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Question:

how to characterise exact solutions of the Einstein
field equations (Schwarzschild, Kerr) in terms of

initial data?
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One possible strategy:
• Find a invariant characterisation of the spacetime.

• Obtain a 3 + 1 decomposition of the characterisation. This will
give necessary conditions.

• In a second (more complicated) stage, show that the conditions
are sufficient by constructing evolution equations for them. Add
further conditions (if required) to reconstruct the original
spacetime decomposition.
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Which invariant characterisation?

A crucial feature of Schwarzschild and Kerr is that
they are of Petrov type D.
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The Petrov classification:
• An algebraic characterisation of the Weyl tensor of the

spacetime, independent of any special coordinate system.

• It is based in the eigenvalue problem:

1
2

C λρ
µν Xλρ = λXλρ,

where the self dual of the Weyl tensor Cµνλρ is given by

Cµνλρ ≡ Cµνλρ +
i
2
εµνστ Cστ

λρ,

and

Xµν ≡ Xµν +
i
2
εµνστ Xστ ,

where Xµν = X[µν] ia a bivector.
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Principal null directions:

• Petrov type I: exists kµ such
that

k[σCµ]νλ[ρkτ ]kνkλ = 0.

• Petrov type III: exists kµ such
that

Cµνλ[ρkσ]kλ = 0.

• Petrov type N: exits kµ such
that

Cµνλρkλ = 0.

• Petrov type II: exists kµ such
that

Cµνλ[ρkτ ]kνkλ = 0.

• Petrov type D: exist kµ and lµ

such that

k[σCµ]νλ[ρkτ kνkλ = 0,

l[σCµ]νλ[ρlτ lν lλ = 0.

• Petrov type O: conformally flat,

Cµνλρ = 0.
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Invariant characterisations using explicitly the algebraic type of the
Weyl tensor contain involved algebraic conditions.

• Construction of necessary conditions on the initial data is more
or less direct.

• However, the discussion of the propagation of the conditions
—to discuss sufficiency— is much more complicated!
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Penrose diagram:
I

D

O

II

NIII
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As an example of the explicit use of the Petrov type consider the
characterisation of Schwarzschildean data given in a

• Necessary conditions given in terms of conditions on
concomitants of Ei j and Bi j on the hypersurface.

• In order to ensure suffciency, use an explicit formula for a
candidate of the stationary Killing vector in terms of Ei j and Bi j.

aA. Garcı́a Parrado & JA Valiente Kroon. Initial data sets for the Schwarzschild space-
time. Phys. Rev. D 75, 024027 (2007).
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Proposition 1. Let

ρ =

(
1
2

B j
i Bil E jl −

1
6

Ei j E
j

l Eil
)1/3

,

P = − 1
2

Ei j Ki j − ρK− 1
6ρ

ε
jk

i

(
Eil Dk Bl j + Bil Dk El j

)
,

Pi =
1

6ρ
(−Bkl Di Bkl + Ekl Di Ekl).

Necessary conditions for an initial data set (hi j,Ki j), satisfying the Einstein vacuum
constraints, on a manifold S to be a Schwarzschild initial data set are:

Bi j = − 1
ρ

(B k
i Ek j + B k

j Eki) Ei j =
1
ρ

(B k
i Bk j − E k

i Ek j) + 2ρhi j,

Bi j Pi P j
= 0, E jkε

k
li P

j Pl − PBi j P j
= 0,

(P2
+ Pk Pk)Bi j + 2PEk(iε

k
j)l P

l − 2P(i B j)l Pl
= 0,

1
3

Pk Pk − P2
+

2
3

Ekl Pk Pl > 0,
1

9ρ2 (Pk Pk − P2) + 2ρ > 0.
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The KID candidate:

Y =

√
|ρPi Pi − Ei j Pi P j|

ρ11/6
√

3
,

Yi
=
−ρPPi

+ Ei j Pj P− Bkl Pl Pmεim
k

ρ11/6
√

3|ρPj P j − Ekl Pk Pl|
,

where

ρ =

(
1
2

B j
i Bil E jl −

1
6

Ei jE
j

l Eil
)1/3

,

P = −1
2

Ei jKi j − ρK− 1
6ρ

ε jk
i

(
Eil Dk Bl j + Bil DkEl j

)
,

Pi =
1

6ρ
(−Bkl Di Bkl + Ekl Di Ekl).
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An alternative?
Use the Petrov type in an indirect manner: Killing spinors.

• A Killing spinor is a totally symmetric spinor κ(AB···P) = κAB···P
satisfying

∇Q′(QκAB···P) = 0.

• Consider the particular cases where the spinor has either one or
two indices

∇A′(AκB) = 0, (Twistor equation)

∇A′(AκBC) = 0. (Valence-2 Killing spinor equation)
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A brief tensor-spinor dictionary:

ξµ ⇐⇒ ξAA′
= σAA′

µξ
µ,

∇µ ⇐⇒∇AA′ = σ µ
AA′ ∇µ,

gµν ⇐⇒ gAA′BB = σ µ
AA′ σ ν

BB′ (εε)

• Note that κA and κA′ do not have a tensorial correspondence!

κAκA′ ⇐⇒null vector

Gauge transformations: tC
A ∈ SL(2,C).

εAB = tC
AtD

BεCD.
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• Spinorial representation of the Weyl tensor:

Cµνλρ“ = ”εA′B′εC′D′ΨABCD + εABεCDΨA′B′C′D.

• Petrov type in spinorial terms:

ΨABCD = α(AβBγCδD).

• Decomposition in irreducible spinors:

XA···P = X(A···P) + ε′s× symmetric contractions of X.

14



These Killing spinor equations are overdetermined —i.e. do not
admit a solution in a general spacetime (M , gµν ).

Proposition 2. A spacetime admits a solution to the twistor equation if
and only if it is of Petrov type N.

Proposition 3. Any Petrov type D spacetime admits a valence-2 Killing
spinor. Conversely, if a spacetime admits a valence-2 Killing spinor the the
spacetime of Petrov type D (and the spinor is algebraically special) or the
spacetime is of Petrov type N (and the Killing spinor is degenerate).
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Further properties of (valence-2) Killing spinors:
Proposition 4. Any vacuum spacetime with a Killing spinor κAB has a
(complex) Killing vector given by

ξAA′ ≡∇Q
A′κAQ.

Thus, one has that

∇AA′ξBB′ +∇BB′ξAA′ = 0.

In addition one has that
Proposition 5. For Kerr the Killing vector associated to κAB is degenerate
(i.e. its real and imaginary parts are proportional).

• This is almost a characterisation of the Kerr. The converse may
require asymptotic flatness.
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Killing spinors are related to other (tensorial) objects —Killing-Yano
tensors:

Kµν = i(κABεa′B′ − εABκA′B′).

Then
∇(µKν)λ = 0.

Further
Hµν = K λ

µ Kλν ,

with
∇(µHνλ) = 0.

That is, Hµν is a Killing tensor —related to Carter’s constant of
motion in the case of Kerr.

• Thus, most of this talk, could be reformulated in tensorial terms
rather spinorial.
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Can one construct for Killings spinors an analogue
of the theory of KIDs?
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KIDs
When do initial data (S, hi j, Ki j) for the vacuum EFE give rise to a
development with a Killing vector?

• If and only if (S, hi j, Ki j) admits a Killing Initial Data (KID), i.e.
(N,Yi) satisfying

2NKi j + 2D(iYj) = 0,

LYKi j + Di D jN = N(ri j + KKi j − 2KikK k
j ).

Proposition 6. KIDs in (S, hi j, Ki j) are in one to one correspondence with
Killing vectors in (M , gµν ).
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In order to obtain a “3+1” decomposition of the Killing spinor
equations, consider space spinors —or SU(2) spinors.

• The space spinor formalism is used, for example, in the so-called
Ashtekar variables.

• Given a foliation of spacetime with normal given by τµ
(τµτ µ

= 2), contract suitably τAA′ to eliminate all the primed
indices in the expressions. Decompose vectors using

ξAA′ =
1
2
τAA′ξ − τ C

A′ ξAC

with

ξ ≡ ξAA′ξAA′
,

ξAB ≡ τ A′
(AξB)A′ .
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A small dictionary of space spinors:
Gauge transformations: tC

A ∈ SU(2).

τCC′ tC
AtC′

A′

Hermitian conjugation

µ̂A = τ A′
A µA′ , ˆ̂µA = −µA.

• XA1 B1···Ap Bp associated to a real spatial tensor iff

XA1 B1···Ap Bp = (−1)pX̂A1 B1···Ap Bp .

• In the latter case

Xi1···ip = σA1 B1
i1
· · ·σA1 B1

ip
X̂A1 B1···Ap Bp .

21



• Derivatives:

∇AB = τ A′
B ∇AA′ (Sen connection)

• Derivative intrinsic to the leaves of the foliation:

DABκC =∇ABκC −
1
2

KABCQκ
Q,

where KABCD is the second fundamental form.

• Decomposition:

If XA1 B1···Ap Bp = X(A1 B1···Ap Bp), then Xi1···ip is symmetric and
tracefree!
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Propagation of the “twistor equation”

Proposition 7. Let κ̊A be a spinorial field on M defined in a
neighbourhood of S0 such that for p ∈ S0,

∇A′(Aκ̊B)(p) = 0, ∇EE′∇A′(Aκ̊B)(p) = 0.

Then there exists a spinor field κA on M satisfying

∇A′(AκB) = 0,

p ∈ S0, κA(p) = κ̊A(p), ∇AA′κB(p) =∇AA′ κ̊B(p).
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Proof:

Let
HA′AB ≡∇A′(AκB) =⇒2HA′AB =∇A′(A2κB) + 2Ψ PQ

AB HA′PQ

A necessary condition for κAB to be Killing spinor is that

2κA = 0.

So, consider a Killing spinor candidate satisfying the above with initial data given by

p ∈ S0, κA(p) = κ̊A(p), ∇AA′κB(p) =∇AA′ κ̊B(p).

Thus, one has

2HA′AB = 2Ψ PQ
AB HA′PQ,

which together with the initial data

∇A′(Aκ̊B)(p) = 0, ∇EE′∇A′(Aκ̊B)(p) = 0,

imply HA′AB = 0, and hence κAB is a Killing spinor!
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Proposition 8 (Twistor initial data). If on S there exists a κ̃A such that

D(ABκ̃C) +
1
2

KQ
(ABC)κ̃Q = 0,

2D(AB DF)Cκ̃
C

+
1
2
κ̃(F DAB)KCD

CD −
1
2

KCD
CD D(BFκ̃A)

−3ΩCD(BF DCDκ̃A) +
3
2

Ω DH
(AF ΩB)CDHκ̃C − 3(iBABFC + EABFC)κ̃C

+
3
4

KDH
DHΩABFCκ̃

C
+ Ω D

ABF DCDκ̃
C

= 0.

Then there exists a spinorial field κ̊A on M satisfying

∇A′(Aκ̊B)(p) = 0, ∇EE′∇A′(Aκ̊B)(p) = 0.
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Valence-1 Killing spinor data equations in the time symmetric case:

D(ABκC) = 0,

2D(AB DF)Cκ
C − 3EABFCκ

C
= 0.
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How to extend this discussion to valence-2 Killing spinors?

Define

HA′ABC ≡∇A′(AκBC),

SAA′BB′ ≡∇AA′ξBB′ +∇BB′ξAA′ = −1
4
∇Q

A′ HB′ABQ,

where ξAA′ =∇Q
A′κAQ.

A lenghty calculation renders

2HA′ABC = 4Ψ PQ
(AB HC)PQA′ + 8∇ Q′

(A SBC)Q′A′ .

• Thus, one has to consider the propagation of the valence-2
Killing spinor equation in parallel to the propagation of the
associated Killing equation!
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Proposition 9. Let κ̊AB be a spinor defined on a neighbourhood of S0 such
that for p ∈ S0 one has

∇A′(Aκ̊BC)(p) = 0,

∇EE′∇A′(Aκ̊BC)(p) = 0,
(
∇AA′∇P

B′ κ̊BP +∇BB′∇P
A′ κ̊AP

)
(p) = 0,

∇EE′
(
∇AA′∇P

B′ κ̊BP +∇BB′∇P
A′ κ̊AP

)
(p) = 0.

Then there is a spinor κAB on M satisfying

∇A′(AκBC) = 0,

p ∈ S0, κAB(p) = κ̊AB(p), ∇EE′κAB(p) =∇EE′ κ̊AB(p).
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Proof:

From the Killing spinor equation one deduces:

2κAB = −ΨABPQκ
PQ.

From it and the initial conditions

κAB(p) = κ̊AB(p), ∇CC′κAB(p) =∇CC′ κ̊AB(p), p ∈ S0,

one constructs a Killing spinor candidate. Another lenghty calculation renders

2SAA′BB′ = −3∇AA′ (Ψ PQR
B HB′PQR)− 3∇BB′ (Ψ PQR

A HA′PQR)

+2Ψ PQ
AB SPA′QB′ + 2Ψ P′Q′

A′B′ SAP′BQ′ .

The latter, together with

2HA′ABC = 4Ψ PQ
(AB HC)PQA′ + 8∇ Q′

(A SBC)Q′A′ .

and the given initial data imply

HA′ABC = 0, SAA′BB′ = 0.
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Proposition 10. If on S there is a κ̃AB such that

D(ABκ̃CD) − KE(ABCκ̃
E

D) = 0,

D(AC D D
B κ̃F)D +

1
2

D(AB(κ̃DHΩCF)DH) + ΩDH(BF DDHκ̃AC)

−1
2

ΩH(ABC D D
F) κ̃

H
D − 1

2
ΩH(ACF DDHκ̃B)D + 2(iBD(BCF + ED(BCF)κ̃ D

A)

−
(

1
3

KHL
HLΩD(ABC + ΩDHL(AΩ HL

BC

)
κ̃ D

F) +
1
2
κ̃DHΩDHL(AΩ L

BCF)

−1
3
κ̃(AB DCF)KDH

DH = 0,

and
ξ̃ ≡ DPQκ̃PQ, ξ̃BF ≡ −

1
2

KDA
DAκ̃BF +

3
4
κ̃DAΩBFDA +

3
2

D D
(F κ̃B)D,

satisfy

DAB ξ̃CD + DCD ξ̃AB + ξ̃KABCD = 0,

DDL DCF ξ̃ + DCF DDL ξ̃ + K AB
DL DAB ξ̃CF + K AB

CF DAB ξ̃DL

−ξ̃(2ECDFL − K AB
CF KDLAB)− DDL(ξ̃AB KCFAB)

−DCF(ξ̃AB KDLAB) + 4i ξ̃A
(C BDFL)A = 0.
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there exists a κ̊AB on M such that

∇A′(Aκ̊BC)(p) = 0,

∇EE′∇A′(Aκ̊BC)(p) = 0,
(
∇AA′∇P

B′ κ̊BP +∇BB′∇P
A′ κ̊AP

)
(p) = 0,

∇EE′
(
∇AA′∇P

B′ κ̊BP +∇BB′∇P
A′ κ̊AP

)
(p) = 0.
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Valence-2 Killing spinor data equations in the time symmetric case:

D(ABκCD) = 0,

D(AC D D
B κF)D + 2ED(BCFκ

D
A) = 0,

DAB D Q
(C κD)Q + DCD D Q

(A κB)Q = 0,

DAB DCD DPQκPQ + DCD DAB DPQκPQ − 2DPQκPQEABCD = 0.
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Characterisation of “Kerr-like initial data”:

Proposition 11. If (S, hi j, Ki j) does not admit a solution to the valence-1
Killing spinor equations but admits a solution to the valence-2 Killing
spinor equatios, and in addition the associated Killing vector is degenerate
(real), then the initial data is Kerr-like.

• To obtain Kerr data one would probably require asymptotic
Euclideanity.
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So what?

• Can one construct geometric invariants from these equations (à la
Dain)a?

– It has been shown that for time symmetric data one can construct a
generalised Killing vector, solution of the composition of the KID
operator and its adjoint.

– This generalised Killing vector is a critical point of a certain
(non-negative) functional. The functional vanishes if and only if the
initial data is static.

• Can one proceed in a similar fashion here? Consider generalised Killing
vectors which extremalise a certain (non-negative) functional. Critical
points of the functional satisfy the generalised Killing spinor equation
obtained by composing the Killing spinor operator with its formal
adjoint.

aS. Dain. A New Geometric Invariant on Initial Data for the Eistein Equations. Phys. Rev.
Lett 93, 231101 (2004)
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