

coth x ln | sinhx|
sechx tanh x −sechx

cosechx cothx −cosechx

1
a2+x2

1
a tan−1

(
x
a

)

1
a2−x2

1
2a ln a+x

a−x , (x < a)
1√

(a2−x2)
sin−1

(
x
a

)

1√
(x2+a2)

sinh−1
(

x
a

)
= ln

[
x+
√

(x2+a2)

a

]

1√
x2−a2 cosh−1

(
x
a

)
= ln

[
x+
√

(x2−a2)

a

]

1

x
√

(x2−a2)

1
a sec−1

(
x
a

)
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