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Question:

how to characterise exact solutions of the Einstein
field equations (Schwarzschild, Kerr) in terms of
initial data?



One possible strategy:
e Find a invariant characterisation of the spacetime.

e Obtain a 3 + 1 decomposition of the characterisation. This will
give necessary conditions.

e In a second (more complicated) stage, show that the conditions
are sufficient by constructing evolution equations for them. Add
further conditions (if required) to reconstruct the original
spacetime decomposition.



Which invariant characterisation?

A crucial feature of Schwarzschild and Kerr is that
they are of Petrov type D.



The Petrov classification:

e An algebraic characterisation of the Weyl tensor of the
spacetime, independent of any special coordinate system.



The Petrov classification:

e An algebraic characterisation of the Weyl tensor of the
spacetime, independent of any special coordinate system.

e Itis based in the eigenvalue problem:
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where the self dual of the Weyl tensor C,,,, is given by
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where X, = X[, ia a bivector.



Principal null directions:

e Petrov type I: exists k" such

that
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e Petrov type III: exists k* such

that

Counpkoik = 0.
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e Petrov type N: exits k" such

that

C, k" =0.
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Petrov type II: exists k" such
that

Counpk k" =0.
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Petrov type D: exist k" and [#
such that
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o Coqpplr 171 = 0.

Petrov type O: conformally flat,
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Invariant characterisations using explicitly the algebraic type of the
Weyl tensor contain involved algebraic conditions.

e Construction of necessary conditions on the initial data is more
or less direct.

e However, the discussion of the propagation of the conditions
—to discuss sufficiency— is much more complicated!



Penrose diagram:
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As an example of the explicit use of the Petrov type consider the
characterisation of Schwarzschildean data given in @

e Necessary conditions given in terms of conditions on
concomitants of E;; and B;; on the hypersurface.

e In order to ensure suffciency, use an explicit formula for a
candidate of the stationary Killing vector in terms of E;; and B;;.

4A. Garcia Parrado & JA Valiente Kroon. Initial data sets for the Schwarzschild space-
time. Phys. Rev. D 75, 024027 (2007).



Proposition 1. Let

1 . . 1 .\ 1/3
_ ] pil ] il
P = (iBl B’ Ejl_gEijEl El> ,
L L gk (il i
P=—3ETK;— pK— e i(E DiByj + B DkElj),
1
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Necessary conditions for an initial data set (h;;, K;;), satisfying the Einstein vacuum

constraints, on a manifold S to be a Schwarzschild initial data set are:

Bij = _%(BikEkj + B]-kEki) Eij= %(BikBkj — EEy) + 2phjj,
B;;P'P/ =0, E €', P'P' — PB;;P/ =0,
(P? + P*P)Bj + 2PEje" P' — 2PBjy P' =0,
%PkPk — P2+ %Eklpkpl > 0, #(Pkpk — P?)+2p > 0.
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The KID candidate:
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P, = 5(—8"1&-8;{1 + E"D;Ep).
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An alternative?

Use the Petrov type in an indirect manner: Killing spinors.

o A Killing spinor is a totally symmetric spinor K (4p..p) = KAp...p
satistying
VQ’(QKAB---P) = 0.

e Consider the particular cases where the spinor has either one or
two indices

Vaukp =0, (Twistor equation)

Vaakpe) = 0. (Valence-2 Killing spinor equation)
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A brief tensor-spinor dictionary:

AA AA
=7 =077 L,
VM < Vpg = O-AA’ILLV,U?

1%
Quv = 3AaBB =0 44" 0" (€€)

e Note that x4 and K4 do not have a tensorial correspondence!

kak 4 <—=null vector

Gauge transformations: t“, € SL(2,C).

_ 4+C (D
EAB—t At BGCD-
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e Spinorial representation of the Weyl tensor:

Cuny” ="eapecp¥apcp + €apecp¥apcop.

e Petrov type in spinorial terms:

Y 4Bcp = 4 BBYCOD)-

e Decomposition in irreducible spinors:

Xa..p = X(a..p) + €'s X symmetric contractions of X.
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These Killing spinor equations are overdetermined —i.e. do not
admit a solution in a general spacetime (M , g,..).

Proposition 2. A spacetime admits a solution to the twistor equation if
and only if it is of Petrov type N.

Proposition 3. Any Petrov type D spacetime admits a valence-2 Killing
spinor. Conversely, if a spacetime admits a valence-2 Killing spinor the the
spacetime of Petrov type D (and the spinor is algebraically special) or the
spacetime is of Petrov type N (and the Killing spinor is degenerate).
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Further properties of (valence-2) Killing spinors:

Proposition 4. Any vacuum spacetime with a Killing spinor k s has a
(complex) Killing vector given by

gAA’ = vQA/KAQ .

Thus, one has that

Vaaépp + Vepéan =0.

In addition one has that

Proposition 5. For Kerr the Killing vector associated to k 4p is degenerate
(i.e. its real and imaginary parts are proportional).

e This is almost a characterisation of the Kerr. The converse may
require asymptotic flatness.
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Killing spinors are related to other (tensorial) objects —Killing-Yano

tensors:
K., =i(kapesp — €ABEA'B')-

Then

VK =0.
Further

H, = KﬂAKAm

with

V.Hyy =0.

Thatis, H,, is a Killing tensor —related to Carter’s constant of
motion in the case of Kerr.

e Thus, most of this talk, could be reformulated in tensorial terms
rather spinorial.
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Can one construct for Killings spinors an analogue
of the theory of KIDs?
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KIDs

When do initial data (5, /1, K;;) for the vacuum EFE give rise to a
development with a Killing vector?

e If and only if (5, /;;, K;;) admits a Killing Initial Data (KID), i.e.
(N, Y") satisfying
2NK;j 42D Y;) = 0,
LyKij+ D;DjN = N(rij + KKj; — 2Ky K ").

Proposition 6. KIDs in (S, h;;, K;;) are in one to one correspondence with
Killing vectors in (M , g ).
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In order to obtain a “3+1” decomposition of the Killing spinor
equations, consider space spinors —or SU(2) spinors.

e The space spinor formalism is used, for example, in the so-called
Ashtekar variables.

e Given a foliation of spacetime with normal given by 7,
(1,7" = 2), contract suitably 744’ to eliminate all the primed
indices in the expressions. Decompose vectors using

1
fAA' = ETAA“S — TAfcfAC

with

£ = fAA'fAAIa

EAB = 7'A(AfB)A’-
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A small dictionary of space spinors:

Gauge transformations: t©, € SU(2).

g/
TCC tcAt A

Hermitian conjugation

fla=Ta" Pa, fla=—Hia.

® XABA,B, associated to a real spatial tensor iff

Xa,By-A,8, = (—1)"X4,B,..4,B,-

e In the latter case

o A1By
1--.Zp — O- il

. o o o AlBl S
Xz o ipXAlBl"’Apo'

21



e Derivatives:

/ .
Vg =Tp AN 44 (Sen connection)

e Derivative intrinsic to the leaves of the foliation:

1
Daprkc = Vapkc — EKABCQKJQ,

where K 45cp is the second fundamental form.

e Decomposition:

It Xa,B,--4,8, = X(4,B,--4,8,), then X;,..; is symmetric and
tracefree!
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Propagation of the “twistor equation”

Proposition 7. Let £ 4 be a spinorial field on M defined in a
neighbourhood of So such that for p € So,

Vaakp(p) =0, VEeeVaakp(p)=0.
Then there exists a spinor field k4 on M satisfying

Vaakp) =0,
pESo, kalp)=ralp), Vaakp(p)=Vaakpp).
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Proof:

Let
_ P
HA/ABZVA/(A’%B):DHA’ABZVA/(ADK’B)_FZ\PAB QHA/PQ

A necessary condition for x 4p to be Killing spinor is that
I:I KA = 0.
So, consider a Killing spinor candidate satistying the above with initial data given by

pESo, kalp)=~ra(p), Vaakp(p)=Vaakp(p)

Thus, one has
P
DHA/AB — 2IPAB QHA/pQ,

which together with the initial data

Vaakp(p) =0, ViprVauke(p) =0,

imply H 4/ 4p = 0, and hence « 4 is a Killing spinor!
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Proposition 8 (Twistor initial data). If on $ there exists a k o such that

- 1 -
Diasfio) + 5K upefio =0,

2
~c, 1. cD 1 cp -
2DapDryck™ + ilf(FDAB)K cD — EK cpDBrka)

- 3 ~ . ~
—3QcpeD PRy + EQ(AFDHQB)CDHHJC — 3(iBagrc + Eaprc)k©
3 _ -
—|_ZKDHDHQABFCHJC —|_ QABFDDCDK/C — O

Then there exists a spinorial field £ 4 on M satisfying

Vaakp(p) =0, VeeVaukp(p) =0.
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Valence-1 Killing spinor data equations in the time symmetric case:

Dapkcy =0,
ZD(ABDF)CK,C — 3EAchlﬁZC = 0.
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How to extend this discussion to valence-2 Killing spinors?

Define
Harapc = V araKB0),

1
Saasp = Vaalpp + Vep&aa = _ZVQA’HB’ABQa

where 4 = VQA,KJAQ.

A lenghty calculation renders

P /
DHA’ABC = 4\P(AB QHC)pQA/ —|— SV(AQ SBC)Q’A"

e Thus, one has to consider the propagation of the valence-2
Killing spinor equation in parallel to the propagation of the
associated Killing equation!
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Proposition 9. Let £ 4p be a spinor defined on a neighbourhood of So such
that for p € So one has

Vaakpe(p) =0,

Vee'Vauakpe)(p) =0,

(VAA’VPB//%BP + VBBfVPA//%AP) (p) =0,
Ve (VaaVigkep + VeV 4fap) (p) = 0.

Then there is a spinor kK 4g on M satisfying

V anakpe) =0,

p € So, kap(p)=Fap(p), Veprap(p) = VErRas(p).
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Proof:
From the Killing spinor equation one deduces:
DK,AB = —\PABPQKJPQ.
From it and the initial conditions
kap(p) = kap(p), Veokas(p) =Veokap(p), p e So,
one constructs a Killing spinor candidate. Another lenghty calculation renders
PQR PQR
LS g app = —3Vau (¥ Hppor) —3Vpp (¥, x Harpor)
P'Q S,

+2¥, ;"0 b + 2% 4 B

The latter, together with
P /
DHA’ABC — 41P(AB QHC)PQA’ —|— SV(AQ SBC)Q’A/'
and the given initial data imply

HA/ABCZO, SAA’BB/ :0
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Proposition 10. Ifon S thereis a Kk zp such that
~ ~ E
Dapkcp) — Kgapckp, =0,

~ 1 ~ ~
DiacDgP%rp + 5 Dap(E°" Qcpypy) + Qoree DR ac)

2
1 - 1 ~ . -
- EQH(ABCDF)D Fp'l — §QH(ACPDDH/‘GB)D +2(iBpcr + ED(BCF)K?A)D
1 - 1_
- (gKHLHLQD(ABc + QDHL(AQBCHL> Rey + iﬁDHQDHL(AQBcp)L
1_
—3h(AB Dcp KPP py =0,
and 1 3 3
f = DPQ%pQ, €BF = _QKDADA%BF -+ Z’/%DAQBFDA + ED(FD%B)Da
satisfy

D 4sp&cp + Dcpéap +EKapep =0,
DprDcré + DerDpré + Kpp AP D apéer + Kep *P Dapépr
—¢QEcprr — K ®Kppag) — Dpr (4P Kepap)

—Dcr(6*PKprap) +4i % ¢Bpriya =0.
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there exists a & 45 on M such that

Varakpoy(p) =0,
Vi Varakeo(p) =0,

(VAA’VPB/’%BP + vBB'VPA/’%AP) (p) =0,

Vi (VAA/VPB//%BP +VBB/VPA,/%AP) (p) = 0.
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Valence-2 Killing spinor data equations in the time symmetric case:

Dapkcp) =0,

DcDg"kpp + ZED(BCF’{AF =0,

DABD(CQK,D)Q + DCDD(AQKJB)Q — O,

DapDcpD"Cripg + DepDapD"Ckpg — 2D °kpgEapcp = 0.
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Characterisation of “Kerr-like initial data”:

Proposition 11. If (S, h;;, K;;) does not admit a solution to the valence-1
Killing spinor equations but admits a solution to the valence-2 Killing
spinor equatios, and in addition the associated Killing vector is degenerate
(real), then the initial data is Kerr-like.

e To obtain Kerr data one would probably require asymptotic
Euclideanity.
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So what?

e Can one construct geometric invariants from these equations (a la
Dain)??

— It has been shown that for time symmetric data one can construct a
generalised Killing vector, solution of the composition of the KID
operator and its adjoint.

— This generalised Killing vector is a critical point of a certain
(non-negative) functional. The functional vanishes if and only if the
initial data is static.

e Can one proceed in a similar fashion here? Consider generalised Killing
vectors which extremalise a certain (non-negative) functional. Critical
points of the functional satisfy the generalised Killing spinor equation
obtained by composing the Killing spinor operator with its formal
adjoint.

AS. Dain. A New Geometric Invariant on Initial Data for the Eistein Equations. Phys. Rev.
Lett 93, 231101 (2004)
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