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Abstract

In an earlier paper, it was shown that the cosmological model that was
introduced in a sequence of three earlier papers under the title A Dust
Universe Solution to the Dark Energy Problem, originally described by
the Friedman equations, can be expressed as a solution to a non-linear
Schrodinger equation. In this paper, a large collection of solutions to this
Schrodinger equation are found and discussed in the context of relaxing
the uniform mass density condition usually employed in cosmology theory.
The surprising result is obtained that this non-linear equation can have
its many solutions linearly superposed to obtain solution of the cosmology
theory problem of great generality and applicability.



1 Introduction

The work to be described in this paper is an application of the cosmologi-
cal model introduced in the papers A Dust Universe Solution to the Dark
Energy Problem [23], Existence of Negative Gravity Material. Identification
of Dark Energy [24] and Thermodynamics of a Dust Universe [32] together
with applications of those papers to the cosmological constant problem, the
cosmological coincidence problem and other subsidiary cosmological prob-
lems.

The conclusions arrived at in those papers was that the dark energy sub-
stance is physical material with a positive density, as is usual, but with a
negative gravity, -G, characteristic and is twice as abundant as has usually
been considered to be the case. References to equations in those papers
will be prefaced with the letter A, B and C respectively. The work in A,
B and C, and the application here have origins in the studies of Einstein’s
general relativity in the Friedman equations context to be found in ref-
erences ([16],[22],[21],]20],[19],[18],[4],[23]) and similarly motivated work in
references ([10],[9],[8],[7],[5]) and ([12],[13],[14],[15],[7],[25],[3]). Other useful
sources of information are ([17],[3],[30],[27],[29],[28]) with the measurement
essentials coming from references ([1],[2],[11],[37]). Further references will
be mentioned as necessary. The application of the cosmological model in-
troduced in the papers A [23], B,[24] and C [32], in paper E, (|36]), is to the
extensively discussed and analysed Cosmological Coincidence Problem. In
the paper D, [34], it was shown that the quantum vacuum polarisation idea
can be seen to play a central role in the Friedman dust universe model in-
troduced by the author. In the paper, [40], it was shown that the Friedman
equation structure can be converted into a non-linear Schrodinger equation
structure. Here, this aspect is further developed by supplementing the solu-
tions to this time only equation with a dependence on a three dimensional
space position vector, r, so that the equation remains consistent with its
cosmological origin. This step then enables finding cosmological models that
are not restricted to having a mass density that is certainly time dependent
but otherwise remains constant over all three dimensional position space at
every definite time. It is convenient here to give a very brief reminder of
the structure of Schrodinger theory in relation to the Friedman equations.
The two Friedman equations from general relativity and the Schrodinger



equation from quantum theory have the following three forms,

8nGpr?)3 = i+ (k — Ar?/3)c? (1.1)
—87GPr/c* = 2i+7*/r+ (k/r — Ar)c?

m%?t) = —%V%p(r,t) + V(r)¥(r,t) (1.3)

B, U, (r,t) = maqj"a—(:’t) (1.4)

V = i0/0x+jo/0y + kd/0z (1.5)

po(r,t) = Y(r,t)¥*(r,t) (1.6)

U(r,t) = Z/cnllln(r,t). (1.7)

The non-linear Schrédinger equation that was obtained in reference [40] has
the form

U ,(8)/0t = (Vo(t)) W, (t) (1.8)
Vo(t) = —(3ih/2)H(1) (1.9)

and can be compared with the general linear Schrodinger equation at (1.3)).
The non-linearity of the cosmological version is indicated by the feedback
potential Vi(t), replacing the external potential at . The state
vector Uy, ,(t) in the cosmology version initially has no dependence on local
position denoted by the three vector, r, as in the quantum version, .
This deficiency will be rectified in the following section.

2 Position Variable Cosmology Schrodinger equation

Before starting this section, it is necessary to make some remarks about
the dimensionality of the usual physical position coordinate vector, r =xi+
yvj+ zk. This is often taken to have the dimension, m, physical length. The
relativistic metric used in this theory is of the form

ds® = *dt* — r*(t)(da’® + di* + da?). (2.1)

In this work up to date, I have taken the scale factor r(¢) to represent the
physical radius of the universe at epoch time ¢ so that it has the dimension
m, physical length. If as usual, ¢ has the physical dimensions ms~! and ¢



has the physical dimension, s, then ds in the metric will have the dimension
m and so the vector, r = xi + yj + 2k, will be dimensionless and this is
indicated by the above grave accent. The theory I am working with here
is non-linear and attempting to use dimensioned position coordinates can
lead to dimensionality chaos. Thus from now on, I shall usually work with
the dimensionless position coordinates and use the grave sign to indicate
this. Consistent with this policy it is useful it define the dimensionless
quantities using the fundamental length R, as follows and starting with a
dimensionless radius for the universe, 7(t),

r(t) = r(t)/Ra (2.2)
T = x/RA (23)
y = y/Ra (2.4)
z = Z/RA. (25)

I shall also use the grave accent to indicate that a function is dimensionless
as with f(r). My strategy in the following work is firstly, to introduce
space dependence, T, into the cosmological Schrodinger equation and
then , secondly to show that the introduction of an 1 dependence can be
made consistent with the original Friedman equations structure without
damaging their validity as a rigorous solution to Einstein’s field equations.
Firstly, I rewrite the purely time dependent equation assuming an
extra dependence on I in the original state vector ¥, ,(¢), while leaving the
feedback term unchanged.

PhOW,y ,(t, 1) /0t = (Ve(t)) W ,(t, 1) (2.6)
Vo(t) = —(3ih/2)H(1). (2.7)

The first question that arises is, can this step be done consistently? The
answer to this is in the affirmative as can be shown as follows. Rewrite

(2.6) as equation (2.8) and followed by the time integration at (2.9) and
then inverting the logarithm at (2.10)

Oln Wy (L1)/0 = —(3/2)H (2.8)
(W) (£, 1) Uiyt 1) = —(3/2) / Ht (2.9)
Ut 1) = Wy ,(to, T )exp< 2/t0 H(t’)dt’>(2.10)

Uyt d) = Uo(to) (1) (2.11)
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Thus introducing a dimensionless function, f , with 1 dependence presents
no problems. It means just multiplying the original time only dependent
wave function, W, ,(t), with the purely space dependent function, f(1).
This also partially justifies not including any space variation in the Hubble
function, H(t). However, this last point will be fully justified when the
affect on the purely time dependent Friedman equations, and , is
examined in the next paragraph. I should be remarked that the function
f(r) can be a complex valued function in the context of quantum theory
wave function structure. This fact will be seen to be useful as the story
unfolds.

The relation of the cosmological Schrédinger equation and the Friedman
equations clearly has to be mutual consistency. A threat to this consistency
is the obvious difference between the purely time dependent mass density
function p(t) in the Friedman set and the now proposed space time variabil-
ity through r in the Schrodinger equation wave function, . In using
the original Friedman equations, and , it has been common prac-
tice to assume that p(t) is a purely time dependent mass density chosen as a
working approximation to a correct more general time and space dependant
version and so rendering difficult mathematics viable though less physically
accurate. This was my starting position when I wrote the first paper, A, in
this sequence of papers. However, having found the non-linear Schrédinger
equation it has become clear that the common practice position with
regard to p(t) needs some modification. My view now is that p(t) is a correct
quantity in its own right, giving information about the cosmology structure
as a global entity. Its definition is repeated below,

My = p(t)Vu(t), (2.13)

where My is the total conserved positively gravitational mass of the universe
and Vi (t) is the volume of the universe at epoch time ¢. If p(t), does have
a definite meaning in its own right and is not just an approximation to a
better space dependent version then it can be retained with its self identity
as before. This special significance of p(t) is effectively retained by keeping
it but multiplied by the space dependant contribution as in (2.11f). From
the existence of a possible true space and time dependent version from
Schrodinger theory it can be seen that the definition for the mass, My, of
the universe that appears in (2.12]) with the space dependent density, should



be

uo) = B[ [ /VU@) ) dind (2.14)

= Ry? ///VU(tO (to, I)dadydz (2.15)
= My = a constant (2.16)
plto,¥) = W, (to, D)W, ,(to, 1) = W (t) Uy, (t0) F (1) 7 (}) (2.17)
= plto) f (1) (1), (2.18)

where V;(t) is the volume of the universe at time ¢, the time dependent
spherical volume over which the integration is taken at time ¢ and equations,
, and , holding because the total mass within the universe
is a constant over time. In other words My is a time conserved quantity or
within the universe’s changing boundary, density movement should satisfy
the equation of continuity which in the usual coordinates is

0 (t r) /0t = —V(v(t,r)p(t,T)). (2.19)
From equations (2.15)) and (§ - we get

VU to

= p(to)Ry* /// r)dedydz. (2.21)
Vu (to)

Thus once the function, f (r), is chosen, it appears that we can find the
constant value of the mass of the universe, My. However, this appearance
is deceptive because there is the complication that to get a constant valued
numerical value from this equation we have to have a constant valued volume
to integrate over while V;(¢y) depends on ¢y and so is in a sense time variable.
It is necessary to have a value for My so that the value of the dimensioned
length multiplier b = (Ry/c)?3(2MyG)/? in the radius of the universe can
be considered known,

r(t) = bsinh®?(£3ct/(2Rx)) (2.22)
b = (Rp/c)?CY3 (2.23)
Ry = (3/M)Y? (2.24)
C = 2MyG. (2.25)



Thus we seem to be left with the only options of finding the value of My from
experiment or just accept that it is an arbitrary dimensioned constant until
some alternative route to finding its value is found. The numerical value of
My makes no difference to the theoretical structure of the theory, it only
effects the numerical value of Rindler’s constant, C'; and any quantity in
which this constant appears as a numerical multiplier which beside r(t) the
velocity of expansion v(t) and the acceleration, a(t), are involved. However,
importantly for the non-linear Schréodinger equation, H (t), does not involve
the value of My,

H(t) = #(t)/r(t) = (¢c/Ry) coth(3ct/(2Ry)). (2.26)

Because the integral in (2.21)) is over the volume of the universe Vi (to)
which is given by

My 3 c\? ., (3cty
= () (= h2 (220 = p(t

Vo (to) (%G) (RA) S <2RA) plto)

t

PA . . _9 3Ct0 MU

FA h = o(t.) = 2.2
My(ty) = p(to)Ra* /// r)drdydz (2.28)

Vi (to)
Multe) = My(ty) 2 / / / Vdidyds  (2.29)
VU lto Vi (to)

1 = /// r)drdydz 2.30
VU 750 Vi (to) (2.30)

the relation, (2.30)), gives a normalisation condition over physical space
on a probability function density of space position variability, pspace(r) =

f (r) f* (r), following by cancellation of the mass of the universe My in the
previous equation, which apparently holds from some definite time, ¢y, at
least. Thus the function pspac(r) is just what is needed to describe the
probability for finding mass at position r, in the Schrodinger equation cos-
mology context at time, t;. However, consistency demands that equation
holds, at least, for some specific time ;. Thus we need to check out
that such a time exists. From equation (2.27)), we see much that we knew
all along but, usefully, we see the value for the volume of the universe at
time t., the time when deceleration changes to acceleration, is the obviously



very constant value,

Vilt) = 2V (%) (%)2 (2.31)

that we need to evaluate the apparently time dependent multiples integrals

such as
= /// r)dzdydz. (2.32)
VU Vi (te)

Thus we seem very near a prescription for a usable cosmological Schrodinger
equation. However, given a space dependent solution like (2.10)) it is likely
that the part —%VQ\I’Cr,t) of the quantum version at 1) would occur
and this might render the cosmological quantum version not consistent with
cosmology. It is by no means certain that such a complication would neces-
sarily occur and not be handleable but certainly it can be avoided by playing
safe and imposing the condition on this term as being zero as follows,

— V- U(t 0. 2.33

V(1) = (233)
This implies that the function f (r) from equation 1} also satifies the
Laplace equation,

V2f(t) = 0. (2.34)

The Laplace equation has a very large number of solutions. Thus there
are many possible space dependent versions for the wave function, ¥(¢,1).
Furthermore, I shall show that in spite of the cosmological Schrodinger
being non-linear, the many solutions of the Laplace equation can be linearly
superposed to produce yet more solutions. Thus although the condition
(2.33) reduces the number of possibilities that might be considered for the
space dependent wave function it leaves us more than enough solutions to
think about for a very long time. It does have another advantage that
could turn out to be important concerning a possible quantum conjugate
momentum, p¢, for the space variable r. this can be defined as

. hd
Pe =5 =hV. (2.35)



and this momentum exists as a result of the Laplace equation (2.33]) and
automatically takes the form after operating on the wave function as follows

pC\Il(t7 i‘) =hV A g(ta i')a (236>

where g(t,1) is some definite vector function of ¢ and r.

The wave motion followed by the dark mass dark energy time relation
process can help to identify the effect that introducing position dependence
has on the hyperspace vacuum. Space dependence implies the need to see
this process as also space dependent. The density functions for the dark
mass, dark energy and the ratio, 75 pa(t), of dark energy to dark mass as
functions of the time only global process are respectively represented by

p(t) = (3/(87G))(c/R)*sinh™*(3ct/(2R4))
P = (3/(4nG))(c/Rn)®

rapum(t) = ph/p(t) = 2sinh®(3ct/(2Rx))
rapm(Fte) = 2sinh?(£3ct./(2Ry)) = 1.

The space time dependent version for (2.37)) is given simply by multiplying
both sides of this equation by the space dependant contribution f(r)f*(I)
giving

pt,r) = (3/(87TG))(C/f%A)r‘:f\(f)f*(i“)Sinh_g(?)ct/(?RA)) (2.41)
= (A/(87G))f(¥)f* () sinh2(3¢t/(2Ry)). (2.42)

From equation , it follows that the cosmological constant A and the
space dependence function can be taken together to define a local space
dependent cosmological function, A(r), associated with any specific solution
of the Laplace equation as follows

A = AJ®F () (243
= AJ(/ROF /Ry, (244

It follows from this definition, that the mean value of the cosmological func-
tion is equal to A for all solutions of the Laplace equation. In other words,
the cosmological function is centred on Einstein’s cosmological constant.
The linearity superposition of the various solutions of the Cosmological
Schrodinger equation to produce more solutions follows from as



in the following. Suppose we have two arbitrarily chosen spatially different
solutions of this equation labelled with subscripts 1 and 2 as in

. . 3 [
\I/nl7p71(t,r) = \I’nl7p71<t0,r) eXp (-5/ H(t/)dt/)
to
(2.45)

3 t
\Ijnl,p,Q(t7 i‘) = \Pnl,p,2<t0a i‘) exXp (_5/ H(t/)dt,)
to

(2.46)
\I[spp(ta f) = Cllpnl,p,l(ta i') + CQ\I/nl,p,Z(tv i.)

t
= \I/spp(t(]?i.) exp <—g/ H(t/)dtl> y (247)
to

where ¢; and ¢y are arbitrary constants and the subscript spp means super-
posed. It follows from that any number of solutions of the cosmolog-
ical Schrédiner equation can be linearly superposed to produce yet further
solutions. Thus, altogether, there is vast scope to produce solutions with
almost any space form whatsoever. The common feature of all the solutions
is that that they all related to the common cosmological platform defined
by and with the same time variation structure of the space constant density
function of the Friedman equations. The final prescription for finding solu-
tions to the cosmological Schrodinger equation involve the following three
steps. Find any solution, f, to the three dimensional Laplace equation and
involve in this solution one initially multiplicative arbitrary constant, Ay.
Form the space-time wave function for this solution, ¥(¢,r). Find the value
of Ag by using the probability normalisation condition and integration over
the Hermitian square of f over the volume of the universe at time, t.. The
wave function will then be completely determined. The probability density
is also now fully determined via the definition po(t, ) = U(t,r)U*(¢,r). The
result will be a probability density function over space and time which is
compatible with the Friedman equations from general relativity. The steps
will be demonstrated in the next subsection for one typical case.

2.1 A Simple Example

I shall finish this paper with the simplest nontrivial example giving a uni-
verse that involves a varying space and time density. One of the simplest
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solutions, f(r), to the Laplace equation ([2.34]) is the sum of three variable
complex numbers and just one arbitrary dimensionless constant, Ag,

f@) = Ao((@+y) + (y+i2) + (24 w@))

= Ao+ 9+ 2)(1+1). (2.48)

FrE) = Ao(@+9+2)(1—1) (2.49)
fEF @) = 245@+y+2)° (2.50)
= 2(Ag/Rp)*(z +y+2)* = F(r), say. (2.51)

The definition ([2.51)) displays the formula in terms of the physical space
coordinates, x, ¥y, z. The normalisation condition on the probability density,
(2.30), at time t. requires the following two results

1 = /// 1)drdydz (2.52)
VU Vi (te)

Vot = <4M§UG) (7) . (2.53)

We need to evaluate the triple integral over the physical coordinates to find
the value of the arbitrary constant Ag. This will be done in spherical polar
coordinates with some condensations of notation used for the sin and cos
functions,

r = rsin(f)cos(¢) = rSeCy (2.54)

y = rsin(f)sin(¢) = 155y (2.55)

z = rcos(d) =rCy (2.56)
dedydz = r?drSedfde (2.57)
0 < 6 <m 0<o¢p<2m 0<r<r(t) (2.58)

r(t.) = (MyG(Ra/c)®)? (2.59)

Thus the function, F(r) = f(¥)f*(), in the triple integral becomes

2(Ao/Ra)*(z +y + 2)? (2.60)
= 2(A0T/RA)2<SQC¢ + S@S¢ + C@)Q (2.61)
= Q(AOT/RA)2((1 + 2(500¢S€S¢ + S@C¢Cg + S@S¢Cg)) (2.62)
= Z(AOT/RA)2<<1 + Q(SQSQS¢O¢ + S@Cgc¢ + S@OQS¢>> (263)

F(r) =
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Introducing the further notation

r(te)
i, = ridr I, = / ir = 1°(tc)/5 (2.64)
0
. 3 " 4
91 = SBdH, ]1 = 91 = 35 (265)
0 3
2
igg = SpCdd, Iy = / Qg1 =0 (2.66)
0
igoy = S5Cedf, I3 = / igo =0 (2.67)
027r
g2 = Cydg, ]42/ g2 =10 (2.68)
027r
igs = Spdo, [5:/ ig3 =0 (2.69)
0

the integral element and the integral can be expressed as

dl = 2<AO7°/RA>2((1 + 2(59595¢C¢ + S@CQC¢ + S@CgS¢))T2dTSQd9d¢

= 2(Ag/Rp)%i,(d0dd + 2(ig1ip1 + io2ipe + ip2ig3)) (2.70)
Ao’ﬂ' 2 5
1) = ) (35 F (271)

The last expression for I(t.) is all that is left after integration. The nor-
malisation condition at time t. using (2.31)) can now be used to find the
numerical value of Ag by

L= I/Vlt) = (4/5) (%)(ﬂ (Mi’ig) (272)

3A2r ([ MyG\*?
= = (an, (2.73)
5 1/2 CQRA 1/3
ORE
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Thus the full solution for the wave function, the probability density and all
the constants involved is as follows:

3 t
U p(t, 1) = Wy ,(te,T)exp (—5/ H(t/)dt') (2.75)
te

Vg p(te, ) = Wnplte) f(E) (2.76)
Upplte) = (ph)"? (2.77)
FE) = (Ao/Ra)(x+y+2)(1+1) (2.78)
p(t,r) = 2(Ao/Rn)*p\(z +y+ 2)*exp <—3 t H(t’)dt’) (2.79)
o= 22 (2.80)

5 1/2 R 1/3
o (2)" (e o)

3 Conclusions

In an earlier paper, it was shown that a non-linear Shrodinger equation can
be obtained from the Friedman cosmology equations which is entirely con-
sistent with those equations. Here, the time evolution of this Schrodinger
equation is examined in relation to conservation of the universe’s total pos-
itive gravitational mass. This leads to the identification of a wave function
for cosmology states with a definite time evolution and consequently also to
a probability density for cosmology. This cosmological probability density
can depend on spatial variability in addition to just the time variability
of the Friedman equation structure. Consistency of the new Schrodinger
equation with its originating Friedman set is achieved by restricting solu-
tions to the condition that they satisfy the Laplace equation in hyperspace.
It becomes clear that, even with this restriction, a multiple infinity of so-
lutions remain available and applicable. The structure of this theory seems
to confirm the view often expressed about the quantum vacuum that it is a
bubbling cauldron of activity in the form of random quantum transitions,
such as pair production and annihilation, between short lived virtual states
of fundamental particles. The expansion of the universe can be explained
in such terms as a spherical advancing and evolving wave of quantum before
and after measurement type conditions in reverse through the expanding
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boundary. Just outside the expanding boundary, the vacuum chaotic states
as described by the wave function, resourced by the multiplicity of solutions
of the Laplace equation, are progressively converted from chaos to a definite
gravitational form sufficient to describe the mass density that has taken up
residence within the expanded boundary. The universe expansion colonises
surrounding hyperspace so as to accommodate within its boundary its con-
served positive gravitational mass with more territory and in a quantum
form that can hold non-transient positive gravitational mass. Outside the
universe the solution holds but remains a linear superposition of many var-
ied chaotic transient states with mass density value centred on the value of
twice Einstein’s dark energy mass density pj\.
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and Wolfgang Rindler for help, encouragement and inspiration.
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