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You may attempt as many questions as you wish and all questions carry equal
marks. Except for the award of a bare pass, only the best FOUR questions answered
will be counted.

Calculators are NOT permitted in this examination. The unauthorised use of a
calculator constitutes an examination offence.

There are SIX questions on this paper.
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Question 1 Let G be a group,Ω a set, andω ∈ Ω.

(a) Define what it means forG to act on Ω.

(b) For an action ofG onΩ, defineωG, theorbit of ω underG, and thestabiliser
Gω of ω [in G].

(c) Prove thatGω is a subgroup ofG.

(d) For g ∈ G andω ∈ Ω show thatGω.g = {g−1hg : h ∈ Gω }. [The notations
ω.g, ωg andωg are equivalent.]

(e) Let the group S3 act on itself by conjugation. Write down all orbits of this
action. Pick representativesω1,ω2, . . . for each of these orbits. For eachi,
determine the stabiliser ofωi in this action.

Question 2 (a) Letx be an element of the groupG. Define the conceptsxG, the
conjugacy classof x in G, and CG(x), thecentraliserof x in G. State a theorem
which connects these two concepts whenG is finite.

(b) We define Z(G), thecentreof G, by Z(G) := {x∈G | xg= gx for all g∈G}.
Show the following:

(i) Z(G) is the disjoint union of the conjugacy classesxG for which |xG|= 1.

(ii) Z(G) is an abelian normal subgroup ofG.

(c) Let |G|= pn wherep is prime. Show that Z(G) 6= 1[= {1G}] unlessG = 1.

Question 3 (a) LetG be a finite group and letp be a prime. What does it mean
to say thatH is aSylow p-subgroupof G?

(b) State Sylow’s Theorems (in any order).

(c) What does it mean for a group to besimple?

(d) Let p > q be primes. Show that all groups of orderp3q have a normal Sylow
subgroup.

(e) Let p > q be primes. Show that all groups of orderpq2 have a normal Sylow
subgroup.
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Question 4 For each of the following statements, say whether it is true or false.
If it is true, prove it. If it is false, give a counterexample, explainingwhy it is a
counterexample.

(a) If G is an abelian group andN is a normal subgroup ofG thenN andG/N are
abelian.

(b) If G is a group with normal subgroupN such thatN andG/N are abelian, then
G is abelian.

(c) If S is a subring ofRandShas a multiplicative identity then so doesR.

(d) If S is a subring ofR and bothR and S have multiplicative identities then
1R = 1S.

(e) If R is a principal ideal domain anda,b ∈ R then a and b have a greatest
common divisor.

Question 5 Let Rbe a ring.

(a) What is meant by anidealof R?
What does it mean forR to besimple?
What is meant by the ring Mn(R)?

(b) Show that ifI is an ideal ofR then Mn(I) is an ideal of Mn(R).

(c) Show that ifR has a 1, andJ is an ideal of Mn(R), thenJ has the form Mn(I)
for some idealI of R.

(d) Deduce that M2(Q) is simple.

Question 6 (a) Define what is meant by aring homomorphismφ from R to S.

(b) LetRbe a ring. What does it mean forR to be anintegral domain?

(c) Let R be an integral domain. Define thefield of fractionsof R. [You may
assume without proof that any equivalence relations you may use in your def-
inition are indeed equivalence relations, but you must be careful to define the
equivalence on the correct set.]

(d) Call this field of fractionsF . Show that the binary operations onF are well-
defined, and determine [without proof] the identities and inverse maps for
these binary operations. Check that the additive inverse behaves as it should.

(e) What else does one have to prove in order to show thatF is field?

(f) Prove that there is a subring ofF isomorphic toR.
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