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Question 1 Let G be a group, Ω a set, and ω ∈Ω.

(a) Define what it means for G to act on Ω. [4]

(b) For an action of G on Ω, define the orbit ωG of ω under G, and the stabiliser Gω of
ω in G. [4]

(c) State the Orbit–Stabiliser Theorem. [2]

(d) Now let H be a subgroup of G, and let Ω be the set of right cosets of H in G. For each
g ∈ G define a function πg : Ω→Ω by πg : Hk 7→ Hkg.

(i) Prove that π is an action of G on Ω (where gπ = πg). [6]

(ii) Prove that the stabiliser of Hg under this action is Hg := {g−1hg : h ∈ H }. [6]

(iii) Determine the kernel of π . [3]

Question 2 (a) Let G be a finite group and let p be a prime. What does it mean to say
that H is a Sylow p-subgroup of G? [3]

(b) State Sylow’s Theorems (in any order). [7]

Now let G∼= A5, which you may assume is a simple group of order 60.

(c) Write down (without proof) the cycle types (together with their orders) of elements
occurring in G, and for each cycle type state how many elements of G have that cycle
type. [3]

(d) For p ∈ {5,2} determine the number of Sylow p-subgroups G, a Sylow p-subgroup
P of G, and its normaliser NG(P). [In the case p = 2 it may be helpful to identify
a subgroup of NG(P) strictly containing P before calculating the number of Sylow
p-subgroups.] [12]

Question 3 Let G be a finite group.

(a) What is a composition series and composition factor for G? [5]

(b) State the Jordan–Hölder Theorem for finite groups. [4]

(c) Define what it means for G to be soluble. [2]

(d) Prove that if N P G and both N and G/N are soluble, then so is G. [9]

(e) Determine the composition factors of S7 stating clearly any results you quote. [5]
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Question 4 For each of the following statements, say whether it is true or false. If it is true,
prove it. If it is false, give a counterexample, explaining why it is a counterexample.

(a) If |G|= 1408 = 27.11, then G has a normal Sylow 11-subgroup. [5]

(b) If G is a group with normal subgroup N such that N and G/N are abelian, then G is
abelian. [5]

(c) If G is an abelian group and N is a normal subgroup of G such that 1 < N < G, then
N and G/N are cyclic. [5]

(d) If G is a finite group with subgroups H and K such that K 6 H, then |G : K| = |G :
H|.|H : K|. [5]

(e) If G is a group and K 6 Z(G) with K 6= G, then G/K is cyclic. [5]

Question 5 (a) Let R and S be rings. What is meant by a homomorphism φ from R to S? [2]

(b) Prove that Imφ is a subring of S. Prove also that kerφ is an ideal of R, and that
φ−1(J) := {r ∈ R | rφ ∈ J } is an ideal of R for any ideal J of Imφ . [10]

(c) State the First Isomorphism Theorem for rings. [3]

(d) Define what it means for a ring R to be Noetherian. [4]

(e) Let φ : R→ S be a ring homomorphism, and suppose that R is Noetherian. Prove that
R/kerφ is Noetherian. [6]

Question 6 (a) Let R be an integral domain, and let r,s ∈ R. Define what it means for r
to be a unit of R; for r to be an irreducible of R; and for r and s to be associates. [6]

(b) Let R be an integral domain. Define what it means for R to be a unique factorisation
domain. [3]

(c) Let Z[
√
−10] := {a + b

√
−10 : a,b ∈ Z}, which we regard as being a subset of C.

Prove that Z[
√
−10] is an integral domain. (You may assume that C is a field.) [5]

(d) Define the norm function N on Z[
√
−10] by N(a+b

√
−10) = a2 +10b2 for all a,b ∈

Z. (Note that a + b
√
−10 = c + d

√
−10 implies that a = c and b = d, so that this is

well-defined.) Prove that N(kl) = N(k)N(l) for all k, l ∈ Z[
√
−10]. Find all units of

Z[
√
−10], and find all k ∈ Z[

√
−10] such that |N(k)|6 10. [7]

(e) Prove that Z[
√
−10] is not a unique factorisation domain. [4]
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