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1 Prove that (2, x) is not a principal ideal of Z[z].

2 Let R be an integral domain. From lectures we know the map 1 : r — ar is
an injective function from R to R whenever a # 0.

(a) Show that v is surjective if and only if @ is a unit.
(b) Show that v is surjective whenever R is finite.

(c¢) Deduce that any finite integral domain is a field.

3 Let R be an integral domain. Let T = {(a,b) : a,b € R | b # 0}. Define
an equivalence relation on 7' by (a,b) ~ (c,d) if and only if ad = be. Show
that ~ is indeed an equivalence relation on 7. Let F' := T/~. Attempt to
define addition and multiplication on F' by [(a,b)] + [(¢,d)] = [(ad + bc, bd)] and
[(a,b)] X [(¢,d)] = [(ac,bd)]. Show that these operations are well-defined on F,
and that F'is a field under this operation. [We call F' the field of fractions of R.]

4 Let F be a field, and let R be a subring of F' containing 1p (so that R is
necessarily an integral domain). Show that if /= {ab™':a,b € R|b# 0} then
the field of fractions of R is isomorphic to F'.

5 Let D # 1 be a squarefree integer (positive or negative). For = = a + WD e
Q(VD) (where a,b € Q), let = a — bv/D. Define Op := {z : 2 € Q(/D) |
©+47Z, 27 € Z}. Show that if D = 2,3 (mod 4) then Op = {a+bVD : a,b € Z},
whereas if D =1 (mod 4) then Op = {a+b/D:a,b€Zora,beZ+1}.

6 Let I # {0} be an ideal of R := Op. Show that [ has finite index in R (in the
sense that (7, +) has finite index in (R,+)). Deduce that R is Noetherian. [The
ring Op is as in the previous question. For x # 0, the index of (x)p, in Op is
N(z), but it may be helpful to prove a weaker result.|



