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Question 1 Let G be a groupQQ a set, ando € Q.
(a) Define what it means fd@ to acton Q.

(b) For an action o6 on Q, definew®, theorbit of @ underG, and thestabiliser
Gy of o [in G].

(c) Prove that,, is a subgroup o6.

(d) Forge G andw € Q show thatG, g = {gthg: h € G, }. [The notations
.9, og andw? are equivalent.]

(e) Let the group Sact on itself by conjugation. Write down all orbits of this
action. Pick representatives;, wo, ... for each of these orbits. For each
determine the stabiliser @i in this action.

Question 2 (a) Letx be an element of the group. Define the concepte®, the
conjugacy classfxin G, and Gs(x), thecentraliserof xin G. State a theorem
which connects these two concepts wiis finite.

(b) We define ZG), thecentreof G, by Z(G) := {x€ G |xg=gxforallge G}.
Show the following:

() Z(G) is the disjoint union of the conjugacy class&gor which [x®| = 1.
(i) Z(G) is an abelian normal subgroup Gf

(c) Let|G| = p" wherepis prime. Show that &5) # 1[= {1g}] unlessG = 1.

Question 3 (a) LetG be a finite group and lgh be a prime. What does it mean
to say thaH is aSylow p-subgroupf G?

(b) State Sylow’s Theorems (in any order).
(c) What does it mean for a group to bienple?

(d) Letp > qbe primes. Show that all groups of ordeig have a normal Sylow
subgroup.

(e) Letp > gbe primes. Show that all groups of orda’ have a normal Sylow
subgroup.
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Question 4 For each of the following statements, say whether it is true or false.
If it is true, prove it. If it is false, give a counterexample, explainiuy it is a
counterexample.

(a) If Gis an abelian group ard is a normal subgroup @ thenN andG/N are
abelian.

(b) If Gisagroup with normal subgroupsuch thalN andG/N are abelian, then
G is abelian.

(c) If Sis a subring oR andShas a multiplicative identity then so doRs

(d) If Sis a subring ofR and bothR and S have multiplicative identities then
lr=1s

(e) If Ris a principal ideal domain and b € R thena andb have a greatest
common divisor.

Question 5 Let R be a ring.

(a) What is meant by aideal of R?
What does it mean fdR to besimple?
What is meant by the ring MR)?

(b) Show that ifi is an ideal oRthen My(l) is an ideal of Mi(R).

(c) Show thatifRhas a 1, and is an ideal of M\(R), thenJ has the form M(I)
for some ideal of R.

(d) Deduce that M(Q) is simple.

Question 6 (a) Define what is meant byrang homomorphisng from Rto S
(b) LetRbe aring. What does it mean f&to be anintegral domair?

(c) Let R be an integral domain. Define tlieeld of fractionsof R. [You may
assume without proof that any equivalence relations you may use in your def-
inition are indeed equivalence relations, but you must be careful to define the
equivalence on the correct set.]

(d) Call this field of fractiong-. Show that the binary operations énare well-
defined, and determine [without proof] the identities and inverse maps for
these binary operations. Check that the additive inverse behaves as it should.

(e) What else does one have to prove in order to showRhsifield?

() Prove that there is a subring Bfisomorphic toR.
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